
∗

τ
τ

τ

∗



dx

dt
= xF (x, y)− βyG(x, y),

dy

dt
= βyG(x, y)− ay.

x y
F (x, y) G(x, y)

β
ay

F (x, y) = rx(1− (x+ y))
G(x, y)

G(x, y) I



�

G1(x, y) = x,

G2(x, y) =
(1 + ε)x

(x+ y + ε)
,

G3(x, y) =
x

(xy
1
3 + ε)

.

G1 G2 G3
F (x, y) = rx(1 − x+y

ω ) G = G1

dx

dt
= rx(1− x+ y

ω
)− βxy,

dy

dt
= βxy − ay.

dx

dt
= rx(1− x+ y

ω
)− δx− βxy,

dy

dt
= βxy − ay,

δ
τ

dx

dt
= rx(1− x+ y

ω
)− δx− βxy,

dy

dt
= βx(t− τ )y(t− τ )− ay.

τ
G2 G3 τ



dx

dt
= rx(1− x+ y

ω
)− δx − β(1 + ε)xy

(x+ y + ε)
,

dy

dt
=
β(1 + ε)x(t− τ)y(t− τ)
(x(t− τ ) + y(t− τ ) + ε) − ay,

dx

dt
= rx(1− x+ y

ω
)− δx− βxy

(xy
1
3 + ε)

,

dy

dt
=

βx(t− τ )y(t− τ )
(x(t− τ)y(t− τ) 13 + ε) − ay.

τ ε

r ω ε β a
x(t) y(t) r

ω
β a

y ε

dx

dt
= rx(1− x+ y

K
)− bxy,

dy

dt
= bx(t− τ)y(t− τ)e−nτ − ay,

b a b < a
(1, 0)

τ ≥ 0 b > a

b > a

δ = 0
n = 0



τ = 0

τ

dx

dt
= rx(1− x+ y

k
)− dx− βxy,

dy

dt
= βxy + sy(1− x+ y

k
)− ay(t− τ ),

τ

τ = 0

τ

τ

τ
ε

τ = 0

E0 = (0, 0) E1 =
�
ω(r−δ)
r
, 0
�

E2 =
�
a
β
, βω(r−δ)−ra
β(r+βω)

�



J(x, y) =

�
(r − δ)− 2rxω − ( rω + β)y −( rω + β)x

βy βx − a
�
.

R0 = r
δ τ = 0

R0 1 E0

1− 1
R0 <

a
βω R0 > 1 E0

E1 E0 E1

1 − 1
R0 >

a
βω R0 > 1

E0, E1 E2 E0 E1 E2

1− 1
R0 =

a
βω E1 = E2

E0 E1

J(0, 0) =

�
r − δ 0
0 −a

�
,

λ1 = r−δ < 0 λ1 = −a < 0 R0 = r
δ
< 1

E0

R0 > 1 τ = 0 E1
E1

J(E1) =

�−r + δ −(r − δ)(1 + βωr )
0 βω(r−δ)−ra

r

�
.

λ2 +m1λ+m2 = 0,

m1 = a− βω + βω δ
r
+ (r − δ),

m2 = (r − δ)(a− βω + βω δ
r
).

a > βω− βω δr 1− 1
R0 <

a
βω mk > 0 (k = 1, 2)

E1

R0 > 1 a < βω−βω δ
r

E1 E2 E2



J(E2) =

�
− raβω −a( r+βωβω )

βω(r−δ)−ra
r+βω 0

�
.

tr(J(E2)) =
−ra
βω < 0 det(J(E2)) =

a(βω(r−δ)−ra)
βω > 0 E2

1 − 1
R0 =

a
βω λ1 = −(r − δ) < 0

λ2 = 0 E1
∆ =

{(x(t), y(t))|x(t) ≥ 0, y(t) ≥ 0}

V (x, y) = x− ω(r − δ)
r

− ω(r − δ)
r

ln
rx

ω(r − δ) +
βω + r

βω
y,

V (E1) = 0 V (x, y) > 0 (x, y) ∈ ∆ \ {E1}
dV
dt ≤ 0 (x, y) ∈ ∆ V (x, y)

(x(t), y(t))

dV

dt
=
∂V

∂x

dx

dt
+
∂V

∂y

dy

dt
=

�
1− ω(r − δ)

rx

�
ẋ+

r + βω

βω
ẏ

=

�
1− ω(r − δ)

rx

��
(r − δ)x− r

ω
x2 − ( r + βω

ω
)xy

�
+

�
r + βω

βω

�
(βxy − ay)

= 2(r − δ)− r
ω
x2 − ω(r − δ)

2

r
+ (r + βω)

�
(r − δ)
r

− a

βω

�
y

= −ω
r

�
r2

ω2
x2 − 2 r

ω
(r − δ)x+ (r − δ)2

�
+

�
r + βω

βω

��
βω(r − δ)− ra

r

�
y

= −ω
r

� r
ω
x− (r − δ)

�2
+

�
r + βω

βω

��
βω(r − δ)− ra

r

�
y.

1 − 1
R0 =

a
βω

βω(r−δ)−ra
r = 0 dV

dt = −ωr
�
r
ωx− (r − δ)

�2 ≤ 0
dV
dt
= 0 x = ω(r−δ)

r
y = 0 E1

∆ = {(x(t), y(t))| x(t) ≥ 0, y(t) ≥ 0}

F1 = (r − δ)x − r
ωx
2 − ( r+βωω )xy F2 = βxy − ay

L(x, y) = 1
xy

∂(LF1)

∂x
+
∂(LF2)

∂y
= − r
ωy
< 0.

∆



τ > 0 E∗ = (x∗, y∗)

E∗ = (x∗, y∗) τ > 0

D(λ, τ) = det(λI −Q1 −Q2e−λτ ) = 0,

Q1 =

�
r − δ − 2rxω − ( rω + β)y −( rω + β)x

0 −a
�
, Q2 =

�
0 0
βy βx

�
.

D(λ, τ) = det

�
λ− r + δ + 2rx∗

ω
+ ( r

ω
+ β)y∗ ( r

ω
+ β)x∗

−βy∗e−λτ λ− βx∗e−λτ + a
�

= λ2 + A1λ+ A2 − (λ+B1)B2e−λτ ,

A1 = a− (r − δ) + 2rx
∗

ω
+
ry∗

ω
+ βy∗,

A2 = a((r − δ) + 2rx
∗

ω
+
ry∗

ω
+ βy∗),

B1 = (r − δ) + 2rx
∗

ω
,

B2 = βx
∗ + a.

x(θ) = φ1(θ) ≥ 0 y(θ) = φ2(θ) ≥ 0 θ ∈ [−τ, 0]
φ = (φ1, φ2) ∈ C([−τ, 0];R2) (x(t), y(t))

Λ = [0, T ] 0 < T < ∞
Λ

ẋ(t)− x(t)
�
(r − δ)− ( r

ω
+ β)y(t)

�
= − r
ω
x2(t).

x(0) = x0

x(t) = x0e
t
0{(r−δ)−( rω+β)y(γ)}dγ

�
x0

� t
0

r

ω
e

s
0 {(r−δ)−( rω+β)y(γ)}dγds+ 1

�−1
.

x(t) ≥ 0 x(0) = x0 ≥ 0 y(θ) ≥ 0 θ ∈ [−τ, 0]
y(t − τ) ≥ 0 t ∈ [0, τ ]

y(t) ≥ y(0)e−at ≥ 0 t ∈ [0, τ ] y(t) ≥ 0
t ∈ [τ, 2τ ] y(t)
t ≥ 0



x(t)

ẋ(t) ≤ (r − δ)x(t)− r
ω
x2(t),

x(t) ≤ ω(r − δ)
r +
�
ω(r−δ)
x0

− r
�
e−(r−δ)t

.

β0 =
ω(r−δ)
x0

− r

x(t) ≤ ω(r − δ)
r + β0e−(r−δ)t

,

lim supt→∞ x(t) ≤ ω(r−δ)
r Ω(t) = x(t) +

y(t+ τ ) γ = r − δ > 0 lim supt→∞ x(t) ≤ ωγ
r
=: β1

Ω̇(t) = ẋ(t) + ẏ(t+ τ )

= γx(t)− r
ω
x2(t)− r

ω
x(t)y(t)− βx(t)y(t) + βx(t)y(t)− ay(t+ τ )

= γx(t)− r
ω
x2(t)− r

ω
x(t)y(t)− ay(t+ τ )− ax(t) + ax(t)

≤ β1(γ + a)− r
ω
x2(t)− r

ω
x(t)y(t)− ay(t+ τ)− ax(t)

≤ β1(γ + a)− a(y(t+ τ) + x(t))
≤ β1(γ + a)− aΩ(t).

Ω̇(t) + aΩ(t) ≤ β1(γ + a) Ω(t) ≤ β1(γ+a)
a − (β1(γ+a)a +

Ω(0))e−at lim supt→∞ Ω(t) ≤ β1(γ+a)
a

r > δ
x(t) y(t)

τ > 0
E2 βω(r− δ)− ra > 0

(1, 1)

x =
a

β
X,

y =
βω(r − δ)− ra
β(r + βω)

Y,

t = T.



dX

dT
= X(γ −mX)− nXY,

dY

dT
= −aY + aX(T − τ)Y (T − τ),

γ = r − δ, m =
ra

ωβ
, n =

βω(r − δ)− ra
βω

.

(X,Y ) = (1, 1)
t T u1(t) = X(T ) − 1 u2(t) = Y (T ) − 1

u̇1(t) = (u1(t) + 1)(γ −m(u1(t) + 1)− n(u2(t) + 1)),
u̇2(t) = −a(u2(t) + 1) + a(u1(t− τ) + 1)(u2(t− τ ) + 1).

γ−m−n = 0
u = 0

u̇1(t) = −mu1(t)− nu2(t),
u̇2(t) = −au2(t) + au1(t− τ) + au2(t− τ ).

D(λ, τ) = det(λI −Q1 −Q2e−λτ ) = 0,

Q1 =

�−m −n
0 −a

�
, Q2 =

�
0 0
a a

�
.

D(λ, τ) = λ2 + p1λ+ p2 − (λ+ q1)q2e−λτ ,

p1 = m+ a, p2 = ma, q1 = m− n, q2 = a.

τ > 0
iξ ξ > 0



D(iξ, τ ) = (iξ)2 + (iξ)p1 + p2 − (iξ + q1)q2e−(iξ)τ
= −ξ2 + iξp1 + p2 − (iξ + q1)q2(cos(ξτ )− i sin(ξτ ))
= −ξ2 + iξp1 + p2 − iξq2 cos(ξτ )
− q1q2 cos(ξτ )− ξq2 sin(ξτ ) + iq1q2 sin(ξτ )
= 0.

p2 − ξ2 = q1q2 cos(ξτ ) + ξq2 sin(ξτ ),

ξp1 = ξq2 cos(ξτ )− q1q2 sin(ξτ ).

sin(ξτ ) cos(ξτ )

ξ4 + Aξ2 + B = 0,

A = p21 − 2p2 − q22 , B = p22 − q21q22 .
Z = ξ2

Z2 + AZ +B = 0,

Z1,2 =
−(p21 − 2p2 − q22)±

�
(p21 − 2p2 − q22)2 − 4(p22 − q21q22)
2

.

h(Z) = Z2 + AZ + B Zk k = 0, 1

0 < Z0 < Z1,

ξ0 =
�
Z0, ξ1 =

�
Z1.

h�(Zk) �= 0 Zk = ξ
2
k

dr
dτ
(τ
(j)
k ) �= 0

h�(Zk)

h�(Z0) < 0, h�(Z1) > 0,

dr(τ
(j)
0 )

dτ
< 0,

dr(τ
(j)
1 )

dτ
> 0, j = 0, 1, 2, . . . .

q1 ξ



p2q1 − ξ2q1 = q21q2 cos(ξτ ) + ξq1q2 sin(ξτ ),
p1ξ

2 = ξ2q2 cos(ξτ )− ξq1q2 sin(ξτ ),

cos(ξτ ) =
p2q1 − ξ2q1 + p1ξ2
q21q2 + ξ

2q2
=
p2q1 − ξ2q1 + p1ξ2
q2(q21 + ξ

2)
.

τ
(j)
k =

1

ξk

�
arccos

�
p2q1 − ξ2q1 + p1ξ2
q2(q21 + ξ

2)

��
+ 2jπ, for j ∈ Z.

±iξk k = 0, 1 τ =

τ
(j)
k

λ(τ ) = r(τ) + iξ(τ) τ = τ
(j)
k

λ(τ
(j)
k ) = r(τ

(j)
k ) + iξ(τ

(j)
k ) such that r(τ

(j)
k ) = 0, ξ(τ

(j)
k ) = ξk > 0.

λ(τ)

λ2(τ ) + p1λ(τ ) + p2 − (λ(τ) + q1)q2e−λ(τ)τ = 0.

τ

(2λ(τ) + p1)
dλ(τ )

dτ
− (1− τ (λ(τ ) + q1))q2e−λ(τ)τ dλ(τ)

dτ

+ λ(τ)(λ(τ) + q1)q2e
−λ(τ)τ = 0.

�
dλ(τ)

dτ

�−1
=

1

λ(τ)(λ(τ) + q1)
− 2λ(τ) + p1
λ(τ )(λ(τ) + q1)q2e−λ(τ)τ

− τ

λ(τ)

=
λ(τ)

λ2(τ)(λ(τ) + q1)
− 2λ2(τ) + p1λ(τ )

λ2(τ)(λ(τ) + q1)q2e−λ(τ)τ
− τ

λ(τ)
.

�
dλ(τ)

dτ

�−1
=

−q1
λ2(τ )(λ(τ ) + q1)

− λ2(τ)− p2
λ2(τ )(λ2(τ ) + p1λ(τ) + p2)

− τ

λ(τ )
,



�
dReλ(τ )

dτ

�−1 ���
τ=τ

(j)
k

=
�
Re

� −q1
λ2(τ )(λ(τ ) + q1)

�
+Re

�
p2 − λ2(τ)

λ2(τ)(λ2(τ ) + p1λ(τ) + p2)

�
+Re

� −τ
λ(τ )

�����
τ=τ

(j)
k

.

λ(τ
(j)
k ) = r(τ

(j)
k ) + iξ(τ

(j)
k ) = iξk

Re

� −q1
λ2(τ )(λ(τ ) + q1)

� ���
τ=τ

(j)
k

= Re

�
q1(−iξk + q1)

ξ2k(iξk + q1)(−iξk + q1)
�

=
q21

ξ2k(ξ
2
k + q

2
1)
,

Re

�
p2 − λ2(τ )

λ2(τ)(λ2(τ ) + p1λ(τ) + p2)

� ���
τ=τ

(j)
k

= Re

�
p2 + ξ

2
k

−ξ2k(−ξ2k + iξkp1 + p2)
�

=
(p22 − ξ4k)

−ξ2k((−ξ2k + p2)2 + p21ξ2k)
,

Re

� −τ
λ(τ)

� ���
τ=τ

(j)
k

= Re

�−τ
iξk

�
= 0.

�
dReλ(τ )

dτ

�−1 ���
τ=τ

(j)
k

=
q21

ξ2k(ξ
2
k + q

2
1)
− p22 − ξ4k
ξ2k((−ξ2k + p2)2 + ξ2kp21)

.

ξ2k = Zk�
dReλ(τ )

dτ

�−1 ���
τ=τ

(j)
k

=
q21

Zk(Zk + q21)
− p22 − Z2k
Zk((−Zk + p2)2 + Zkp21)

.

Zk

(−Zk + p2)2 − Zkp21 = Z2k + (p21 − 2p2)Zk + p22 = q22Zk + q21q22 = q22(Zk + q21),
Z2k + (p

2
1 − 2p2 − q22)Zk = −p22 + q21q22 .

�
dReλ(τ )

dτ

�−1 ���
τ=τ

(j)
k

=
Z2k − p22 + q21q22
Zkq22(Zk + q

2
1)
=
2Z2k + (p

2
1 − 2p2 − q22)Zk

Zkq22(Zk + q
2
1)

=
2Zk + p

2
1 − 2p2 − q22

q22(Zk + q
2
1)

=
h�(Zk)
Γk

,



Γk = q
2
2(Zk + q

2
1) > 0,

h�(Zk) = 2Zk + p21 − 2p2 − q22 .

sign

�
dr(τ)

dτ

�−1
τ=τ

(j)
k

= sign

�
dReλ(τ)

dτ

�−1
τ=τ

(j)
k

= sign

�
h�(Zk)
Γk

�
= sign [h�(Zk)] .

τ = τ
(j)
∗ E∗

τ
(j)
∗ =

1√
Z∗

�
cos−1

�
p2q1 − Z∗q1 + p1Z∗
q2(q21 + Z

∗)

��
+ 2jπ.

τ > 0

p1 − q2 > 0
p2 − q1q2 > 0
p21 − 2p2 − q22 > 0 p22 − q21q22 > 0 (p21 − 2p2 − q22)2 <
4(p22 − q21q22)
p21 − 2p2 − q22 < 0 p22 − q21q22 < 0 (p21 − 2p2 − q22)2 =
4(p22 − q21q22)
p21 − 2p2 − q22 < 0, p22 − q21q22 > 0 (p21 − 2p2 − q22)2 >
4(p22 − q21q22)

(A1) − (A3)
τ ≥ 0

(A1) (A2) (A4) τ = τ
(j)
k

±iξk ±iξk

(A1) (A2) (A5) τ = τ
(j)
k

±iξk ±iξk

h(Z) = Z2 + AZ + B
R0 > 1 E2 τ ≥ 0

E2 τ ≥ 0



E∗ = (1, 1) τ = τ
(j)
k , (j = 0, 1, 2 . . .)

τ
τ = τ∗

E∗

u1(t) = X(τt)−1, u2(t) = Y (τt)−1, τ = τ∗+ν, ν ∈ R.

u̇1(t) = (τ
∗ + ν)(u1(t) + 1)(−mu1(t)− nu2(t)),

u̇2(t) = a(τ
∗ + ν)(−u2(t) + u1(t− 1)u2(t− 1) + u1(t− 1) + u2(t− 1)).

u̇(t) = Lν(ut) + f(ν, ut), u(t) = (u1(t), u2(t)) ∈ R2.

C = C([−1, 0];R2) [−1, 0]
R2 φ = (φ1, φ2) ∈ C

Lν : C −→ R2, f : R× C −→ R2,

Lνφ = (τ
∗ + ν)

�−m −n
0 −a

��
φ1(0)
φ2(0)

�
+ (τ∗ + ν)

�
0 0
a a

��
φ1(−1)
φ2(−1)

�
,

f(ν, φ) = (τ∗ + ν)
�
−m
�
φ21(0)
0

�
− n
�
φ1(0)φ2(0)

0

�
+ a

�
0

φ1(−1)φ2(−1)
��

= (τ∗ + ν)
�−mφ21(0)− nφ1(0)φ2(0)

aφ1(−1)φ2(−1)
�
.

η(θ, ν) θ ∈ [−1, 0]

Lν(φ) =

� 0
−1
dη(θ, ν)φ(θ),

η(θ, ν) = (τ∗ + ν)
�−m −n
0 −a

�
δ(θ)− (τ∗ + ν)

�
0 0
a a

�
δ(θ + 1),

δ φ ∈ C1([−1, 0];R2)



A(ν)φ =

�
dφ(θ)
dθ , θ ∈ [−1, 0),� 0

−1 dη(θ, s)φ(s), θ = 0,

R(ν)φ =

�
0, θ ∈ [−1, 0),

f(ν, φ), θ = 0.

u̇t = A(ν)ut +R(ν)ut,

ut(θ) = u(t+ θ) θ ∈ [−1, 0] ψ ∈ C1([0, 1]; (R2)∗)

(A∗ψ)(s) =

�
−dψ(s)ds , s ∈ (0, 1],� 0

−1 dη(t, 0)ψ(−t), s = 0,

< ψ(s), φ(θ) >= ψ(0)φ(0)−
� 0
−1

� θ
ξ=0

ψ(ξ − θ)dη(θ)φ(ξ)dξ.

η(θ) = η(θ, 0) A∗

A(0) ±iξ∗τ∗
A(0) A∗ q(θ)
A(0) iξ∗τ∗ q∗(s) A∗ −iξ∗τ∗

A(0)q(θ) = iξ∗τ∗q(θ) =⇒ q�(θ) = iξ∗τ∗q(θ) for θ ∈ [−1, 0),

q(θ) = q(0)eiξ
∗τ∗θ, −1 ≤ θ < 0,

q(−1) = q(0)e−iξ∗τ∗ ,
A0q(0) +B0q(−1) = iξ∗τ∗q(0).

�−m− iξ∗ −n
ae−iξ

∗τ∗ −a− iξ∗ + ae−iξ∗τ∗
��
q1(0)
q2(0)

�
=

�
0
0

�
.

q2(0) =
−m− iξ∗
n

q1(0), q1(0) = 1 �= 0,

q(θ) = (q1(0), q2(0)) e
iξ∗τ∗θ =

�
1,
−m− iξ∗
n

�
eiξ

∗τ∗θ.



q∗(s) = E (q∗1(0), q
∗
2(0))

T
eiξ

∗τ∗s A∗

−iξ∗τ∗

A∗q∗(s) = −iξ∗τ∗q∗(s) =⇒ −q∗�(s) = −iξ∗τ∗q(s) for s ∈ (0, 1],

q∗(s) = q∗(0)eiξ
∗τ∗s, 0 < s ≤ 1,

q∗(1) = q∗(0)eiξ
∗τ∗ ,

A∗0q
∗(0) +B∗0q

∗(1) = −iξ∗θ∗q∗(0).

�−m+ iξ∗ aeiξ
∗τ∗

−n −a+ iξ∗ + aeiξ∗τ∗
��
q∗1(0)
q∗2(0)

�
=

�
0
0

�
.

q∗1(0) =
iξ∗ − a+ aeiξ∗τ∗

n
q∗2(0), q∗2(0) = 1 �= 0.

q∗(s) = E (q∗1(0), q
∗
2(0)) e

iξ∗τ∗s = E

�
iξ∗ − a+ aeiξ∗τ∗

n
, 1

�
eiξ

∗τ∗s.

q q∗ < q∗(s), q(θ) >= 1

< q∗(s), q(θ) >=E(q∗1(0), 1)(1, q2(0))
T

−
� 0
−1

� θ
ξ=0

E(q∗1(0), 1)e
−iξ∗τ∗(ξ−θ)dη(θ)(1, q2(0))dξ

=E
��−iξ∗ − a+ ae−iξ∗τ∗

n
, 1

��
1,
−m− iξ∗
n

�
−
� 0
−1

� θ
ξ=0

�−iξ∗ − a+ ae−iξ∗τ∗
n

, 1

�
e−iξ

∗τ∗(ξ−θ)dη(θ)

×
�
1,
−m− iξ∗
n

�
eiξ

∗τ∗θdξ
�

=E
�−2iξ∗ − a+ ae−iξ∗τ∗ −m

n

−
� 0
−1

�−iξ∗ − a+ ae−iξ∗τ∗
n

, 1

�
θeiξ

∗τ∗θdη(θ)

�
1

−m−iξ∗
n

��



=E
�−2iξ∗ − a+ ae−iξ∗τ∗ −m

n
− τ∗ a(m− n) + iaξ

∗

n
e−iξ

∗τ∗
�

=1,

E =
�−2iξ∗ − a + ae−iξ∗τ∗ −m− τ∗(a(m− n) + iaξ∗)e−iξ∗τ∗

n

�−1
.

C0 ν = 0
u(t) ν = 0

u(t) = u0(t) + Ψ(u0(t)),

u0(t) ∈ E0 E0 = span{q(θ), q∗(θ)}

u0(t) = z(t)q(θ) + z̄(t)q
∗(θ) = z(t)q(θ) + z̄(t)q̄(θ),

ut(θ)

ut(θ) = z(t)q(θ) + z̄(t)q̄(θ) + Ψ(z(t), z̄(t))

= 2Re{z(t)q(θ)}+W (t, θ),

W (t, θ) = ut(θ)− 2Re{z(t)q(θ)}.
ut(θ) W

W (t, θ) =W (z, z̄, θ) =W20
z2

2
+W11zz̄ +W02

z̄2

2
+W30

z3

6
+ · · · ,

z, z̄ ut q, q∗

(z, z̄)
ν = θ = 0

u̇(t) = A(0)u(t) +R(0)u(t),

ż(t)q(0) + ˙̄z(t)q̄(0) + Ẇ (t, 0) = A(0)u(t) +R(0)u(t).

q∗(0)
ż(t)



ż(t) =< q∗(0), A(0)u(t) +R(0)u(t) >
=< q∗(0), A(0)u(t) > + < q∗(0), R(0)u(t) >
=< A∗(0)q∗(0), u(t) > + < q∗(0), R(0)u(t) >
=< −iξ∗τ∗q∗(0), u(t) > + < q∗(0), R(0)u(t) >
= iξ∗τ∗ < q∗(0), u(t) > + < q∗(0), f(0, u(t)) >
= iξ∗τ∗z(t) + q̄∗(0)f(0, u(t))
= iξ∗τ∗z(t) + q̄∗(0)f(0, z(t)q(0) + z̄(t)q̄(0) +W (t, 0))
= iξ∗τ∗z(t) + g(z(t), z̄(t)),

g(z(t), z̄(t)) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄

2
+ · · · .

q2(0) =
−m− iξ∗
n

=M, q∗1(0) =
iξ∗ − a+ aeiξ∗τ∗

n
= N.

ut(θ) = z(t)q(θ) + z̄(t)q̄(θ) +W (t, θ)

= (1,M)T eiξ
∗τ∗θz(t) + (1,M)T e−iξ

∗τ∗θ z̄(t)

+W20
z2

2
+W11zz̄ +W02

z̄2

2
+ · · · .

u1(t) = z + z̄ +W
(1)(0),

u2(t) =Mz +Mz̄ +W
(2)(0),

u1(t− 1) = ze−iξ∗τ∗ + z̄eiξ∗τ∗ +W (1)(−1),
u2(t− 1) = Mze−iξ∗τ∗ +Mz̄eiξ∗τ∗ +W (2)(−1),

W (t, θ) = (W (1)(θ),W (2)(θ)) ∈ R2 φ(θ) = ut(θ)
ν = 0



g(z,z̄)

=q∗(0)f(0, ut)

=q∗(0)τ∗
�
−mu21(t)− nu1(t)u2(t)
au1(t− 1)u2(t− 1)

�

=E(N, 1)τ∗

 −m(z + z̄ +W (1)(0))2 − n(z + z̄ +W (1)(0))(Mz +Mz̄ +W (2)(0))

a(ze−iξ
∗τ∗ + z̄eiξ

∗τ∗ +W (1)(−1))(Mze−iξ∗τ∗ +Mz̄eiξ∗τ∗ +W (2)(−1))



=− ENτ∗{m(z + z̄ +W (1)(0))2 + n(z + z̄ +W (1)(0))(Mz +Mz̄ +W (2)(0))}
+ Eτ∗{a(ze−iξ∗τ∗ + z̄eiξ∗τ∗ +W (1)(−1))(Mze−iξ∗τ∗ +Mz̄eiξ∗τ∗ +W (2)(−1))}

=− ENτ∗
�
2 (m+ nM)

z2

2
+ (2m+ nRe{M}) zz̄ + 2 �m+ nM� z̄2

2

+ 2
�
2mW

(1)
11 (0) + 2mW

(1)
20 (0) + nMW

(1)
11 (0) + nMW

(1)
20 (0) + nW

(2)
11 (0)

+ nW
(2)
20 (0)

� z2z̄
2

�
+ Eτ∗

�
2
�
aMe−2iξ

∗τ∗
� z2
2
+ (aRe{M}) zz̄ + 2

�
aMe2iξ

∗τ∗
� z̄2
2

+ 2
�
ae−iξ

∗τ∗W (2)11 (−1) + aeiξ
∗τ∗W (2)20 (−1) + aMe−iξ

∗τ∗W (1)11 (−1)

+ aMeiξ
∗τ∗W (1)20 (−1)

� z2z̄
2

�
+ · · · .

g20 = −2ENτ∗(m+ nM) + 2Eτ∗(aMe−2iξ∗τ∗),
g11 = ENτ

∗(2m+ nM + nM) + Eτ∗(aM + aM),

g02 = −2ENτ∗(m+ nM) + 2Eτ∗(aMe2iξ∗τ∗),
g21 = −2ENτ∗{(2m+ nM)W (1)11 (0) + (2m+ nM)W (1)20 (0) + nW (2)11 (0)

+ nW
(2)
20 (0)}+ 2Eτ∗{ae−iξ

∗τ∗W
(2)
11 (−1) + aeiξ

∗τ∗W
(2)
20 (−1)

+ aMe−iξ
∗τ∗W

(1)
11 (−1) + aMeiξ

∗τ∗W
(1)
20 (−1)}.

W11(θ) W20(θ)

Ẇ = u̇t − qż − q̄ ˙̄z,

u̇t = A(0)ut +R(0)ut = (A(0) +R(0))(qz + q̄z̄ +W ),

ż = iξ∗τ∗z + q̄∗(0)f0,
˙̄z = −iξ∗τ∗z̄ + q∗(0)f̄0.



Ẇ =A(0)(W + qz + q̄z̄)− (iξ∗τ∗z + q̄∗(0)f0)q − (−iξ∗τ∗z̄ + q∗(0)f̄0)q̄
+R(0)ut

=A(0)W + A(0)qz +A(0)q̄z̄ − (iξ∗τ∗z)q + (iξ∗τ∗z̄)q̄
− q̄∗(0)f0q − q∗(0)f̄0q̄ +R(0)ut
=A(0)W + (iξ∗τ∗q)z − (iξ∗τ∗q̄)z̄ − (iξ∗τ∗z)q + (iξ∗τ∗z̄)q̄
− q̄∗(0)f0q − q∗(0)f̄0q̄ +R(0)ut
=A(0)W − q̄∗(0)f0q + q̄∗(0)f0q +R(0)ut
=A(0)W − 2Re{q̄∗(0)f0q}+R(0)ut.

Ẇ =

�
AW − 2Re{q̄∗(0)f0q} θ ∈ [−1, 0),

AW − 2Re{q̄∗(0)f0q}+ f(0, ut) θ = 0,

= AW +H(z, z̄, θ),

H(z, z̄, θ) = H20(θ)
z2

2
+H11(θ)zz̄ +H02(θ)

z̄2

2
+ · · · .

W20(θ)zż +W11(θ)żz̄ +W11(θ)z ˙̄z +W02(θ)z̄ ˙̄z + · · ·

= A(W20(θ)
z2

2
+W11(θ)zz̄ +W02(θ)

z̄2

2
) +H20(θ)

z2

2

+H11(θ)zz̄ +H02(θ)
z̄2

2
+ · · · .

W20(θ)z(iξ
∗τ∗z + g(z, z̄)) +W11(θ)z̄(iξ∗τ∗z + g(z, z̄))

+W11(θ)z(−iξ∗τ∗z̄ + g(z, z̄)) +W20(θ)z̄(−iξ∗τ∗z̄ + g(z, z̄))

= (AW20(θ) +H20(θ))
z2

2
+ (AW11(θ) +H11(θ))zz̄

+ (AW02(θ) +H02(θ))
z̄2

2
+ · · · .

(2iξ∗τ∗W20(θ))
z2

2
+ (−2iξ∗τ∗W20(θ)) z̄

2

2
+ · · ·

= (AW20(θ) +H20(θ))
z2

2
+ (AW11(θ) +H11(θ))zz̄ + · · · .



AW20(θ) +H20(θ) = 2iξ
∗τ∗W20(θ) =⇒ (A− 2iξ∗τ∗)W20(θ) = −H20(θ),

AW11(θ) +H11(θ) = 0 =⇒ AW11(θ) = −H11(θ).
θ ∈ [−1, 0)

H(z, z̄, θ) = −2Re{q̄∗(0)f0q(θ)}
= −q̄∗(0)f0q(θ)− q̄∗(0)f0q(θ)
= −g(z, z̄)q(θ)− g(z, z̄)q(θ).

H20(θ) = −g20q(θ)− ḡ02q̄(θ),

H11(θ) = −g11q(θ)− ḡ11q̄(θ).

AW20(θ) = 2iξ
∗τ∗W20(θ)−H20(θ)

= 2iξ∗τ∗W20(θ) + g20q(θ) + ḡ02q̄(θ).

A(ν) θ ∈ [−1, 0) AW20(θ) = Ẇ20(θ)

Ẇ20(θ) = 2iξ
∗τ∗W20(θ) + g20q(θ) + ḡ02q̄(θ)

= 2iξ∗τ∗W20(θ) + g20q(0)eiξ
∗τ∗θ + ḡ02q̄(0)e

−iξ∗τ∗θ,

q(θ) = q(0)eiξ
∗τ∗θ

W20(θ) = e
2iξ∗τ∗θ

�� θ
0

�
g20q(0)e

iξ∗τ∗θ + ḡ02q̄(0)e
−iξ∗τ∗θ

�
e−2iξ

∗τ∗θdθ + C1

�

=
ig20
ξ∗τ∗

q(0)eiξ
∗τ∗θ +

iḡ02
3ξ∗τ∗

q̄(0)e−iξ
∗τ∗θ + C1e

2iξ∗τ∗θ.

A(ν)

AW11(θ) = −H11(θ),
Ẇ11(θ) = g11q(θ) + ḡ11q̄(θ) = g11q(0)e

iξ∗τ∗θ + ḡ11q̄(0)e
−iξ∗τ∗θ.



W11(θ) =

�� θ
0

�
g11q(0)e

iξ∗τ∗θ + ḡ11q̄(0)e
−iξ∗τ∗θ

�
dθ + C2

�

= − ig11
ξ∗τ∗

q(0)eiξ
∗τ∗θ +

iḡ11
ξ∗τ∗

q̄(0)e−iξ
∗τ∗θ + C2.

C1 C2
A(ν) θ = 0� 0

−1
dη(θ)W20(θ) = 2iξ

∗τ∗W20(0)−H20(0),

η(0, θ) = η(θ) H(z, z̄, θ)
θ = 0

H20(0) = −q̄∗(0)f0q(0)− q∗(0)f̄0q̄(0) + f(0, ut)

= −g20q(0)− ḡ02q̄(0) + τ∗
�
2(m+ nM)

−2aMe−2iξ∗τ∗
�
.

τ∗
�−m −n
0 −a

��
ig20
ξ∗τ∗

q(0) +
iḡ02
3ξ∗τ∗

q̄(0) + C1

�
− τ∗

�
0 0
−a −a

��
ig20
ξ∗τ∗

q(0)e−iξ
∗τ∗ +

iḡ02
3ξ∗τ∗

q̄(0)eiξ
∗τ∗ + C1e

−2iξ∗τ∗
�

= 2iξ∗τ∗(
ig20
ξ∗τ∗

q(0) +
iḡ02
3ξ∗τ∗

q̄(0) + C1) + g20q(0) + ḡ02q̄(0)

+ τ∗
�
2(m+ nM)
−2aMe−2iξ∗τ∗

�
.

τ∗{ ig20
ξ∗τ∗

� −m −n
ae−iξ

∗τ∗ −a+ ae−iξ∗τ∗
�
q(0) +

iḡ02
3ξ∗τ∗

� −m −n
aeiξ

∗τ∗ −a+ aeiξ∗τ∗
�
q̄(0)

+

� −m −n
ae−2iξ

∗τ∗ −a+ ae−2iξ∗τ∗
�
C1}

= −g20q(0)− ḡ02q̄(0) + 2iξ∗τ∗C1 + τ∗
�
2(m+ nM)

−2aMe−2iξ∗τ∗
�
.

(λI −Q1 −Q2e−λτ )q(0) = 0



τ∗
�
ig20
ξ∗τ∗

(iξ∗q(0)) +
iḡ02
3ξ∗τ∗

(−iξ∗q̄(0)) +
� −m −n
ae−2iξ

∗τ∗ −a+ ae−2iξ∗τ∗
�
C1

�
= −g20q(0)− ḡ02q̄(0) + 2iξ∗τ∗C1 + τ∗

�
2(m+ nM)

−2aMe−2iξ∗τ∗
�
.

� −m −n
ae−2iξ

∗τ∗ −a+ ae−2iξ∗τ∗
�
C1 = +2iξ

∗IC1 +
�
2(m+ nM)

−2aMe−2iξ∗τ∗
�
,

�−m− 2iξ∗ −n
ae−2iξ

∗τ∗ −a+ ae−2iξ∗τ∗ − 2iξ∗
��
C
(1)
1

C
(2)
1

�
=

�
2(m+ nM)

−2aMe−2iξ∗τ∗
�
.

C
(1)
1 =

−2(ame−2iξ∗τ∗ − (a+ 2iξ)(m+ nM))
ae−2iξ∗τ∗(2iξ +m− n)− 2iξ(a+ 2ξ +m)− am,

C
(2)
1 =

2a(m+ nM − 2Miξ −mM)
a(2iξ +m− n)− (2iξ(a+ 2ξ +m) + am)e2iξ∗τ∗ .

A(ν)� 0
−1
dη(θ)W11(θ) = −H11(0),

H11(0) = −g11q(0)− ḡ11q̄(0) + τ∗
�
2m+ nRe{M}
−aRe{M}

�
.

τ∗
�−m −n
0 −a

�
(− ig11
ξ∗τ∗

q(0) +
iḡ11
ξ∗τ∗

q̄(0) + C2)

− τ∗
�
0 0
−a −a

�
(− ig11
ξ∗τ∗

q(0)e−iξ
∗τ∗ +

iḡ11
ξ∗τ∗

q̄(0)eiξ
∗τ∗ + C2)

= g11q(0) + ḡ11q̄(0) + τ
∗
�
2m+ nRe{M}
−aRe{M}

�
.

�−m −n
a 0

�
C2 =

�
2m+ nRe{M}
−aRe{M}

�
,



C2 =

�
C
(1)
2

C
(2)
2

�
=

� −Re{M}
1
n ((m− n)Re{M} − 2m)

�
.

c1(0) =
i

2ξ∗τ∗

�
g11g20 − 2|g11|2 − |g02|

2

3

�
+
g21
2
,

µ2 = − Re(c1(0))
Re(dλ(τ

∗)
dτ )

,

β2 = 2Re(c1(0)),

T2 = −
Im(c1(0) + µ2Im(

dλ(τ∗)
dτ )

ξ∗
.

τ = τ∗ µ2
µ2

τ > τ∗ (τ < τ∗)
β2 β2 <

0 (β2 > 0)

T2 T2 > 0 (T2 < 0)

τ r = 21, ω = 21, δ = 1, β = 3, a = 15

dx

dt
= 21x(1− x+ y

21
)− x− 3xy,

dy

dt
= 3x(t− τ)y(t− τ)− 15y.

τ = 0 E2 = (5, 3.75)
z = 129.6297769

τ∗ = 0.2648100601



M = −0.3333333334− 0.7241971227 i,
N = −0.1467688360+ 1.245730037 i,
E = −0.3353048563− 2.701455914 i,
g20 = 0.07001726116 + 0.0679380362 i,

g11 = 0.02285330684− 0.1841225970 i,
g02 = 0.03920150800− 0.9478826122 i,
C
(1)
1 = 0.4358591088 + 0.5440217450 i,

C
(2)
1 = −0.6386367604− 0.1582198462 i,

W
(1)
20 (0) = −0.2638607674+ 0.6954569963 i,
W
(2)
20 (0) = −0.3302243769− 0.5360810164 i,

W
(1)
20 (−1) = 0.1400340404− 0.2463831080 i,
W
(2)
20 (−1) = 1.192302058− 0.4408369488 i,
C
(1)
2 = −0.3333333334,
C
(2)
2 = −0.4444444444,

W
(1)
11 (0) = −1.004521703 + 0.0 i,
W
(2)
11 (0) = −0.1699352452+ 0.0 i,

W
(1)
11 (−1) = −0.9494599988+ 0.0 i,
W
(2)
11 (−1) = 0.0740685228 + 0.0 i,
g21 = −0.5523573046+ 1.0418494 i.

c1(0) = −0.2658449039 +
0.4681490320 i µ2 = 49.95991907 > 0 β2 = −0.5316898078 <
0 T2 = 0.04309591200 > 0 T2 > 0

r = 21, ω = 21, δ = 1, β =
3, a = 15 τ = 0.2648100601

ε

τ = 0.05 < τ∗ ε = 100 E = (20, 0)
E = (5, 3.75)

τ = 0.2648100601 ε = 0.001 E = (20, 0)
E = (5, 3.75)

ε
ε = 10 E = (20, 0)

E = (20, 0) E = (12, 3.75)
ε = 100

E = (5, 3.75)



E = (5, 3.75)
E = (20, 0)

ε = 1000
ε = 1000000

E = (5, 3.75) ε

ε = 1000
τ = 1

ε = 100 τ∗ = 0.05 E = (20, 0) E = (5, 3.75)



ε = 0.001 τ∗ = 0.2648100601E = (20, 0)
E = (5, 3.75)



ε = 1 τ∗ = 0.2648100601E = (20, 0)
E = (5, 3.75)



ε = 10 τ∗ = 0.2648100601E = (20, 0)
E = (5, 3.75) E = (12, 3.75)



ε = 100 τ∗ = 0.2648100601E = (20, 0)
E = (5, 3.75)



ε = 1000 τ∗ = 0.2648100601E = (20, 0)
E = (5, 3.75)



ε = 1000000 τ∗ = 0.2648100601E = (20, 0)
E = (5, 3.75)



ε = 1000 τ = 1E = (20, 0)



τ

τ
ε




