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1. Introduction

In the elastoplastic analyses, when the loading
continues beyond the vyielding stress and the
materials endure the plastic deformations, the
stress and the internal variables in the plasticity
should be updated by integrating the constitutive
equations. In this kind of non-linear finite element
analysis, the integration process is performed on
Gauss points of the elements in each iteration of
every loading increment. On the other hand, since,
generally there is no closed-form analytical
solution for this process, usually numerical
methods for stress-updating process are used.

It should be noted that the accuracy of the
integration method of the constitutive equations
influences strongly the final answers of the
analysis. Therefore, many researches have tried to
develop and increase the accuracy and the
efficiency of integration schemes.

In this research, to increase the accuracy of the
stress-updating process, a semi-implicit method
for integrating the elastoplastic constitutive
equations is suggested. In fact, here, the von Mises
yield surface along with Chaboche nonlinear
isotropic hardening and Armstrong-Frederick non-
linear kinematic hardening are considered.

For using the exponential based integration
algorithm, the system of the differential
constitutive equations must be firstly transformed
into the augmented stress space to develop the
augmented system of the differential equations in
the general form of X = BX. In this equation, X is
an augmented stress vector with n + 1 components,
and B is an X-dependent matrix in a nonlinear
hardening model. Therefore, if the coefficient
matrix B is considered to be constant during a load
step, the aforementioned system of the differential
equations can be solved in a closed-form way.

2. The Semi-implicit Exponential Method

In the present study, to solve the augmented
system of the differential equations the authors
used a semi-implicit procedure. To do this, in the
first stage, the value of the yield surface radius and
the back stress in the middle of the elastic-plastic
part of the load step are calculated, and then the
values are applied for computing the coefficient
matrix B. As a result, this process will increase the
accuracy of the solution as well as the convergence
rate of the solution from the first-order
convergence rate to the second-order convergence
rate.

In this research, firstly, the scheme is
developed in a general form for a desired point in
the elastoplastic part of the load step. Then, the
calculations are done for a special case in which
the radius of the yield surface is taken from the
midpoint of the elastoplastic part of the load step.

Moreover, the solution is done based on the
computation of the radius of the yield surface for
three points located in the first quarter, the last
quarter, and the midpoint of the interval of the
elastoplastic load step. Afterwards, by plotting the
stress relative errors of the solution, it is examined
to see picking up the data from which point of the
elastoplastic load step leads to the most accurate
answers.

3. Numerical Tests

In order to evaluate the correctness, accuracy and
convergence rate of the new integration scheme,
the answers of the proposed method are examined
by the numerical tests and comparing the solution
with the backward Euler method, the forward
Euler method and the explicit exponential method.

To check the accuracy of this method, two
strain loading histories are applied to the two
materials and the corresponding stresses are
updated.

In the calculations of this section, for the
proposed method, the plastic internal variables are
taken from the midpoint of the elastoplastic load
step. The comparison of the resulting diagrams for
three methods in question, considering very fine
load step, clearly shows that the updated stress of
the proposed method as well as the response
obtained from the backward and forward Euler
methods are practically the same and the
correctness of the derived relationships can be
concluded.
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To evaluate the accuracy of the method, the
relative stress errors are calculated by Ef =

% for the practical load steps. In the
n

aforementioned equation, a,, is the updated stress
at the time t = ¢t,, by the integration method and
G, is the stress calculated by the backward Euler
method with very fine load step which is
considered as an exact solution.

The stress relative error diagrams illustrate
that the accuracy of the proposed method is much
higher than the other methods in question, which
proves the high capability and accuracy of the new
semi-implicit method.

Moreover, to check the convergence rate to the
exact answer, the total stress relative errors for the
different load steps are computed by the
integration schemes. The findings show that all the
forward Euler method, the backward Euler method
and the explicit exponential method have the first-
order convergence rate as it is expected; However,
the proposed new semi-implicit method poses a
second-order convergence rate, i.e., by halving the
loading step, the error of the updated stresses is
reduced in a quarter.

Finally, it is examined that for the new
proposed semi-implicit method, taking data from
which point of the elastoplastic part of the load
step will lead to the most accurate answers. The
results demonstrate that the midpoint of the
elastoplastic part of the load step yields the most
accurate answers.

4. Conclusion

In this research, the von Mises yielding model
along with the mixed non-linear hardenings was
considered in the small strain realm, and a semi-
implicit integration based on the exponential
mapping method was proposed.

The obtained augmented system of differential
equations is solved, using the value of the variables
by a point in the interval of the elastoplastic part of
the load step. This strategy leads to the high
precision as well as the second-order rate of the
convergence which is a desirable feature for an
integration algorithm in plasticity.

In order to examine the suggested semi-
implicit integration scheme, a broad range of the
numerical tests was performed. In the numerical
studies, the classical forward Euler and backward
Euler methods and the explicit exponential
mapping scheme are utilized to compare the results
of the new method with the aforementioned
schemes.

All the findings demonstrated the high
performance and robustness of the proposed semi-
implicit second-order exponential-map algorithm.
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