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1. Introduction

Generally Functionally Graded Materials are made
of ceramic and metal parts. Due to the fact that the
structural material of ceramic has a low heat transfer
coefficient and high resistance to temperature, it can
resist high heat. On the other hand, another
structural material, metal, provides the required
flexibility. It is noteworthy that due to the
continuous changes in mechanical properties, the
discontinuity problems that exist in composite
structures do not arise in functional materials.
However, minor damages may occur to the
structure of functional grade materials, which in
more serious environmental conditions (vibration,
corrosion, and high temperature) can lead to more
general damages. The appearance of cracks in a
structure reduces the stiffness, mass and damping
and as a result changes in the vibrational properties
of a structure. In many structural issues located on
the soil foundation, for simplicity, the elastic
foundation is usually modeled by Winkler's base.
However, it has been shown that the behavior of
substrate materials in engineering cannot be
expressed solely by the Winkler elastic foundation
model, which includes independent linear tensile
springs. For this reason, in order to find a more
physical and accurate basic model, Pasternak
proposed a two-parameter foundation model with
shear interactions. Porosity, which due to large
differences in freezing temperature between
components during the fabrication process of
functional grade materials may cause microscopic
cavities in the material during the sintering process,
in some structures provides a good opportunity for
progress in mechanical properties. One of the main
candidates for structures under impact or dynamic
loads is porous functional graded materials that are

extremely energy absorbing. In general, there are
fewer studies on the free vibration of high-order
porous FG beams. Due to the special complexity of
problem solving based on the third order shear
theory of beams, strong numerical methods are
needed to solve the governing equations and their
boundary conditions. The Differential Quadrature
Method is one of the numerical methods in which
the governing differential equations are converted
into a group of first-order algebraic equations using
weight coefficients. Thus, at each point, the
derivative is expressed as a linear sum of weighting
coefficients and function values at that point and
other points in the domain. The basis of the type of
problem can be a system of linear or nonlinear
equations. In this study, frequency analysis of
cracked exponentially porous beams on an elastic
foundation using third-order shear theory is adopted
for use in thick beams, which has not been done
before with this method. Moreover, the non-
uniform and asymmetric distribution model of
porosity in combination with the exponential model
is considered, which adds to the attractiveness of the
work. The governing equations and boundary
conditions are derived from the Hamilton principle.
These equations are discretized and solved by
means of the Generalized Differential Quadrature
Method. By applying this approach, the free
frequency of cracked FG beams is obtained. Also,
geometrical parameters, crack position, porosity
coefficient and elastic foundation on free vibration
of this type of beams are investigated.

2. Theory, formulation and governing equations
Models for distributing properties in functional
graded materials express mathematical
relationships for each property at any point in the
material. This relationship is defined in terms of
point coordinates and the properties of the
beginning and end (the two components that make
up the functional graded material). From the various
models that exist for the distribution of properties in
scaled functional materials, the exponential model
that is used in most studies is selected. Moreover, in
order to investigate the effect of porosity in cracked
functional graded beams, a non-uniform and
asymmetric porosity distribution model is selected
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in combination with the exponential model. In order
to model the edge crack in the beam, a massless
torsional spring with torsional stiffness is used,
which connects the two parts separated by the crack
as shown in Figure 1 and 2 at the point of
discontinuity.

Figure 1. Changes in base materials in cracked exponential
FG beams

I.-I = 3 I
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Figure 2. Open edge crack model and the porosity
distribution in the exponential FG beam

Third order Shear Deformation Theory

For vibrational modeling of thick beams, more
accurate theories than Euler-Bernoulli and
Timoshenko's theory should be used, which have
more computational volume and complexity, and
the shear correction factor is eliminated. One of the
most important higher order shear deformation
theories is Reddy's third-order shear theory. In this
theory, unlike classical and first-order shear
theories, the cross-sectional area of the beam is no
longer considered as a smooth surface. The
displacement field in this theory is accompanied by
hypotheses. The shear component of the
longitudinal displacement increases in such a way
that changes the order of the three shear strains in
the thickness of the beam so that the shear stress at
the upper and lower levels of the beam becomes
zero.

Discretization of equations in the form of differential
quadrature method

At this stage, the equations of motion and the
corresponding boundary conditions are converted to
algebraic equations by the DQ method. N are the
number of discretization points and A;,B;,C;,D;

are the weight constants of the first, second, third
and fourth degrees of differential quadrature
respectively, obtained from the Lagrangian
interpolation polynomial functions. For
discretization, the Gauss-Lobatto-Chebyshev non-
uniform distribution method is used, which has the
advantage over other point distribution methods
that the accumulation of points in the border areas
will be more than the middle areas of the range,
which increases the accuracy of the results.

3. Numerical results
In order to derive the natural frequencies of the
exponentially functionally graded beam on the

elastic foundation, first the convergence behavior of
the solution method is examined and then the
comparison with other articles is considered to
determine the accuracy of the answers and the
results. In Figure 3, the simultaneous effect of crack
depth and porosity on the dimensionless first
frequency of a functionally graduated cracked beam
is extracted. Due to the increase in the porosity
coefficient, the dimensional frequency of the
cracked FG beam decreases significantly, which is
quite visible when the crack is at the surface of the
FG beam, but with increasing crack depth, it has
less effect.

Non dimensional frequency wic

Figure 3. Effect of porosity coefficients on the first
dimensionless frequency of the cracked FG beam of different
functions of simple boundary conditions and I/h=5 with
changing the crack depth a/h in the middle of the beam

4. Conclusion and Discussion

In this study, it was observed that in relatively thick
and thick beams of the third order shear theory,
more accurate results are extracted due to the
avoidance of using the shear correction factor. By
changing the longitudinal position of the crack, the
frequency ratio of the beam decreases and the
minimum value occurs in the middle of the beam.
Moreover, with increasing the modulus of elasticity
ratio, the frequency ratio increases due to the
increase in stiffness of the beam. When the depth of
the crack increases, the dimensionless frequency of
the cracked beam decreases significantly, while,
increasing the elastic coefficients of the
foundations, due to the increase of the rigidity of the
system, the frequency ratio of the beam increases.
Also, with increasing the porosity coefficient, the
dimensionless frequency of the cracked beam is
significantly reduced due to the reduction of the
stiffness of the beam, which has a greater effect on
shallow cracks. Therefore, by using these effects
and proper selection of elastic foundation
coefficients, the effects of reducing the edge crack
frequency at different depths can be compensated
and at the same time, by selecting the appropriate
porosity coefficient, these effects can be balanced.
The results and output of this study can have a
special application in the equipment of prediction,
occurrence, detection, and control of cracks in
functional graded structures and in the optimal
design of these structures
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