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Multiple interpolation with the
fast-growing knots in the class of entire
functions and its application

I. Sheparovych

Abstract

The conditions for the sequence of complex numbers (b, ;) are obtained,
such that the interpolation problem g(kfl)()\n) =bpk, k€ 1ls,neN,
where |A\p/Ag11] < A < 1, has a unique solution in some classes of entire
functions g for which My(r) < c1exp((s —1)N(r) + N(p1r)), where N(r)
is the counting function of the sequence (A\,), p1 € (A;1), and ¢1 > 0.
Moreover, these results have been applied to the description of the solution
of the differential equation f(*)+Ag(z) f = 0 for which (\y) is zero-sequence
and the coefficient Ag is an entire function from the mentioned class.
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1 Introduction

Let (b, ) be an arbitrary sequence of complex numbers and let (A;) be a
sequence of distinct complex numbers without finite limit points. Set N(r) =

T
Ik @dt, where n(r) is equal to the number of points of the sequence (\g)
0

in the disk |z| < . Note that N(r) = > log mp]- Let g(z) be an entire
[Ak|<r
function, and let My(r) = max {|g(2)| : |2| = r}.
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Hel'fond [11] and Kaz'min [14] considered an interpolation problem
g(A\x) = bi, k € N, with interpolation knots in A\, = ¢*~! and |¢| > 1.
From their results, the next theorem follows.

Theorem A (Kaz'min). Let A\, = ¢*~1,|q| > 1. Then for every sequence
(b) such that

hm \q| |bk\ Uk <pl, e (A1),

the interpolation problem g(\;) = by has a unique solution in the class of
entire functions g, that satisfy the condition

In?pyr  Inr
= 2lnlq —&-7—&-02

In My(r) <

for each p; > 71 and some ¢z > 0 (here and farther ¢; are positive constants).

The aim of this paper is to consider the interpolation problem
g VN =brn, ke{l,...,s},neN, (1)
where s € N and the sequence (\,,) satisfies the condition
An/Ant1] <A, neN, (2)

for some A € (0;1). It should be noted that in the case when s = 2, the
problem was solved in [21] and the next assertion was proved.

Theorem B. Let (\;) be a sequence of complex numbers satisfying condition
(2). Then for every sequences (b, 1) and (by,,2) such that for some ¢ € (A; 1),

| < crexp (2N (q|Ak])) s [Akl|br2| < caexp (N (JAk]) + N (g|Ak])), k €N,

the interpolation problem g(Ax) = bi.1,9'(Ak) = b2,k € R has a unique
solution in the class of entire functions g that satisfy the condition

My(r) < czexp (N(r) + N(pr))

for each p; € (¢;1). The interpolation function has the form

i( L'Obes L2(z) | bea L(2) | by L’(2) )

Py L3 >\k z— A LIQ()\k) z— A L/Q()\k) (Z — /\k)2

where L(z) = ﬁ (1 - /\i)

i=1 !

In this article, this result is generalized. We prove the following theorem.
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Theorem 1. Let (Ag) be a sequence of nonzero numbers satisfying condition
(2) for some A € (0;1), then for every sequences (by,), k € 1,5, n € N,
such that

bkl < exklAn] ™" exp (kN (1An]) + (s = F)N (gl Aal) . (3)
where ¢ € (A;1) and ¢; > 0, the interpolation problem (1) has an unique
solution in the class of entire functions g, such that

My(r) < czexp((s = 1)N(r) + N(pir)) (4)
for each p; € (¢;1) and some cg > 0.

To prove this, we construct the function g by the known methods used in
[5, 15, 16, 21]. The function has the form

oo S

Z Z _ kzzc bnﬂ’ys,sfkfi()‘n)v (5>

o o\ (@)
where L(z) = [[ (1 —2z/A) and v, (2) = ((ZL_s?Z)) ) :
k=1

2 Preliminaries

We need some lemmas.

Lemma 1. [21] Let (Ax) be a sequence of distinct complex nonzero numbers,
satisfying condition (2) for some A € (0;1). Then there exists a constant
¢ > 1 such that n(par) < n(r) + ¢ for each py > 1 with poA < 1, and for

every p1,0 < p1 < pa, the inequality

N(par) < N(pi7) + clog % +n(r) log % (6)
1 1

is fulfilled.

Lemma 2. If ()\k) is a sequence of distinct complex nonzero numbers such

that the series Z 1/ |Ak| is convergent and L(z) = H (1= z/Ak), then for
k=1

[ > 2, it holds that

LO( I & KLU0 (=1 — )
) 1-1 Z Z L/()\i)k) ()(\k_))fn)l—jj)—i-l (7)
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o)

Proof. In [2, 13], there is the relation L"Qx) _ o

evs) (it was

1
Ak—An’
n=1,n#k

justified in [21]). Now we argue similarly. The next relationships

=1 . L(2) 1 .
_ 1@ 7 i H\<) S 17@) _ i—1
50 = 30 GEO00G - W' A = 3 G -
L(z) (=) > 1 , o
— L(z) _ i—s—1
i=s+1
L) \* _¢ i(s— L@ —stj=1
A ZZ(—U (s = NLY(2)(z = An) ;
j=0
are true. So, by differentiating | — 1 times the equality L'(z) = ZL_(f\)k +
ZL_(f\) , we obtain
n=1,n#k '
_ 0o (1-1)
L(z) \'™ L(2)
L® Y et <)
(2) <z—>\k) + Z zZ—An
n=1,n#k
i : LOO)(z = M)
i(i —1)!
0o 1 -1
+ > 5y > (11— = DLW (2)(z = An)
n=1n#k ( n) j=0
—fL(l)(/\k) + O(Z - )\k)
0o 1 -1
i (4)
+ Y o (- - D) - A

Furthermore, for z — A, the next equality

(=1L Z Z l —5)! LUTY ()
I )\k n=1n#k j= 2 )‘k —An) I L ()
holds, which completes the proof of Lemma 2. O
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Lemma 3. If a sequence ()\;) satisfies condition (2) for some A € (0;1),
then the next inequality is true

L@ (\) ( k )J—l
= VR <) [ — ., jeN\{1}.
Dol () - demm
Proof. From (7), we can obtain
) o
LU () = 1
/ <ci)| > ] » o iz2 8
’ L' (M) v nTmre 1M = Anl )

Indeed, for j = 2, we have

L" (\x) > 1 = 1
<2 g <2 E —_—
’ - Ak - >\n - |)\k - A |
n=1,n#k =

L' (Ax)

Let us use the induction to obtain (8). Assume that (8) is true for j < [ and
prove it for j =1+ 1:

Syt BT ) (1 gt

2 L (kk) (Ak - >\77,)l7j+2

L+ 1 oo
G PR S
L () L Mt

n

#k j=

+1
IS <<1>’L”“’“) LYy BT 00 @iy

n=T,nk L'Ak) e —=2n) 1= L) O — An)lit2
1+1 | LD ()

<
T | LOw)

1

n=1,n#k A = Anl
l+1 LYY () 1
(I+1-3)! Ny =12
> D00 |, s Tor a7

< c(l) v
n:;;;ék 1Ak = An]
1

j—2
#3010t - (Z Ak_ML) DY v Wi

n#k

oo 1 Yy 1 !
AW DI vy w D LR R D IS v wi I

n=1,n#k j=2 n#k

Thus, using a simple mathematical calculation, we have (c3 := ¢(j))
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) j—1
LU (\g) 19 1 > 1
e Ll ) P
o] < D woW P DR Pw I wiw)
k—1 [ i—1
C3 1 |)\k‘
< — — + N1 ARy
Al (Z -4 ; [An(1 — AnE)
9] J-1 j—1
C3 k -1 —k < ]{I )]
< - —FQ t A" <cy )
el (1 oA n:zk;d ) Al
where ¢4 := c4(j, A). O

Lemma 4. If a sequence (\) satisfies condition (2), then for v, ;(z) =

N
((Zj;)(‘:)) ) ! ,j€0,s—1, where L(z) = H (1 — —) the inequalities

n=1

[7s.0(An)| < es[An]” exp(—=sNA(|An]) + cs), 9)
Vs (An)| < cas(s+1) ... (s+1—1)|A|* Inl exp(—sN(|A\n]) +¢s)  (10)
are fulfilled.

Proof. First, we prove (9). By the known equality (see, for example, [20])
log |\t L' (Ak)| = N(|Ak]) + O(1), k € N, we have

‘)\;s'y&o(/\n)’ = =exp(—=sN(A,) + O(s)), meN.

L
AnL!(An)I”

Furthermore, let us prove (10). Since L(z) = Z % D(An)(z — Ap)? and

L'(z) = ; LLO(N,)(z — X)L, we have
L(z) = (z - Z (z =),
1=2 !

(L(=) = (2 = A (2) " = —i D) G DED i)y, (- At

4!

i=l

Then
et = (E520 Y = s(ZL‘S ff(); (1) - (= ML)
=Sl ( L) + 51" )z = dn) )
=- 87(2;3!1)( (0 On) + 06 = An), 2
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o 0 s 2w
Vs,1(An) = 2!(L,(>\n))8+17 21 (L' (Mn))® L/()\n).

_ Z—)\n s N_ Z—)\n S+looi—1 (,L) i— '
Te2(2) = (( L(z) ) ) o (s( L(z) ) ;TL An)(z = An) 2)

_ 5+ DE= AT (Z ’Z;!lL(w(An)(z - /\n)ig>

[s+2 (Z) P

Z—= )T SA (i —1)(i — ; -
- Lsi\l()Z) > ( 1)Zu( 2)L(”(>\n)(z - )%
i=3 ’

s(s+1) " 2 2L (An)
(202 (L (An))* T2 (L") - 3L(L (An))* T

B s (s+1) [L"Ow)\2 20" (An)
T 20w\ 2 (L/(An)) C 3L )

Continuing the process, we can obtain (by mathematical induction) a general formula,
for 1> 1,

’75,2(>\n) =

(L")
2L (L' ()"
(L//(An))l72 L///(}\n)
(21)231 (L' (Ap)) S0

V(M) =(=1)'s(s + 1)(s+2) ... (s +1—1)

+ (—1)l710125(5+ D(s+2)...(s+1—-2)

s LUtD(),)
(T4 1) (L))

It is not difficult to show that (by Lemma 3)
s(s4+1)...(s+1—1)nt

AL (An)]®
<css(s+1)...(s+1—1)|An]*"Int exp(—sN(|An]) + cs).

[vs,0(An)| <ca

3 Proof of Theorem 1

Proof of Theorem 1. First, we will prove the uniqueness. Assume to the con-
trary that for some sequences (b, ;) with the properties (3) in the class (4),
there exist two different entire functions g = f1; and g = f5 that solve problem
(1). Then the function f = fo — f; has zeros of order my > s at all points
A and satisfies the condition (2) for some p; < 1. This implies from the
Jensen inequality In My (r) > sN(r) + O(1) that N(r) < N(p17) + co. This
is a contradiction, because N(r) — N(p1r) = +oo, if p; < 1 and r — +o0.
Thus uniqueness is proved.
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138 Sheparovych
Now, we will prove that the function g of form (5) satisfies condition (4).
Since (see [20, 18, 19]) for every n € N, r € [0; +00), and € > 0,

max{‘ZL_(Z)?n | < r} < C(E)W’ (11)

and
)\nn )\n n—1 - )\nn
exp (VO) = 42 ey (V (glAnly) = WAD" _ ns 7
T Il T T Il
k=1 k=1

k=1
q € (A;1), applying Lemmas 2, 3, and 4 and conditions (3), (9), and (10)
we obtain (1 <k<s0<i<s—k)

|CL_jbniVs,s—k—i(An)| < cailCl_ys(s+1) ... (s+s—k—i— 1)\, [fn*F7
xexp (cs — (s = )N (|An]) + (s = )N (gl Anl))
(s —k)!(2s—k—i—1)! k_s—k—i_(s—i)(n—1)
< : ‘ .
SO o= T

Thus, by (11) and the equality In M (r) = N(r)+O(1),r € [0; +00), (see, for
example, [21]), for each k € 1, s and some s € N, one has (with ps := (1+¢))

Ik,n -
i )RR
S |L (Z)| m Zos_k|bn7i7878—k—i()\n)‘
n/li=o
Anlq™ k s —k)!
< caexp ((s — k)NA(r) + kNx(p2r) + cs) <7"—|— ||)\n> ES _ 15!
s—k ;
Cetis ms—k—i(2s —k —1)!
x> a " (ng") G-k
=0

Furthermore, suppose that |A,| < r < |Apm41],that |z| < r, and that
p1 = p2q. Then m = n(r) and

Mala™ \* _ (ald™\ _ (ala®™\* o ek ik (2
<r+An| <(575) =) s@armi-ar ()

So, proceeding from Lemma 1,
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exp ((s — k)Nx(r) + ENx(p2r) + cs) (%)k

< exp ((5 — E)Nx(r) + kNx(p17) + km ln% + cs) A™E (L)

< exp ((s — k)Nx(r) + ENa(pir) + cs) (%)W*")k

nk

for m > n. Hence, if m > n, then

(m—n)k s — k)
Ty <caexp((s — k)NA(r) + kNx(p17) + cs) <§) Es — ]8:
s—k .
« 37 i gry i 28 k=)
;q g™y ™

If m < n, then

N
exp ((s — k)Na(r) + kN (par) + cs) (m)qn‘)
< exp ((s — kE)Nx(r) + ENx(p17) + km ln% + cs) g
=exp ((s — k)Nx(r) + kENx(p17) + cs) g*»=™)

and
I < csexp((s — k)NA( )+ kNx(pir) + cs)

n—m) (s—k)! —s+1i s—k—i (s+s—k—1)!
k( )(a 1)'Zq +(m]) - w

Therefore, since ng”~! <1 for n > ny and

m A (m—n)k 1 [ k
Z (> < RS ! ) Z g"rm < S g
q 1-(A)g)" —a—A 1—¢q

n=m-+1

S

25%T'(s — 1)

1 s k(stk*Z)' -
(s—l)!; (s—k—i)! ~ (s+10(2s—1) (s),

k=1
we have
S

>3

—k |bn,i’)/s,s—k:—i(An)|

z)| <
n=1 k=1
m s I

=2 i+ > Z
n=1k :1 n=m+1 k= 1
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| €XP ((s —k)N(r)+ kN(p1r) + cs)

moANRE L (@s— ki)
x( (q) Z%q U Py ST

n=1
0o s—k .
n—m —5+1 n\s—k—i (25 — k- 7’)'
LD DU T e w1
n=m-+1 1=0 :

<e(s,A)exp ((s —1)N(r) + N(p17)) .

O

Remark: If (\;) satisfies (2), then class (4) can be defined by the con-
dition
My (r) < caexp (sN(p3r)) (12)

for every ps € (¢/p1;1).
This statement follows from a similar one in [21, Remark 3].

4 One application to the differential equations

Multiple interpolation can be applied to the problem of oscillation of linear
differential equations of higher order, in particular, of equations of the form

PO+ ALY 4 M) f + Ao(2)f =0,

where A;(z)(i € 0,5 — I; s € N\{1}) are analytic functions. Many papers are
devoted to this one and adjoining problems. See, for example, [3, 17, 7, 12,
9, 8].

Let us consider the equation

)+ Ag(2)f = 0. (13)

Problem. Let (A\;) be a given sequence of distinct complex numbers
having no finite limit points and satisfying (2). Does there exist an entire
function Ap(z) such that the differential equation (13) possesses a solution f
with the zero-sequence (A;)? How does M(r) increase?

Note, that in [21] that problem was considered for the case s = 2. The
following statements were proved.

Corollary 1. Let (A\x) be a sequence of complex numbers satisfies a condition
(2) for some A < 1. Then there exists an entire function Ag(z) such that
"+ Ao(2)f = 0 possesses a solution f, an entire function with the zero-
sequence (), and
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In My (r) < N(r) + czexp (2N (p3r))
for each p3 € (p1;1).

Corollary 2. If (\;) satisfies (2) for some A < 1, then there exists an entire
function Ag(z) such that f” + Ag(z)f = 0 possesses a solution f with the
zero-sequence (\;) and

|Ao(2)| < caexp (AN (Ry7))
for each Ry € (p1;1) and all r > 0.

Following [2], we can set the solution of (13) in the form f(2) = L(2)e®*),

where L is an entire function with the simple zeros at points A, (for example,
o0

L(z) = ] 1—2/A\,)), w is some entire functions from the class (4) (or

n=1
(12)). Tt is not difficult to see (for the case s = 2, it was proved in [21, 9])
that f = Le" is a solution of (13) with zero sequence (\,), if w is a solution
of the multiple interpolation problem

w(k+1)(/\n) :bn,kv k € {O?""S_Q}’HEN’

where
L//(}\n)
b,n = ! n) = ———F7~
0 =w'(An) 2L ()
L///()\n) L//(/\n) 2
o _
o= ) = =5 E 00 <2L/<An> /
bn,k :w(k+1) (>‘n) (14)
1 k—2
- - (k+2) J (3+2) 7 (k—3)
oo, P +;C’“‘2w B
k—1
+3 0 (QL(kaj)w(jH) T L(k*j)(wlz)(j)) (\n)
=0

This problem leads to (1) if we put g(z) = w’(z). From (14), applying
Lemmas 2 and 3, we have the next inequality

n k+1
=al\m

for every k € 0,s—1 and n € N. Thus, b,x, £k € 0,s— 1, satisfy the
conditions (3) of Theorem 1, which proves the existence of the function w

|bn,k:
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from the class (4), and consequently, the existence of solution f = Le“ of
equation (13).

Therefore, in analogue of Corollaries 1 and 2, the next assertion is true.

Theorem 2. Let (\;) be a sequence of complex numbers satisfying condition
(2) for some A < 1. Then there exists an entire function Ag(z) such that for
every s > 2, equation (13) possesses an entire solution f with the sequence
of zeros (A\g) and for every p; € (¢;1) and all » > 0, we have

In My (r) < coexp((s — 1)N (r) + N(pir))

or
In My (r) < coexp(sN(psr))

for every ps € (p1;1) and all » > 0.
()
In addition, Ap(2) = —sz()z) satisfies the growth estimate

M, (r) < ca(s) exp (s*N(psr))

for every ps € (p1;1) and all » > 0.

5 Conclusion

Problems of multiple interpolation in the classes of entire functions have been
investigated in the works of many authors, for example [15, 16, 5, 10, 6, 1, 4].

In this article, there was shown that interpolation problem (1) has the
unique solution in class (3) when interpolation knots grow fast (satisfy con-
dition (2)).

Applying counting function (N(r)) of the sequence (A,) in the definition
of the mentioned classes is the peculiarity of this result.

Also, the obtained result was applied to the oscillation problem of the
differential equation f(*) + Ag(z)f = 0. So, there was shown existing an
entire function Ag(z) such that the previous differential equation possesses a
solution f with the zero-sequence (\;) and there was found growth order of

f.
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