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Abstract-- This study aims to investigate the bi-stability
phenomenon in cylindrical fiber reinforced laminated
composite shells. The origin of bi-stability behavior could be
found in particular anti-symmetric layup sequence and fibers
orientation. First, the kinematic and constitutive equations
are derived, based on Classical Laminate Plate Theory
(CLPT). Afterwards, the layup sequence and the way it leads
to bending and twisting decoupling would be described. The
bi-stability will be explained due to existence of one local
minimum of strain energy, which indicates the second stable
state of the plate. Analytical equations are introduced in
order to calculate the cylindrical shell's total strain energy
under pure bending and the second stable state geometry and
characteristics are derived from the strain energy plots and
the local strain energy minimum position, which is depicted
in the plots. Furthermore, a finite element simulation will be
performed in order to verify the presented theory to explain
the bi-stability phenomenon.
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1- Introduction

Fiber-reinforced multilayer composites are highly flexible
in design due to factors such as the type of fibers and
matrix, the angle of fiber placement, and the arrangement
of layers. These composites have attracted researchers'
attention for various applications, including sheets, beams,
and shells [1,2].

Bi-stable structures are a type of composite that have
specific applications due to their bi-stability. Bi-stable
structures are those that have two stable states, and this
phenomenon is usually possible for structures made from
anisotropic materials. The phenomenon of bi-stability in
cylindrical composite shells was first introduced in 1996
by Dayton Lovett at the Rola-Tube Laboratory of
Cambridge University [3]. Lovett, using an asymmetric
arrangement of fiber-reinforced layers in a specific order,
developed a type of these shells that, unlike previous types

which had only one stable state, had two stable states in
the initial and rolled-up positions. Subsequently, Igbal and
Pellegrino provided estimates for strain energy and
developed analytical models to explain the phenomenon of
bi-stability in cylindrical composite shells [4]. Due to the
complexities involved in fully explaining bi-stability
through analytical relationships, Guest and Pellegrino used
numerical solutions and finite element software for this
purpose [5].

Figure 1. Slit-Tube/Tape-Spring boom

Bi-stable shells with a cross-section shaped like a
sector of a circle and cylindrical form have great potential
for use in deployable structures, especially as deployable
booms. An example is shown in Figure 1. Various analyses
have been conducted on these bi-stable structures.
Shahriarifard and colleagues performed a thermal analysis
of composite bi-stable shells and compared them with
metallic types. This paper examines the phenomenon of bi-
stability in cylindrical shells. First, the kinematic relations
and governing equations based on classical multilayer
theory are presented, and a matrix that relates strain and
curvature to forces and moments is derived. The specific
arrangement of layers and its relation to the independence
of bending and twisting in the shell is also examined. The
related equations for calculating the strain energy of the
shell after deformation are provided, and the local

* Manuscript received September 29, 2024, Revised October 20, 2024, Accepted December 28, 2024.

! Researcher expert, Institute of Materials and Energy, Isfahan, Iran.

2 Corresponding author. Assistant Professor, Faculty of Engineering, University of Isfahan, Isfahan, Iran.

Email: shadian@eng.ui.ac.ir



https://mechanic-ferdowsi.um.ac.ir/article_46150.html?lang=en
https://mechanic-ferdowsi.um.ac.ir/?lang=en
https://mechanic-ferdowsi.um.ac.ir/?lang=en
https://mechanic-ferdowsi.um.ac.ir/?lang=en
https://mechanic-ferdowsi.um.ac.ir/?lang=en
https://doi.org/10.22067/jacsm.2024.89435.1284
https://doi.org/10.22067/jacsm.2024.89435.1284
https://orcid.org/0000-0001-6261-4380

Hadi Gourabi, Shahram Hadian

44

minimum of the strain energy, indicating the second stable
state, is determined from the strain energy diagrams.
Furthermore, the phenomenon of bi-stability is
investigated and confirmed through a finite element
simulation, and the results are compared with theoretical
calculations. Innovations in this paper include providing
an analytical relationship for calculating the strain energy
of the shell based on classical multilayer theory,
considering the zero Gaussian curvature condition.

2- Theory

This paper aims to study multilayers, each layer of which
is reinforced with fibers arranged parallel and
unidirectional. The equivalent single-layer theory for
composite plates is used to examine this subject, which
includes the classical theory of multilayer plates and the
first-order shear deformation theory for multilayer
composite plates.

Strain Energy Plot
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Figure 2. Strain energy vs curvature

3- Strain Energy Analysis

In this section, equations for calculating and estimating
the strain energy of the shell under bending are provided.
With this estimate, the strain energy of the shell in
different states can be calculated and it can be examined
whether the shell is in a local minimum of strain energy.
A sample composite bi-stable shell is then examined, and
its second stable state is determined from the strain
energy diagrams. To determine the state of a cylindrical
shell, only two parameters of curvature in the x and y
directions are needed. With these two characteristics, the
geometry of the shell after loading can be determined. It
is also noted that due to the asymmetric arrangement of
layers, bending and twisting will be separate; therefore,
for a shell under bending, the principal directions of
curvature will not change.

3-1- Strain Energy Diagrams and Bi-stability Radius
With the available relationship for strain energy, the
strain energy of the shell in different states can be
examined.

The strain energy diagram according to this relation is
shown in Figure 2. Figure 2 displays the strain energy
diagram based on curvature, at the boundary of zero
Gaussian curvature. The strain energy in the initial state
without any applied load, has the lowest value (zero strain

energy). As the distance from the boundary of zero
Gaussian  curvature increases, the strain energy
significantly increases. Moving towards the flat plate
state, the strain energy gradually increases. Further,
moving from the flat state along the x-axis, a local
minimum of strain energy is observed again. This
minimum represents the second stable state. The two
points of minimum strain energy are marked on Figure 2.

4- Conclusion

In this work, the phenomenon of bi-stability in fiber-
reinforced cylindrical composite shells was investigated.
Initially, the history of bi-stability was introduced, and the
potential for the widespread use of these types of
composites in deployable structures was highlighted.
Subsequently, assuming that the second stable state of the
shell is a local minimum of strain energy, bi-stability
analysis was conducted through both theoretical and finite
element simulation approaches. Unlike most cases where
the layers have a symmetric arrangement, here, by utilizing
an asymmetric arrangement of layers, twisting and
bending were separated, allowing the shell to have two
different stable states with cylindrical geometry.
Additionally, relationships for calculating the bi-stability
radius as one of the main design parameters were provided.
The high correlation between the strain energy calculated
from theoretical and simulation approaches indicates the
acceptability of the estimates considered and the accuracy
of the simulation. Furthermore, the bi-stability radius
obtained from theoretical and simulation approaches
provides a suitable estimate that can be used for design
purposes.
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