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Two-step inertial Tseng’s extragradient
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variational inequalities
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Abstract

This work presents a two-step inertial Tseng’s extragradient method
with a self-adaptive step size for solving a bilevel split variational inequal-
ity problem (BSVIP) in Hilbert spaces. This algorithm only requires two
projections per iteration, enhancing its practicality. We establish a strong
convergence theorem for the method, showing that it effectively tackles the
BSVIP without necessitating prior knowledge of the Lipschitz or strongly
monotone constants associated with the mappings. Additionally, the im-

plementation of this method removes the need to compute or estimate the
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norm of the given operator, a task that can often be challenging in practi-
cal situations. We also explore specific cases to demonstrate the versatility
of the method. Finally, we present an application of the split minimum
norm problem in production and consumption systems and provide sev-
eral numerical experiments to validate the practical implementability of

the proposed algorithms.
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1 Introduction

Let C and @ be nonempty closed convex subsets of the real Hilbert spaces
‘H; and Ho, respectively. Let A : Hy —> Hs be a bounded linear operator.
Define the mappings Fy : H1 — H; and Fy @ Ho — Hs on H; and
Ha, respectively. The split variational inequality problem (SVIP), initially
proposed by Censor, Gibali, and Reich [15], can be expressed as follows:

Find z* € C : (Fy(z¥), 2z —2*) >0, forallz € C (1)
such that
y'=Az" € Q: (Fa(y"),y—y*) >0, foralyeqQ. (2)

When F; = 0 and F; = 0, the SVIP reduces to a special case known as the
split feasibility problem (SFP), which is formulated as

Find z* € C such that Az* € Q. (3)

This problem was first introduced by Censor and Elfving [13] as a model
for inverse problems in finite-dimensional Hilbert spaces. Recently, its ap-
plicability has been extended to fields such as intensity-modulated radiation
therapy [12, 16, 14] and other practical scenarios. For additional details on
the SFP, refer to [1, 3, 5, 14, 7, 8, 11, 10, 9, 23, 24, 34, 36, 43] and the sources

cited within those references.
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In this paper, our primary objective is to solve a variational inequality
problem (VIP) defined over the solution set of the SVIP. Specifically, we aim

to address the following problem:
Find z* € Qgyrp such that (F(x*),z —z*) >0, for all z € Qgyip, (4)

where F' : Hy — H;p is n-strongly monotone and L-Lipschitz continuous
on Hi, and Qgyip represents the solution set of the SVIP defined by equa-
tions (1) and (2). Problem (4) is referred to as the bilevel split variational
inequality problem (BSVIP) in [1]. Suppose that H; = H, F : H — H is
strongly monotone and Lipschitz continuous on H, that Fy = G : H — H
is a mapping on H, that F; = 0, and that Q@ = Hy. Then the BSVIP (4)
simplifies to the following bilevel VIP:

Find z* € Sol(C, G) such that (F(z*),y —x*) > 0, for all y € Sol(C, G), (5)
where Sol(C, G) represents the set of all solutions to the VIP given by

Find y* € C such that (G(y*),z —y*) >0, forall z € C. (6)

Bilevel VIPs (5)—(6) encompass various types of bilevel optimization problems
[20, 37, 6], minimum norm problems related to the solution set of variational
inequalities [42, 44], and other variational inequalities [28, 29, 21, 19, 22]. In
recent years, numerous approaches have been developed to solve the BVIP
(5)-(6) in both finite and infinite-dimensional spaces. For a comprehensive

overview, see [2, 4, 38] and the references therein.

One of the most famous methods for solving VIPs is the extragradient
method, first proposed by Korpelevich [30] for saddle problems. However,
the extragradient method may be costly, since it requires two projections
at each step. To improve this, Tseng [39] introduced an alternative extra-
gradient method that reduces the number of projections required. Instead
of performing two projections, Tseng’s method requires only one projection

onto C' per iteration. Tseng’s extragradient method is described as follows:

2V e H,
y" = Po(a™ — AF1(z")), (7)
wn+1 _ yn _ )\(F1<yn) _ Fl(xn)),
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1
where Fi is Li-Lipschitz continuous and A € (O7 L—)
1

Inspired the Tseng’s extragradient method for solving VIPs, Huy et al.
[25] introduced the modified Tseng’s extragradient method for solving the
BSVIP (4), where F' : Hqy — H; is n-strongly monotone and L-Lipschitz
continuous on Hq, Fy : H1 — Hq and Fy : Ho — Ho are pseudomonotone
and Lipschitz continuous mappings. Specifically, they proposed the following

algorithm

20 € Hy,

ut = A(z"),

v = Po(u™ — pn Fa(u")),

w" =" = g (Fa(0") — Fa(u™)),

pllu™ — o]

—— min{ ||F2(un) _ FZ('Un)H ’ Un} if Fg(un) #+ FQ(’U”)’
. if Fy(u") = Fy(v"),

y = 2+ G A (" — u),
Jw" — um|? . (8)
if A*(w™ —u™) #0,
5. — ) A& (w —un)|P ( )

0 if A*(w™ —wu™) =0.
2" = Po(y™ — M Fi(y™)),
1" = 2" — A (Fi(2™) — Fi(y™)),

. Ally™ = 27| } .
min , An if Fy(y") # F1(z"),
Ani1 = {Fl(y") — Fi(zn)

"t =1 — g, F(t"),

where pg >0, A\g > 0, u € (0,1), A € (0,1), {e,} C (0,1), 1i_>m en = 0, and
z €, = 00. The author demonstrated that the sequence {z™} produced by
n=0

the algorithm (8) converges strongly to the unique solution of the BSVIP (4),
provided that the solution set of the SVIP (1)—(2) is nonempty.

To enhance the convergence rate of algorithms, inertial acceleration is
commonly utilized. Originally introduced by Polyak [33] in 1964 for solving

smooth convex minimization problems, the inertial algorithm distinguishes
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itself by leveraging the previous two iterates to generate the next one. Nu-
merous researchers have explored and implemented the inertial scheme to ac-
celerate algorithmic convergence (see [32, 40] and references therein). These
studies primarily employ a single inertial parameter to achieve acceleration.
However, recent works by some authors [26, 27] have investigated multi-
step inertial algorithms, demonstrating that incorporating multi-step inertial
terms, such as the two-step inertial term, further enhances algorithmic speed.

In this paper, drawing inspiration from the aforementioned studies, we
introduce a novel iterative scheme that combines the two-step inertial tech-
nique with a modified Tseng’s extragradient method, as employed by Huy
et al. [25], to solve the BSVIP in (4). We demonstrate that the sequence
produced by our method converges strongly to the unique solution of (4),
with the stepsize determined at each iteration. Consequently, our approach
does not necessitate prior knowledge of the Lipschitz or strong monotonic-
ity constants for the mappings involved. Additionally, the implementation
of this method eliminates the need to compute or estimate the norm of the
bounded linear operator.

The structure of the paper is organized as follows. Section 2 presents
essential definitions and lemmas that will be utilized in section 3, where we
outline the algorithm and demonstrate its strong convergence. We conclude
this section by exploring various applications of our results to the bilevel
VIPs, the simple bilevel optimization problem and VIPs with the SF con-
straints. Lastly, we apply the split minimum norm problem (SMNP) to
production and consumption systems and conduct numerical experiments to

evaluate the effectiveness of the proposed algorithms.

2 Preliminaries

In the following discussion, we denote the strong convergence of a sequence
{z"} to z in a real Hilbert space H as 2 — x and the weak convergence
as ' — x. Recall that for a nonempty closed convex subset C' of H, the
metric projection Pg is a mapping from H to C. For each x € H, Po(x) is
defined as the unique point in C' that minimizes the distance to x, satisfying

the condition:
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|z — Pe(2)|| = min{||z —y| : y € C}.

Let us also recall some well-known definitions which will be used in this paper.

Definition 1. ( [35]) Consider two Hilbert spaces, denoted as H; and Hs.
Let A : Hy — Ho be a bounded linear operator. The adjoint of this op-
erator, represented as A* : Ho — Hy, is characterized by the following

relationship:
(A(x),y) = (z, A" (y)), for all z € H,, for all y € Ha.

The adjoint operator of a bounded linear operator A between Hilbert
spaces H1 and Hs is both well-defined and unique. Moreover, the adjoint

operator A* is also a bounded linear operator, satisfying the property that

1A= = 1Al

Definition 2. ( [17, 29])
A mapping F : H — H is said to be
(i) p-strongly monotone on H if there exists > 0 such that

(F(z) = F(y),z —y) = nllz —y|*, forall z,y € H;
(ii) L-Lipschitz continuous on H if there exists L > 0 such that
[1F(z) = F(y)ll < Lllx —yll, forall z,y € H;
(iii) monotone on H if
(F(x) = F(y),r —y) >0, forallz,yeH;
(iv) pseudomonotone on C' if
(F(y),x —y) > 0= (F(x),x —y) >0, forall z,y € C.

To demonstrate the convergence of the proposed algorithm, we will require

the following lemmas.

Lemma 1. ( [25]) Let C' be a nonempty closed convex subset of a real
Hilbert space H. Let F' : H — H be pseudomonotone on C' and L-Lipschitz
continuous on H such that the solution set Sol(C, F') of the VIP(C,F) is
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nonempty. Let let x € H, and let u € (0,1), A > 0, and define

Y= Pc(l' — )\F(CL')),
z=y—AF(y) — F(x)),

. pllz —yl| .
. mm{ RE) —F(y)’A} it F@) # Fly),

A it F(xz) = F(y).
Then for all 2* € Sol(C, F)

o=l < llo =l = (1= 725 ) I = ol

Lemma 2. ([25]) Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F': H — H be a mapping such that hm Sup(F( ™M,z —y") <
(F (%), z—7) for every sequences {z"}, {y"} in H convergmg weakly to Z and
7, respectively. Assume that A, > a > 0 for all n, {2"} is a sequence in H
satisfying " — 7 and lim |2 —y"| = 0, where y™ = Pc (2™ — A\, F'(z™))
for all n. Then T € SOI(EO}?).

Lemma 3. ([31, Remark 4.4]) Let {a,} be a sequence of nonnegative real
numbers. Suppose that for any integer m, there exists an integer p such that
p > m and ap, < api1. Let ng be an integer such that a,, < ap,+1 and

define, for all integer n > ng, by
7(n) =max{k € N:ng <k <m,ar < agy1}.

Then {7(n)}n>n, is & nondecreasing sequence satisfying lim 7(n) = co and
- n—oo

the following inequalities hold true:

Ar(n) < Gr(n)+1,0n < Ar(ny41, forall n > ng.

Lemma 4. ( [41]) Let {a,} be a sequence of nonnegative real numbers, let
{en} be a sequence in (0, 1) such that Z en = 00, and let {b,,} be a sequence

n=0
of real numbers with limsup b,, < 0. Suppose that

n— 00

ant1 < (1 —en)an + epby, for all n > 0.
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Then lim a, = 0.
n—oo

3 The algorithm and convergence analysis

In this section, we propose a strong convergence algorithm for solving BSVIP
by using two-step inertial Tseng’s extragradient methods with self-adaptive
step size. We impose the following assumptions concerning the mappings F,
Fy, and F5 related to the BSVIP.

Assumption 1. ( [1, 25]) Let the following hold:

A1) F :Hy — H; is n-strongly monotone and L-Lipschitz continuous on
Hi.

As) Fy : Hy —> H; is pseudomonotone on C' and Lq-Lipschitz continuous
on Hi.
A3) limsup(Fy(z™),y — y") < (F1(Z),y — ) holds for any sequences {z"}
n—oo
and {y"} in H, that converge weakly to Z and ¥, respectively.
Ay) Fy: Ho —> Hy is pseudomonotone on @ and Lo-Lipschitz continuous
on Hs.
As) limsup(Fr(u™),v — v™) < (F»(u),v — ) holds for any sequences {u"}
n—roo
and {v™} in Hy that converge weakly to u and @, respectively.
One can see that in finite-dimensional spaces, the conditions Az and As

automatically result from the Lipschitz continuity of F; and F5.

Remark 1. In Algorithm 1, we introduce a two-step inertial version of
Tseng’s extragradient method. The inertial update is applied in Step 2,
where we replace ™ with y™ = 2" + a, (2" — 2" 1) + B, (2" 2 — 2"~ 1) for
the next step. Starting from Step 3, our algorithm closely follows [25, Al-
gorithm 3.1], as described in (8). The key differences between our approach
and [25, Algorithm 3.1] lie in the order of applying the modified Tseng’s ex-
tragradient method in the two spaces, as well as the inclusion of the two-step
inertial update. In [25, Algorithm 3.1], the authors first transform to space
Ho, apply the modified Tseng’s extragradient method to the mapping Fb,
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Algorithm 1
Step 0. Choose pug > 0, Ag > 0, p € (0,1), A € (0,1), {pn} C [a,b] C (0,1),
0,

{vn} C [0,00), {&n} C [0,00), {mn} C (0,00), {en} C (0,1) such that lim I _

n—00 £p

oo
nlew en =0, Z En = 0O.

n=0
Step 1. Let 272,27 1,29 € H;. Set n :=0.
Step 2. Compute y” = 2" + an(z”™ — 2" 1) + Br(z" 2 — 2"~ 1), where

min{nin_ly')/n} if £ a1,
an = la™ — & =1

Yn if g =21,

and
€n if zn=2 = gn—1L.
Step 3. Compute
2" = Po(y"™ — A F1(y™)),
t" =2" — A (F1(z") — F1(y™)),
where

A } |
AT Z 2 i e e "),
mm{IIF1(y")—F1(z”)II’ R # RE

An if Fy(y™) = Fi(z").
Step 4. Compute u™ = A(¢t"™) and

An41 =

v = Po(u” — pnF2(u")),
w" =" — pn (F2(0") — Fa(u™)),

where |
n

=4 (T g in 1 P2l £ Falam),
HBn if Fh(um) = Fa(v™).
Step 5. Compute
S = 7 4 G, AT (" — u),

where the stepsize §,, is chosen in such a way that

pnfw™ —u™?
6 =4 AT (wr —um)|?
0 if A*(w™ —u™)=0.

if A*(w™ —u™) #0,

Step 6. Compute

R L A C

Step 7. Set n:=n+ 1, and go to Step 2.
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return to space Hip, and then apply the method again to the mapping Fj.
In contrast, our algorithm first applies this modified extragradient method
to the mapping F; in space H1 (Step 3), then transforms to space Ho and
applies it to Fy (Step 4), before returning to space H; in Step 5. Notably,
before applying the method to F} in space Hji, we use the two-step inertial

update y™ = 2" + ay, (x" — ") + B (2”72 — 2"~ 1) instead of x™.

The following lemma is part of the proof of [25, Algorithm 3.1}, but we

have made a slight modification to better suit the new proof.

Lemma 5. Assume that the conditions (A;) — (As) are satisfied and that
2

Qgsvip # 0. Let u, X as in Algorithm 1, let € € (O, L—Z), and let the sequences

{p"} and {A\"}be generated by Algorithm 1. We show that there exists

no € N such that

2 1—p? A2 1— )2
1—/127'%1 > a >0, 1-)\2-2 > >0, ¢, <eg, forall n>ng.
2 A2 2
,un-‘,-l n+1

Proof. With F; being Lo-Lipschitz continuous on Hs, it follows that || Fa(u™)—
Fy(v™)|| < Laofju™ — v™||. Consequently, employing induction, we have

Un > min (Lﬁ,uo) > 0 for all n > 0. The definition of p,4+;1 implies
2

Unt1 < pn for all n > 0. Combining this with g, > min (Lﬁ,/m) >0
2
for all n > 0, we infer the existence of the limit of the sequence {yuy,}. Let us
denote lim p, = p*. It is evident that p* > min (i, u0> > 0.
n—oo L2
Using the same reasoning as before, we find that

A
Ao > A, > min (f,xo) >0, foralln>0
1

and

A
lim A, = A* > min (—,)\o) > 0.
n—oo Ll

2
From lim p, =p* >0and lim A\, = A* > 0, we get lim (1—u2 'l;" ) =
)\2
1 —,u2 >0, lim (1 — )2 2” ) =1-—X2>0. Since lim ¢, = 0, there exists
ng € N such that
2 1— 2 AZ 1— AQ
1—u2g—" > o >0, 1-\2 5 > >0, g, <e, forall n>ng.
:U’n+1 2 )‘nJrl 2
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O

Lemma 6. Let {t"}, {v"}, {w"} and {s"} be the sequences generated by
Algorithm 1. Then, for all n > ng, where ng is given in Lemma 5, the
following inequalities hold:

2

a n n n n b n * n *
OSWHU’ —u"|? < 5" —t ||2§m(||t —xt)? = [ls" = 2*)?),

where z* is the unique solution to the problem (4).

Proof. As Qgvyip is nonempty, problem (4) has a unique solution denoted by

*

x*. Specifically, z* € Qgvip, implying that it satisfies z* € Sol(C, F}) and
Az* € Sol(Q, Fz). According to Lemma 1, for all n > 0, we have

2
n * n * :LL’VL n n
" — A < u" — A" = (1= 25 ) fu =02, (9)
/j’n+1
e = | <y =P = (1= X2 )yt == (10)
n+1

From Lemma 5, (9) and (10), we get
[w" — Az™|| < |lu™ — Az™||, for all n > ny, (11)

It —z*|| < |ly™ — «¥]|, for all n > ng. (12)

From (11), since u™ = A(t"), we obtain, for all n > ng

2(t" — z*, A" (W™ —u)) =

[(w™ — Az*, w"™ —u™) — |Jw" — u"™|?]
lw™ — Az*||* — [Ju™ — Az*[|*) — [Jw" — "

"t (13)

IA
L
g

Case 1. A*(w™ —u™) =0.

In this case, s™ = ¢™. Also, it follows from (13) that ||w™ — «™|| = 0. Thus,
the inequalities in Lemma 6 hold.

Case 2. A*(w"™ —u™) # 0.

From (13) and {p,,} C [a,b] C (0,1), we get for all n > ng that
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Is" — @™ ||* = [[(t" — 2%) + 6, A" (w" — u™)||?

12

= [[t" =& + [ A (w" — u™) [ + 26, (" — 2", A (w" — ")

<" — @[+ S AT (w" = u™)[* = bl —

| it M Ul
[A*(wr —ur)[]2 (A% (w™ — um)||?
— th_x*H2_ p%”wn_unnél l_pn

[A* (wn —um)[2 " pp

pallw” —u|* 1-b

< it — 2% - : (14)
[A*(w™ —um)[2 b
Then, from (14), we have
2 n n||4
" —t"1* = | AT (w" —u")|? = o (15)
" [ A (w™ — um)|?
b
< (e = a2 - 5" - 2 )?).
On the other hand,
0 < [|[A%(w" —u™)| < [[A™[[lw" —u"| = [Alllw" —u"[| < (Al +1D)]Jw" —u"].
Taking into account the last inequality together with (15), we find
2 n n |4 2
anw —u H Pn 2
Is™ —¢"]|* > = Jw™ — |
(LA + D)2 Jw™ —wm]* (Al +1)?
a‘2 n n|2
SISV
O

Lemma 7. Let {«"}, {y™}, {t"} and {s™} be the sequences generated by
Algorithm 1. Then the sequences {z"}, {y"}, {t"}, {s™}, and {F(s")} are

bounded.

Proof. By the n-strong monotonicity and the L-Lipschitz continuity of F' on

H1, we have

Is" =" —e(F(s") = F(z")|*

< [ls" —@7|* = 2enf|s" — 2¥||* + 2 Ls" — 27|

Is™ = 27|* = 2e(s™ — 2, F(s") = F(a")) + *| F(s") = F(z")|

Iran. J. Numer. Anal. Optim., Vol. 7?7, No. 7?7, 7?7 pp 77



13

Two-step inertial Tseng’s extragradient methods for a class ...

= [1—5(277—5L2)}||s"—z*|\2. (16)

From (16), we obtain, for all n > ny,
18" —enF(s") — (2" — en F(27))|
a") —en(F(s") — F(z7))]|
= H(l——) —ZL‘*)—I—%[STL—JJ*—E(F(Sn)—F(m*)ﬂH
(1= 25" =l + " = a* —e(F(s") = Fla®))]|
< _=n n * _ _ 2
_(1 E)||s |+ VT e(2 - L) |s" ~
(1 /1= 6(277 - sLQ)ﬂ Is" — 2|

= (1= =) " =27l (17)

where
T=1—+/1—¢(2n—¢eL?) € (0,1].

Alternatively, we have

0 < aylla™ — 2" <y, foralln >0 (18)
and
lim 222" — 2" = 0. (19)
n—o00 &,

Indeed, if 2 = 2"~ !, then inequality (18) holds. Otherwise, we get

. Tin Mn
O < = —_— —_——
=an “%m"x"“%}—szln

=0 < a,llz" — :r"*1|| < Ny

From (18), we have

Qn

0< 2™ —a" 7t < n—”, for all n > 0.
n sn
Since lim I _ 0, it can be inferred from the above inequality that
n~>oo En
lim —Hx 2" 1| = 0.
n—00 &,

Using a similar argument, we arrive at
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0 < Bullz™ 2 — 2 Y <n,, foralln>0 (20)
and
lim &Hm"_z —2" Y =0. (21)
n—00 &,
From lim %Hx” —z" 1| =0and lim &Hac"*2 — 21| =0, we can infer
n—oo £, n—oo £,

«
that there exist positive constants K; and Ky such that —||z" —z" || < K;
En

and ’6—"”95”_2 — 2" Y| < K for all n > 0. So, we have
En

ly" = 2™l = [[(&" = ") + o (™ = ") + B (2" — 2"

L I T .
En En

< la" = 2" + en Ky + en kK

||mn—2 _ .Tn_l ”

= ||z" — 2™|| + e, K3, foralln >0, (22)
where K3 = K7 + K.
From Lemma 6, (12) and (22), we get
I|s" —z*| < |It" —z"|| < |ly"—a"|| < ||z" —a"||+en K5, for all n > ng. (23)
Employing (17) and (23), we derive, for all n > ng,

lz"+ = 2% = [|s" — enF(s") — (2" — enF(2")) — enF (")
F(z")

< |Is" —enk(s") = (2" — en B ()| + enl| F'(z7)|
< (1 - %T)Hsn — 2| + en || F(z")]| (24)
EnT * *
< (1= 20 (o™ = @) + enks) + eal F@)]
671 n * *
< (1_ TT)HJC — || + e, K3 + e[ F ()
n n K + || F(x*
s L
€ € T

From (25), we have, for every n > ng,

Ks + ||F(z*
||x"+1—a:*||Smax{“x"—ar*ll,g( el LG )”)}.

T

So, by induction, we obtain
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e(Ks +||F(=)]))

|lz" — x| <max{|x”° -z, }7 for all n > nyg.

Therefore, the sequence {z"} is bounded, and so are the sequences {y™}, {t"},
{s"}, and {F(s™)} due to {e,,} C (0,1), (23), and the Lipschitz continuity of
F. O

Lemma 8. Let {2} be the sequence generated by Algorithm 1. Then, there

exists a constant K > 0 such that for all n > ng, we have

||$n+1 _ x*HQ S(l _ %) ||;(;" — J;*HQ + 2En<F($*)7£L’* — $n+1>
£

+ Kaglla” —a" 7| + KBy lla" ™2 — 2" 7.
Proof. From (23), we have

n * n * 2
ly" —2*[|* < ([|2" — 2*|| + en K3)
= [lz" — 2*|]* + e, (2K3]|2" — 2¥|| + £, K3)
< [z — 2*|* + en Ky, (26)

where Ky = sup,, {2Ks||a" — 2*|| + ¢, K3 }.

From %Hw” — 2" 1| < K, f—"”z”*z — 2" 1| < Kj for all n > 0 and
{en} C (0, 1n), we deduce that an||x¢b — 2" Y < Ky, Bullz" 2 — 2" | < Ky
for all n > 0. This, in conjunction with the boundedness of the sequence

{z™}, implies the existence of a constant K > 0 such that
2lz™ — || + anllz™ — 2" + Balla" 2 — 2| < K, forall n > 0. (27)
From (27), we get

ly™ —a*[I” =[|(z" = 2) + an (@™ — 2" 1) + B (2" — 2" 7|
=||z" — z*||* + 2ay, (z" — ¥, z" — 2" 1)
+ 2B (x" — x*, 2" — gl
e e i e M C i |
<fla" —a*|? + 20, 2" — 27| [la" — 2"
+ 26, [l — 2 [l — 2

+aplla™ — 2" P + 200 B [l — 2" |27 — 27|
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Van and Anh 16
+ Bl — e
=" — 2*|* + anllz” — 2" (2[]2" — 2|
+aglz — 2" 4 Bafla” 7 = 2"
+ Bullz™ ™2 — 2| (22" — 2| + aplla”™ — 27
+ Bl — 2™
2™ = 2*|? + Kaglla™ — 2" 71| + KBp[la" 2 — 2" 1. (28)
From (17), (23), and (28), we obtain, for all n > ny,
"t —2* | < [la" = 2*))? + el || F ()2
= ||lz"" — 2* + e, F(2®)|? — 2(e,, F(z*), 2" — z*)
= ||Is" — e, F(s") — (2 — e, F(2"))||? — 26, (F(z*), 2" — 2*)
< [(1 - 5"?7) 5™ — x*H]z — 26, (F(a*), 2" ! — z*)
< (1= D)l = 2P - 250 (F(a*), 2™ — %) (29)
< (1 - E"TT) ly™ — z*||2 + 2en(F(z*),z* — 2™ 1)
< (1= 25 (o = o) + Ko 2" 2"
+ KBp|jz" 2 — 3:”71||) + 26, (F(x*), 2% — 2™
< (1 - %T) 2™ — 2|2 + 2en (F(z*), 2" — 2" +1)

+ Kaglla" — "7 + KBy lla" ™2 — 2" 7.

O

The theorem presented here establishes the validity and convergence of
Algorithm 1.

Theorem 1. Assume that Assumption 1 is satisfied. Then the sequence
{z™} generated by Algorithm 1 converges strongly to the unique solution of
the BSVIP (4), provided the solution set Qgvip = {z* € Sol(C, Fy) : Az* €
Sol(Q, F»)} of the SVIP (1)—(2) is nonempty.

Proof. We prove that the sequence {x"} converges strongly to the unique

solution z* of the problem (4). Let us consider two cases.
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17 Two-step inertial Tseng’s extragradient methods for a class ...

Case 1. There exists ny € N such that {||2”™ — z*||} is decreasing for all
n > ny. Consequently, the limit of ||« — z*|| exists. Therefore, it follows
from (23), (26), and (29), for all n > ny, that

—en Ky < ly" —27|? = |Is" — 2" |F —en ks
< [la" = 2" = 5" — 2"
< (o™ — 22 = 2 = )2) = S s — 22
€
— 2e,(F(z*), 2"t — 2*).

Given the limit of ||z™ — z*|| exists, along with lim e, = 0, and both {z"}
n—oo

and {s"} being bounded sequences, the above inequalities imply that

i (Jly” = a7~ 18" = 27| — enKa) =0
= Tim ([ly" —a*|* - ||s" —2*|*) = 0, (30)
: no_ %2 _ no_ ¥ (|12) —
Tim ([l2" = 2|2 = [ls" = *]?) = 0. (31)

From (23), we get
0< ly™ — | = [[t" = 2™[* < y" — ™[> = |s" — 2”|*, foralln >0,
from which, by (30), it follows that

Tim (" — a2 — [ = 2*2) = 0. (32)
From Lemma 5 and (10), we have
1— )2

5 ly™ = 22 < |ly™ — z*||* = ||t™ — z*||?, for all n > ny,

which together with (32) implies
: no_ . n| —
Jim |y — 2" = 0. (33)
From (30) and (32), it follows that

: no_ K2 [|e™  e*|2) —
Tim (|| = a7 = 5" - a7 2) = 0.

Hence, by combining Lemma 6, we obtain
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Tim " — " =0, (34)
Tim 5" —£7]| = 0. (35)

Using the triangle inequality and the L;-Lipschitz continuity of F; on Hi,
we get

ly™ = s" < lly™ = 2" [+ []z" — "] + [[t" = s"|
= ly" = 2" + [[An(FL(z") = Fr(y™)[ + [It" = "
<y = 2"+ AnLalle™ =y + (1t = 8"
< (L4 XoL)lly™ = 2" +[1t" = s,

which together with (33), (35) implies

lim ||y" —s"| = 0. (36)
n—oo
Now, observe that
[w" — Az*|? = [[u" — Az* + (w" —u")||?

= |lu"™ — Az*|)? 4+ 2(u" — Az*,w" —u") + [|w" —u"|?
= |lu” — A™|* + 2(A[" — "), w" —u”) + fJw" — u”|?
> [lu” — Az*[|* = 2 A" — a")|[[lw" — "] + [lw" — u"]|?

> [lu” = Az*|* = 2| A [#" = & [lw" — u"]]. (37)

Combining Lemma 5, (9) and (37) yields

1—p?

2

lu™ — o™ ||* < 2||A|||[t" — 2*|||w™ — u™]|, for all n > ng. (38)

From (34), (38), and the boundedness of the sequence {t"}, we obtain

nl;rrgo|\u —o"|| = 0. (39)
We now prove that
limsup(F(z*),z* — s™) < 0. (40)
n— oo
Select a subsequence {s™*} of {s"} such that limsup(F(z*),a* — s") =
n—oo

klim (F(z*),x* — s™). Given that {s"*} is bounded, we may assume that
—00

{s™} converges weakly to some 5 € H;.
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19 Two-step inertial Tseng’s extragradient methods for a class ...

Therefore

limsup(F(z*),2* — s") = lim (F(z*), 2" — s"*) = (F(z"), 2" —3). (41)

n—o00 k—o0

We deduce from s™ — 3 and (35), (36) that ¢"* — 5 and y™ — 5. From
(33), we have klim ly™ — z™ || = 0. Since z™ = Po(y™ — A, F1(y™)),
—00

Y™ — 3, A\p, > min (%,Ao) > 0. By Lemma 2, we get 5 € Sol(C, FY).

From t™ — 35, we get u™ = A(t"*) — A(S). This, together with (39),
where v = Pg(u"™ — pin, Fo(u™)) and pp, > min (%, u()) > 0, along with
Lemma 2, implies that A(3) € Sol(Q, Fz).

With 5 € Sol(C, Fy) and A(3) € Sol(Q, Fz), we conclude that 5§ € Qgvip.
Consequently, it follows from z* € Sol(Qgvip, F') that (F(z*),s — 2*) > 0,
which together with (41) implies (40).

From the boundedness of {F(s™)}, nll)néo en, = 0 and (40), we have

limsup(F(z*), z* — 2") = limsup(F(z*), 2% — 5" + £, F(s"))

n—oo n—oo

= limsup |(F(z*),z" — s") + 5n<F(x*),F(s")>}

n—oo
= limsup(F(z*),z* — s") < 0. (42)
n—oo
From Lemma 8, we get
2" — 2> < (1 —an)||lz" — 2*||* + anbn, foralln>ng,  (43)
where a,, = EnT and
€
p = EECRT 0T e gt KO Dz gy
Given (19), (21), and (42), it follows that limsup b, < 0. From 0 < ¢, < ¢
n—oo
forallm > ngand 0 < 7 < 1, we get {an = EnTT} . C (0,1). So, from
n>ng

oo

(43), Z €n = 00, limsupb,, < 0 and Lemma 4, we have lim [|z" —2z*||? =0,
n—oo

n—oo
n=0 -

that is, ™ — x* as n — oo.
Case 2. Suppose that for any integer m, there exists an integer n such
that n > m and |2 — 2*|| < ||#"™! — 2*||. In this situation, it follows from

Lemma 3 that there exists a nondecreasing sequence {7(n)},>n, of N such
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that lim 7(n) = oo and the following inequalities are true:
n—r oo

27 — 2 || < |lz7MF —z¥|], 2™ —2¥|| < [l —2*||, for all n > ns.

(44)
Choose n3 > ng such that 7(n) > ng for all n > ng. From (23), (44) and
(24), we get, for all n > ng,

—er(mKs < [ly™™ =" = |57 — 27| - er(m) K3
< Jla™™ — || = (|7 — 2|
< ||$T(n)+1 _ ‘T*H _ ||S7—(n) _ x*ll
57—(n)7'

< —

s — 2| + ey |1 E ()]

Thus, from the boundedness of {s"} and lim &, = 0, we have
n—oo

lim ([[y™™ — 2% = ||s"™ — 2*|| — e, K3) =0

n—oo
= lim (g™ — |~ s —a*[) =0, (45)
lim ([}a7) — 2| — |57 — 2*[) = 0. (46)

From (45), (46), and the boundedness of {z"}, {y"}, {s"}, we obtain
lim ([ly7 " =[P~ ||s™™ —2*(|?) = 0, lim (|la7" —a*||*~[|s7" —z"||*) = 0.
n—oo n—o0

Applying a similar line of reasoning as in the first case, we can arrive at the
conclusion that
lim sup(F(z*), z* — s™™) < 0.

n—oo

Therefore, the boundedness of {F(s™)} and li_{n en = 0 yield

lim sup(F(z*), 2* — 27™*1) = lim sup (F(z*),z* — 5T 4 ET(n)F(sT("))>

n—oo n— o0

= lim sup |:<F(£U*), z* — 7))

n— oo

+ &r(n)(F(2), F(s7™))

= limsup(F(z*), z* — s7™) < 0. (47)

n— oo

From Lemma 8 and (44), we have, for all n > ns,
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21 Two-step inertial Tseng’s extragradient methods for a class ...
27+ — 2|2 < (1——51%Q1)Hx700-—aﬁH24—2aTUw<PKm*)¢r*——m70”+1>
+ Kol = a7 4 KB, 2702 — 70|
< (1= ZOD)ar ™ — 2 4 2y (Fa7), 7 — 27 HY)
+ Ky (2™ = 2T 4 KBy [T 72 — 2T
In particular, since e,(,,) > 0, we have, for all n > n3

2¢e

K (n
||IT(n)+1 _ .T*||2 < f(F(l‘*),.’E* _ IT(n)+1> + 76 . &
T

||$T(n) _xT(n)—lll
T Er(n)

K‘C: /67'” T(n)— T(n)—
4 == O prm—2 _ pr(m =1y

T ET(n)

From (44) and the inequality given above, we derive, for all n > ns,

2 Ke o _
Hxn _x*HQ < £<F($*),$* _xf(n)+1> + 75 . 7()Hw'r(n) —.QST(") 1H
T T 57—(n)
Ke BT” T(n)— T(n)—
== O prm =2 prm) =1y (48)
T E.,-(n)

By taking the limit in (48) as n — oo and utilizing (47), (19), and (21), we
deduce that

limsup ||z — z*||? <0,
n—0o0

which implies 2™ — x*. O

From Algorithm 1, if we choose v, = 0 and &, = 0 for all n > 0, it is
evident that o, = 0 and 3, = 0 for all n > 0. In this case, Algorithm 1
reduces to the following algorithm. This algorithm, which we will refer to
as Algorithm 2, closely resembles [25, Algorithm 3.1], as described in (8).
The key difference between the two algorithms lies in the order in which the
modified Tseng’s extragradient method is applied in the two spaces H; and

Ho.
Assumption 2. Let the following hold

i) F: H — H is strongly monotone and Lipschitz continuous on H.

ii) G:H — H is pseudomonotone on C, Lipschitz continuous on #.
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Algorithm 2
Step 0. Choose pug > 0, Ag > 0, p € (0,1), A € (0,1), {pn} C [a,b] C (0,1),

{en} C (0,1) such that nlLr%o en =0, Z £n = 00.
n=0

Step 1. Let 20 € H;1. Set n := 0.
Step 2. Compute

y" = Po(z" — AnF1(z")),

2 =y" = An(F1y") — F1(27)),
where

: Allz™ —y" || } .
mind —————— '\, if Fi(z™) # Fi(y™),
Ant1 = {||F1(1‘") = Pyl

An if Fy(z) = Fi(y™).

Step 3. Compute u™ = A(z") and

W = Po(u" — pn Fa(u™),
W = 0" — i (Fa(v") — Fa(u™),

where

. pllu™ — o™ } ~
mind —————— 'y if Fo(u™) # Fa(v™),
Pntl = { [ F2(um) — Fa(om)]7"

L if Fo(u™) = Fa(v™).
Step 4. Compute
t" =" + 5, AT (W™ — ™),
where the stepsize J,, is chosen in such a way that
pnllw™ — um|?
6 = A% (w™ —um)|?
0 if A*(w™ —u™)=0.

if A*(w™ —u™) #0,

Step 5. Compute
T =" e, F(t7).

Step 6. Set n:=n+ 1, and go to Step 2.

iii) limsup(G(z™),y — y™) < (G(Z),y — y) holds for any sequences {z"}
n—oo

and {y"} in H that converge weakly to T and 7, respectively.

When F; = 0 and Q = Ha, the SVIP defined by (1) and (2) reduces to
the VIP given by (1). Consequently, according to Algorithm 1 and Theorem
1 (where H, = H and F; = G), we obtain the following result for solving
the BVIP specified by (5). It is important to note that the proposed algo-

rithm only requires a single projection onto the feasible set at each iteration
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23 Two-step inertial Tseng’s extragradient methods for a class ...

and does not necessitate any knowledge of the Lipschitz constants for the

mappings F' and G, nor the modulus of strong monotonicity of F'.

Algorithm 3
Step 0. Choose AO > 07 A € (071)7 {’Y’ﬂ} c [07 00)7 {EH} C [0,00), {7771} C (0700)7

oo
{en} C (0,1) such that lim " =0, lim e, =0, > e = co.
n—o0

n—00 £y,

n=0

Step 1. Let 272,27 1,20 € H. Set n:=0.
Step 2. Compute y" = 2" + an(z™ — 2" 1) + Bn(z"~2 — 2"~ 1), where

. Mn . 1
mln{i yn} if ™ #£ z™
—11 )
an = flz® —zn=1]
Yn if 2 =21,
and
. Ui . _ _
5 mln{m,fn} if an—2 £ gn—1)
=

€n if zn=2 = gn— L
Step 3. Compute
z" =Po(y" — AMG@H")),
t" = 2" — A (G(z") — G(¥™)),
where

i Ally™ — =" N :
mm{M’An} if G(y™) # G(z"),

An if G(y™) = G(z").

>\n+1 -

Step 6. Compute
T =" — e, F(#7).

Step 7. Set n:=n+ 1, and go to Step 2.

Corollary 1. Suppose that Assumption 2 holds. Then the sequence {z"}
generated by Algorithm 3 converges strongly to the unique solution of the
BVIP (5), provided the solution set Sol(C, G) of the VIP (6) is nonempty.

Assumption 3. Consider the functions f and g which satisfy the following

conditions:

i) f:R™ — R is continuously differentiable and strongly convex, and its

gradient is Lipschitz continuous.

ii) g : R® — R is convex and continuously differentiable such that its

gradient is Lipschitz continuous.
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Assuming that all conditions stated in Assumption 3 are satisfied, we
find that the gradient mapping Vf : R — R" is strongly monotone and
Lipschitz continuous on R™. Similarly, Vg : R® — R"™ is monotone and
Lipschitz continuous on R". By taking F' = Vf, G = Vg, and C = R” in
Algorithm 3 and Corollary 1, we derive the following algorithm and corollary

for the bilevel optimization problem:
Find z* € Q such that f(x) > f(z*), for all x € Q, (49)

in which  represents the nonempty set of minimizers associated with the

classical convex optimization problem m%{n g(x).
TERT

Algorithm 4
Step 0. Choose A\g > 0, A € (0,1), {7y} C [0,00), {&r} C [0,00), {mn} C (0, 00),

oo
{en} C (0,1) such that lim In _ 0, lim e, =0, Z En = 00.
n—00 £y n— oo =

Step 1. Let 272,27 1,29 € H;. Set n :=0.
Step 2. Compute y" = 2" + an(z™ — 2" 1) + Bn(z"~2 — 2"~ 1), where

min{L,yn} if ™ #£ g1,
an =

[z — zm=1|

Yn if 2™ = 2",
and
. Mn . _ _
5 mln{m,fn} if =2 £ gn—1
=
&n if gn—2 = gn—1,

Step 3. Compute
2" =y" = A Vg(y"),

t" = 2" — A (Vg(z™) — Vg(y™)),

where

Ally™ = =" } .
, An f Vg(y™ Vg(z"),
ln{IIVg(y") — V(M) if Vg(y") # Vg(z")

An if Vg(y™) = Vg(z").

>\n+1 =

Step 6. Compute
T =" — e, V(™).

Step 7. Set n:=n+ 1, and go to Step 2.

Corollary 2. Assuming that Assumption 3 is satisfied. Then the sequence
{z™} produced by Algorithm 4 converges strongly to the unique optimal
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25 Two-step inertial Tseng’s extragradient methods for a class ...

solution of (49), given that the set Q of all optimal solutions for the problem

min ¢g(x) is nonempty.
min g(z) pty.

From Algorithm 1 and Theorem 1, by setting F; = F» = 0, we derive the

following algorithm and corollary:

Algorithm 5
Step 0. Choose {prn} C [a,b] C (0,1), {vn} C [0,00), {&n} C [0,00), {nn} C (0, 00),

oo
{en} C (0,1) such that lim In _ 0, lim e, =0, Z En = 00.
n—00 £y n— 00

n=0

Step 1. Let 272,27 1,29 € H;. Set n :=0.
Step 2. Compute y" = 2" + an(z™ — 2" 1) + Bn(z" =2 — 2"~ 1), where

. Mn . 1
mln{i yn} if ™ #£ ™
—11? )
an = flz™ —zn=1|
Yn if 2 =21,
and
. Ui . _ _
5 mln{m,fn} if 2772 #£ 2L,
=

&n if zn2 = gn—1,
Step 3. Compute
2" = PC(yn)v u” = A(zn)v v = PQ(un)7
th = 2z" + 6nA*(Un - un)7
where the stepsize §,, is chosen in such a way that

pn o™ —u™|?
6 =4 A* (™ —um)|?
0 if A*(v™ —u™) =0.

if A*(v™ —u™) #0,

Step 4. Compute
2T =" e, P(tM).

Step 5. Set n:=n+ 1, and go to Step 2.

Corollary 3. Let C and @ be two nonempty closed convex subset of two
real Hilbert spaces H; and Ha, respectively. Let F': H; — H; be a strongly
monotone and Lipschitz continuous mapping. Then the sequence {z"} gen-
erated by Algorithm 5 converges strongly to x* € I', which is the unique
solution of the VIP (F(x*),z —2*) > 0, for all z € T, provided the solution
set T' = {a* € C: Ax* € Q} of the SFP is nonempty.
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We now apply Corollary 3 with F(x) = x for all x € H;. Tt is clear that
the identity mapping F': H1 — H; is 1-Lipschitz continuous and 1-strongly

monotone on Hi. This leads us to the following result:

Corollary 4. Let C and @ be two nonempty closed convex subsets of two
real Hilbert spaces H; and Ha, respectively. The sequence {z™} generated by
Algorithm 5, in which step 4 specifies z"*! = (1 — &,,)t", converges strongly
to the minimum-norm solution of the SFP, assuming that the solution set

I'={z* € C: Az* € Q} is nonempty.

Next, we will analyze how Corollary 4 can be utilized in discrete optimal

control problems.

Let A; and B; be real matrices of size ¢ X ¢ and ¢ X p, respectively,

fori =0,1,...,N — 1. We are examining a linear discrete optimal control
problem
Tit1 = Ait12;i + Bipiui,
u; € Cj, 1=0,1,...,N —1,
o = 07 TN € Q;
J(@,u) = [luoll® + flua]|* + - - + luy -1 [|* — min,
(50)

where C; C RP for i = 0,1,...,N — 1, and Q@ C R? are nonempty closed
convex subsets that define the control and state constraints, respectively.

Establish a matrix of dimension g x Np
A=[Dy Dy ... Dny_1],

where Dz = ANANfl [N Ai+2Bi+1’i == O7 1, RN 7]\/v - 27 and DN,1 == BN
Let u := (ug, u1, ..., un—1), |[ul|? := |luol|® + |lur||* + - -+ + |[[uny—1]|* and
C:=CopxCyx---xCn_1. Then, (50) transforms into finding the minimum-

norm solution of the following SFP:
Find u € C such that Au € Q.

Thus, we can utilize Algorithm 5, where step 4 is given by 2"t = (1 —g,)t",

to solve the problem.
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4 Applications in production and consumption systems

A variation of the SVIP, defined by (1) and (2) and referred to as the SMNP,
arises when each Fj is the identity mapping on H; for all ¢ = 1,2. In the
SMNP framework, the goal is to determine a solution z* € C that minimizes
its norm while ensuring that its image y* = Axz™* belongs to @@ and also has

the smallest possible norm. Mathematically, this is expressed as follows:
Find 2* € C: ||z*|| < ||z|]| forallz e C

subject to the condition:
y'=Az" € Q:|y*| <yl forallye Q.

In many practical applications, particularly in supply chain management and
production planning, there is a need to achieve efficiency in both production
and distribution. In this context, we consider a system where production and
consumption are intrinsically linked via a linear transformation. Let z € RV
represent the production vector, quantifying the goods produced, and let
y € RM denote the consumption vector, representing the goods delivered to
the market. The connection between production and consumption is modeled
by the matrix A € RM*N such that y = Axz. The production process is
constrained by various operational factors, including capacity and resource
limitations. These are encapsulated in the feasible set C C RY. For instance,
one may define
C={xeRY: Bz <b},

where the matrix B and the vector b represent production constraints such as
available resources or maximum production capacities. On the other hand,
the consumption or distribution process must satisfy market demand or qual-
ity requirements, which are modeled by the feasible set @ € R™. One com-

mon formulation is
Q={yeRY :y>ad}

with d being the vector of minimum demand requirements ensuring that the

market receives at least the prescribed quantities.
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In the production set C, selecting x* with the smallest norm is crucial
because it ensures that among all feasible production plans, * consumes the
least resources or incurs the lowest production cost. This minimality directly
translates into enhanced efficiency in production. Similarly, in the consump-
tion set @, requiring that y* = Ax* has the smallest norm means that the
corresponding distribution of goods is accomplished with minimal overhead
or waste. This condition is essential for achieving an efficient distribution
process. Thus, the overall objective is to select a production plan z* € C

that minimizes the production norm:
l=*|| < ||z|| for all z € C,

thereby reducing production costs, resource usage, or energy consumption.
Simultaneously, the corresponding consumption vector y* = Az* must belong

to @ and minimize the consumption norm:

ly*[l < llyll for all y € Q.

The SMNP model provides an integrated framework for addressing the chal-
lenges of simultaneously optimizing production and distribution. By merging
the operational constraints of production with the market’s consumption re-
quirements and enforcing minimal norm conditions, the SMNP formulation

successfully reduces costs while enhancing overall supply chain efficiency.

5 Numerical illustration

In this section, we present numerical experiments to assess the performance
of the proposed algorithms and provide results from various comparisons.
All Python code was executed on a 2017 MacBook Pro featuring a 2.3 GHz
Intel Core i5 processor, an Intel Iris Plus Graphics 640 GPU with 1536 MB
of memory, and 8 GB of 2133 MHz LPDDR3 RAM. The experiments were

conducted using Python version 3.11.

Example 1. (see [25, Example 4.1]). Let R be equipped with the standard

norm ||z| = /22 + 23 +--- + 2% for all z = (21, 22,...,2x)7 € RE. Let
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A(z) = (1 + 23 + 24,20 + 23 — 24)7 for all = (21,22, 23, 74)T € R*. This
shows that A is a bounded linear operator from R* into R2.

Now, define the set
C = {(x1,x2,x3,x4)T eR*:xy — 3x0 — 205 + 14 > -2},

and let the mapping F; : R* — R* be defined by Fy(z) = (sin ||2| + 4)b°
for all z € R*, where b° = (1, -3, —-2,1)T € R*. It is easy to verify that I} is
pseudomonotone and Lipschitz continuous on R*.

Now, let @ = {(u1,us)” € R? : uy — 2uy > —1}, and define another
mapping Fy : R? — R2 by Fy(u) = (sin |jul|+2)c for all u € R?, where ? =
(1,—-2)T € R2. Similarly, F; is pseudomonotone and Lipschitz continuous on
R2.

Consider the mapping F : R* — R* defined by F(x) = 2z + a" for all
r € R* where a = (-2,0,4,—-6)T € R* It is straightforward to verify
that F is strongly monotone and Lipschitz continuous on R*. In [25], the

authors demonstrated that the unique solution to the BSVIP (4) is given by
. ( 4 44 11 8 )T
S\2r2rt 9727/

Table 1: A comparison between Algorithm 1 and [25,
Algorithm 3.1] with different tolerances € and the stop-

ping criterion ||z™ — z*|| < e

e=10"3

Iter(n) CPU time(s)

Algorithm 1 9945 1.7804
[25, Algorithm 3.1] 14611 2.4233
e=10"*

Iter(n) CPU time(s)

Algorithm 1 99490 19.1084
25, Algorithm 3.1] 146159  24.8806

We will now assess the performance of Algorithm 1 in comparison to [25,

Algorithm 3.1], as outlined in [25]. Both algorithms use the termination
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criterion ||z — 2*|| < ¢ and start with the same initial point, z°, where
its components are randomly generated within the closed interval [—10, 10].

Additionally, for Algorithm 1, the components of the initial points =2 and

2~1 are also randomly selected from the same interval. The parameters for

each algorithm are specified as follows:
e Algorithm 1: A\g = 3, po =2, A =03, p =04, v, = 0.1, &, = 0.2,
1 1

pn =0.99, n, = and €, =

(n+2)L01 n+2

1
n+2
The results presented in Table 1 indicate that Algorithm 1 outperforms

e [25, Algorithm 3.1]: A\g =3, up =2, A=0.3, p =04 and ¢, =

[25, Algorithm 3.1] in terms of both runtime and iteration count.

Example 2. Let a® = (1,-6,-3,2,-3,6,—1,-2)T € R®, and consider the
set C defined as C' = {x = (21,22,...,28)T € R® : (a®,z) > —2}. Now,
let us define a mapping G : R® — R® by G(z) = (sin||z| + 4)a® for all
z € R3 It can be easily verified that G is pseudomonotone on R® and

Lipschitz continuous on R® . Furthermore, it is evident that the solution set
Sol(C, G) of the VIP VIP(C,G) is given by

Sol(C,G) = {x = (x1,22,...,28)" € R®: (a®,2) = —2}.

Let us consider the mapping F' : R® — R® defined as F(z) = x for all
x € R8. This mapping F is strongly monotone with 7 = 1 and Lipschitz
continuous with L = 1 on R®. In this context, problem (5) transforms
into finding the minimum-norm solution of the VIP(C,G). The result-
ing minimum-norm solution z* for the VIP(C,G) is 2* = Pgoyc,a)(0) =
(—0.02,0.12,0.06, —0.04, 0.06, —0.12, 0.02, 0.04)~ .

We are set to compare the performance of Algorithm 3 with [25, Algo-
rithm 3.6], as presented in [25], for solving the BVIP problem (5). Both algo-
rithms start with the same initial point, 2°, whose components are randomly
generated within the closed interval [—10, 10], and both use the termination
criterion [|z™ — 2*|| < e. Additionally, for Algorithm 3, the components of
the initial points 72 and £~ are also randomly chosen from the same closed

interval [—10, 10]. The parameter settings for these methods are as follows:
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Table 2: A comparison between Algorithm 3 and [25,
Algorithm 3.6] with different tolerances € and the stop-
ping criterion [|z" — 2*|| < e
e=10"3
Iter(n) CPU time(s)
Algorithm 3 1343 0.1411
[25, Algorithm 3.6] 13359 1.1035
e=10"*
Iter(n) CPU time(s)
Algorithm 3 12969 1.1198
[25, Algorithm 3.6] 133599 10.9758
e Algorithm 3: \g =3, A =0.6 = 10* =102 = !
gorithm o Ag = 9, A = U.0, 7 = y n = ,nn—m
1
de,=——.
and & nt D)
1
e [25, Algorithm 3.6]: A\p =3, A=06and e, = ——.
n+2

The results shown in Table 2 suggest that Algorithm 3 demonstrates

superior performance when compared to [25, Algorithm 3.6].

Example 3. Let #; = RX and let Hy = RY, where K = 200 and L = 150.
We consider the SFP with the sets C = {z € RX : (c,z) >0}, Q = {y €
R : (g,y) > 0} and the bounded linear operator A : RX — RZ defined by
A(z) = Mz for all x € RX where M is an L x K real matrix. We generate
the elements of M randomly within the closed interval [—10,10], and the
coordinates of ¢ and ¢ within the closed interval [2,10]. It is straightforward
to observe that 0 € C and A(0) = 0 € Q. Therefore, 0 € I' = {z* € C :
Az* € @Q}. Thus, the minimum-norm solution z* of the SFP is z* = 0.

We aim to compare the performance of Algorithm 5, where F' is the
identity mapping, with the algorithm described in [18, Corollary 3.2] for
solving the minimum-norm solution of the SFP. Both algorithms begin with
the same initial point, £°, whose components are randomly generated within

the closed interval [—10, 10]. They also both use the same stopping criterion,
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|l™ —2*|| < e and the same ¢, = - Jlr 5 (in [18, Corollary 3.2], this is denoted
as a, ). Additionally, in Algorithm 5, the components of the initial points 22
and 27! are also randomly selected from the same closed interval [—10, 10].
The parameter values in Algorithm 5 are chosen as v, = 10%, £, = 1074,

pn = 0.99, and Nn = m

Table 3: A comparison between Algorithm 5, where F is the identity
mapping, and the algorithm described in [18, Corollary 3.2], with

different tolerances e and the stopping criterion ||z™ — z*|| < e

e=10"3

Iter(n) CPU time(s)

Algorithm 5 189 0.0148
Algorithm in [18, Corollary 3.2] 79652 4.9645
e=10"1

Iter(n) CPU time(s)

Algorithm 5 2498 0.1653
Algorithm in [18, Corollary 3.2] 776266 45.2463

Table 3 illustrates that our Algorithm 5 significantly outperforms the
algorithm in [18, Corollary 3.2] in terms of both iteration count and CPU

time.

6 Conclusions

This paper presented an iterative algorithm for addressing BSVIPs. We
established that the iterative sequence strongly converges to the unique so-
lution of the BSVIP without needing to compute or estimate the norm of a
bounded linear operator. Moreover, the algorithm can be implemented with-
out requiring any calculations or estimations of the Lipschitz and strongly
monotone constants of the mappings involved. We also applied this algorithm
to specific cases, including the bilevel VIPs, the bilevel optimization prob-

lems, and strongly monotone VIPs with split feasibility constraints. Finally,
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we provided an application of the SMNP in production and consumption
systems and presented several numerical experiments to demonstrate the im-

plementability of the proposed algorithms.

As a potential direction for future research, it would be interesting to
investigate the extension of our results to Banach spaces. This generalization
may present new challenges, particularly in handling the lack of Hilbert space
structure, but it could also broaden the applicability of our approach to a

wider class of problems.
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