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1. Introduction

Modern composite materials, which are widely used in the
structure of spacecraft and rockets due to their high
strength, are now widely considered in the commercial
airframe bodies. About 40 years ago, the first generation
of composite structures was made from the combination
of aluminum and carbon-epoxy structures. In this article,
the governing equation for free vibrations of a lattice
cylindrical composite shell is presented as a formula. The
lattice shell consists of a large number of helical and
circumferential ribs and is modeled as a continuous
orthotropic thin cylinder with variable stiffness. The
cylinder is considered with different boundary conditions
and the solution of the dynamic equations of the shell is
based on Fourier and Galerkin Decomposition Methods.
By using these methods, analytical formula presented for
calculating the fundamental frequency of the lattice
structure is made starting from a specific density of the
lattice structure and does not depend on the number of
helical ribs. This result is verified by Finite Element
Analysis (FEM). The applications of this formula are for
determining the parameters of lattice structures and
designing composite lattice shells based on fundamental
frequencies. In this study, the governing equations for free
vibrations of a lattice composite structure are analytically
obtained by the Galerkin method and also the results of
the analytical method are compared with the results of the
FEM.

2. Governing equations

In this study, the governing equations of the lattice
structure shell are derived and then the equation of
Winkler-Pasternak foundation are added, which forms a
new governing equation. The new governing equation is
solved. The composite lattice cylindrical structure is
considered as it is surrounded by a linear, homogeneous
and elastic foundation in the axial direction from the outer
radius. The Winkler-Pasternak foundation can be
assumed as radial and shear layer springs with two
stiffness coefficients K and G in the longitudinal axes.

*Manuscript received: ; Revised, , Accepted, .

Since it is assumed that the springs have pure
displacement, they are completely independent and have
no combined and coupling effects on each other.

__Helical ribs

Figure 1. Parameters of the lattice structure

The equation of motion is derived using the classical
theory of orthotropic cylindrical shells. Figure 1 shows
the geometrical parameters of the lattice structure. The
Winkler-Pasternak foundation term can be added to the
third term of Equation 1;
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By solving the obtained equation with the assumed
boundary conditions, the natural frequency is obtained for
the lattice cylindrical shell rest on the Winkler-Pasternak
elastic foundation. Now, trigonometric series can be used
to find the response of the change of location along the
circumference of the cylinder, which is repeated
alternatively. The obtained formula is a direct relationship
to obtain the natural frequency of a cylindrical lattice shell
considering the Winkler-Pasternak elastic foundation,
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which can be used in the design of lattice structures to
reduce calculation time.

3. Numerical results and verifications

In order to obtain a unit model, it is considered that for the
foundation a series of springs can be considered as spring
elements along the radius of the cylindrical shell in the
outer part as Winkler and Pasternak parameters. The
results showed that by adding an elastic foundation, the
Winkler and Pasternak modulus coefficients have a great
effect on increasing the natural frequencies of the lattice
structure. By deriving the governing equations with
boundary conditions, using the Galerkin method, it is
obtained with and without an elastic foundation, and it is
in good agreement with the results of the FEM. Figure 2
shows that the results obtained from the analytical
solutions are in good agreement with the results of
reference 4 for the lattice structure without elastic
foundation. It also shows that the results of the analytical
solutions considering the elastic foundation are in good
agreement with the results of the FEM.
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Figure 2. Comparison of Natural Frequencies of a Lattice
Structure with/without Winkler-Pasternak Foundation
with ns=48 Ribs

Four mode shapes are shown in Figure 3 for values of k
= 100 and G = 0 N/m3. The changes of the Winkler
coefficient of the elastic foundation, K, from 0 to 2x10°
and its effect on the fundamental frequency are shown.

4. Conclusion

The problem of free vibrations of the composite lattice
cylindrical shell surrounded by the Winkler-Pasternak
foundation is raised with different boundary conditions.
Assuming the characteristics of effective orthotropic
stiffness, the continuous model was replaced with a
lattice structure, and the analytical formula was obtained
using the Fourier and Galerkin method.

Figure 3. First, third, fifth and seven mode shapes

The continuous formula for the natural frequencies of
the lattice shell enclosed in an elastic medium was solved
and the results were checked and verified using the FEM.
For FEM simulations, Winkler and Pasternak
characteristic coefficients were replaced by shear and
radial springs, respectively. The natural frequency of the
base of the system depends on the characteristics of the
elastic foundation, so changing the stiffness of the radial
and shear springs causes change in the natural
frequencies. It was observed that by increasing the
stiffness of the springs, more stability in the system can
be expected. The effectiveness of the analytical formula
was checked and verified using numerical calculations.
The obtained parametric formula can prove its efficiency
and suitability for obtaining the free vibrations of the
cylindrical lattice structure which are equalized by the
Winkler-Pasternak foundation with radial and shear
springs for analysis and also possible design. The designer
can calculate the effects of changing materials, density,
structure length, structure diameter, fiber texture angle,
and the number of ribs in the substrate required for
different missions and frequency control without
spending significant time and money. By increasing the
stiffness of shear and radial springs, it is possible to obtain
the desired stability for sensitive aerospace structures.
Increasing the length in the structure causes the natural
frequency to decrease. Therefore, by designing a suitable
foundation, sufficient stability is obtained for it.
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The Effect of Winkler-Pasternak Foundation Coefficients on the Natural Frequency of Cylindrical
Lattice Structures Using Galerkin Method

Amir Hossein Hashemian Ehsaneh Mohammadpour Hamedani

Abstract Composite Lattice structures are one of the most widely used structures in the aerospace industry in recent years.
These structures are composed of a large number of oblique and circumferential ribs with specific distances from each other
and in addition to strength, they are very light in terms of weight. The present study includes an analytical expression and a
solution to the problem of free vibrations of a composite lattice cylindrical shell. The continuous formula for calculating the
natural frequency of a cylindrical lattice structure was obtained by considering the Winkler-Pasternak elastic foundation from
the governing equations of the shell based on Galerkin methods. This formula, in addition to being used to estimate the frequency
in the initial design phase, is also a tool for evaluating the vibration analysis of composite lattice shells in mechanical analysis.
The results have been calculated analytically in two cases with and without elastic foundation and the accuracy of the results
has been confirmed by finite element modeling. For finite element method simulations, Winkler and Pasternak coefficients have
been replaced by shear and radial springs, respectively. The natural base frequency of the system depends on the properties of
the elastic substrate, so changing the stiffness of the radial and shear springs causes a change in the natural frequencies.

Keywords Lattice Composite Structure, Natural Frequency, Fourier Method, Galerkin method, FEM
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