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Abstract. Many authors have studied ordering results between extreme order statistics from
multiple-outlier models when the observations are independent. However, the independence as-
sumption is not very attractive in many situations due to the complexity of the problems. This
paper focuses on stochastic comparisons of extreme order statistics stemming from multiple-
outlier scale models with dependence. Archimedean copula is used to model dependence struc-
ture among nonnegative random variables. Sufficient conditions are obtained to compare the
largest order statistics in the sense of the usual stochastic, reversed hazard rate, likelihood ratio,
dispersive, star, and Lorenz orders. The smallest order statistics are also compared with respect
to the usual stochastic, hazard rate, star, and Lorenz orders. Here, the sufficient conditions
are based on the weak-super majorization, weak-sub majorization, and p-larger orders between
the model parameters. To illustrate the theoretical establishments, some examples are pro-
vided. Furthermore, some counterexamples are provided to establish that ignorance of sufficient
conditions may not lead to the established ordering results between the order statistics.

Keywords:  Archimedean copula; Dispersive order; Hazard rate order; Majorization; Multiple-outlier
model; Reversed hazard rate order.

1 Introduction

Order statistics play a vital role in many fields such as statistical inference, economics, reliability
theory and operations research. Consider a random sample Xi,...,X, from a population. Then,
the ith order statistic is denoted by X;,, where i = 1,...,n. In reliability theory, the ith order
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statistic represents the lifetime of an (n— i+ 1)-out-of-n system, which functions if at least
n—i+1 of n components work. In particular, the order statistics X;., and X,., represent the
lifetimes of series and parallel systems, respectively. Due to the correspondence between the
order statistics and the systems’ reliability, a lot of effort has been put to study ordering results
between order statistics in terms of many well-known stochastic orders. In this paper, we deal
with the comparison of extreme order statistics arising from dependent multiple-outlier scale
models in the sense of the usual stochastic, reversed hazard rate, hazard rate, star, and Lorenz
orders.

Due to the robustness of different estimators of model parameters, multiple-outlier models
have been widely used by many researchers. Now, we present some developments on stochastic
comparisons between order statistics arising from multiple-outlier models.

Kochar and Xu (2011) considered multiple-outlier exponential models. They showed that
more heterogeneity among the scale parameters of the model results more skewed order statistics.
Zhao and Balakrishnan (2012) took similar model and obtained ordering results between the
largest order statistics with respect to the likelihood ratio, reversed hazard rate, hazard rate,
and usual stochastic orderings. Zhao and Balakrishnan (2015) discussed stochastic comparisons
of the largest order statistics from multiple-outlier gamma models in terms of various stochastic
orderings such as the likelihood ratio, hazard rate, star, and dispersive orders. Kochar and
Torrado (2015) established likelihood ratio ordering between the largest order statistics arising
from independent multiple-outlier scale models. Sufficient conditions for the comparison of
the lifetimes of series systems with respect to dispersive order have been obtained by Fang et
al. (2016). They considered that the components of the series systems follow multiple-outlier
Weibull models. Amini Seresht et al. (2016) studied multiple-outlier proportional hazard rate
models and developed ordering results with respect to the star, Lorenz, and dispersive orders.
Furthermore, they proved that more heterogeneity among the multiple-outlier components led
to a more skewed lifetime of a k-out-of-n system consisting of these components. Balakrishnan
and Torrado (2016) obtained conditions under which the likelihood ratio order holds between
largest order statistics under the set-up of multiple-outlier exponential model. Torrado (2017)
developed the comparison result similar to Balakrishnan and Torrado (2016) for the multiple-
outlier scale models when the random variables are independent. Wang and Cheng (2017)
studied an open problem on mean residual life ordering between two parallel systems under
multiple-outlier exponential models, which was proposed by Balakrishnan and Zhao (2013).

It is noted that almost all concerned research in this area has been developed under the
assumption of statistically independent component lifetimes. However, there are some practi-
cal situations, where the condition of statistically mutual independence among the component
lifetimes is evidently unsuitable. For an example, let us consider a mechanical system. The
components of the system are suffering a common stress. Then, it is of huge interest to include
statistical dependence among component lifetimes into the study of stochastic comparison of
the lifetimes of the series and parallel systems. Furthermore, note that due to the complex-
ity of working with the dependent random variables, marginal effort was put to the study of
dependent multiple-outlier models by the researchers (see Navarro et al. 2018). These are the
main motivations to investigate ordering properties of the extreme order statistics arising from
multiple-outlier dependent scale components. The dependency structure among the random
variables is modeled by the concept of Archimedean copulas. We recall that a nonnegative
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random variable X with distribution function Fx is said to follow the scale model if there exists
A > 0 such that Fx(x) = F(Ax), where F is the baseline distribution function and A is the scale
parameter.

In this paper, we will develop different ordering results between the largest as well as the
smallest order statistics stemming from multiple-outlier dependent scale models with respect to
several stochastic orderings such as the usual stochastic, hazard rate, reversed hazard rate, star,
and Lorenz orders. Let {X17---7XnT7Xn’f+] ,..., Xy} be a set of dependent and heterogeneous ran-
dom observations. The observations are sharing a common Archimedean copula with generator
y; and are taken from the multiple-outlier scale model, where for i =1,...,n}, X; ~ Fi(A41x) and
for j=ni+1,...,n", Xj ~ F,(A2x), where A1, A, > 0. Note that Fi(-) and F»(-) are two different
baseline distribution functions. Also, let {Y1,...,Y,,Yse41,..., Y-} be another set of dependent
and heterogeneous random observations sharing a common Archimedean copula with generator
V¥, drawn from the multiple-outlier scale model, where for i =1,...,n], ¥; ~ Fi(u1x) and for
j=nj+1,....n*, Y; ~ B(uox), where uy, pr > 0.

Denote by ry, 71 and ry, 7, the hazard rate and reversed hazard rate functions for F; and
F>, respectively. Furthermore, X,.,(n1,n2), Yy (nj,n3) and Xi.,(n1,n2), Yi.p-(n},n}) denote the
largest and the smallest order statistics, respectively, arising from {Xi,..., Xy, ,Xp,+1,...,X,} and
N, Y Yo, Y}, where 1 <y <nj <nj <y, n=n;+ny and n* = nj +n;. We aim to
establish sufficient conditions, under which the following implications hold:

(Ao A Ay A) 2 (s g s 2) = Yo (n],13) <y [Son] X (1, 12),
(Ao A, Ay A2) =y (e i oy 2) = X (n1,m2) <g Yie (n7,05)
and
(u17"'7ulau27-"7u2) iw (vla'-'7v17v2a-"7v2> :>X1:n(n17n2) Shr Yl:n*(nfan;)a

*

4
n

* *
) m

n
where u; =logA; and v; =logu;, i=1, 2.

The remainder of the paper is rolled out as follows. Some basic definitions and important
lemmas are provided in Section 2. Section 3 consists of two subsections. In Subsection 3.1, we
obtain sufficient conditions, under which two largest order statistics are comparable according
to the usual stochastic order, reversed hazard rate order, likelihood ratio, dispersive order, star
order, and Lorenz order, whereas in Subsection 3.2, we study the usual stochastic order, hazard
rate order, star order, and Lorenz order between two smallest order statistics. We also present
some examples to illustrate the established results. Finally, we conclude the paper in Section 4.

Throughout the paper, we only concern about nonnegative random variables. Increasing and
decreasing mean nondecreasing and nonincreasing, respectively. Also, the prime “/” stands for
the first order derivative.

2 Basic notions

In this section, we recall some basic definitions and well-known concepts of stochastic orders
and majorization. Let x = (x1,...,x,) and y = (y1,...,ys) be two n-dimensional vectors such that
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X,y € A, where A C R" and R” be an n-dimensional Euclidean space. Also, consider the order
coordinates of the vectors X and y as x1;, < -+ < xp and yi., < -+ - <y, respectively.

Definition 1. A vector X s said to be

majorized by another vector 'y, (denoted by x =™y), if for each l =1,...,n—1, we have
Zf:]xi:n > Zf:l)ﬁ':n and Z?:]xi:n = Z?:])ﬁ':n;

weakly submajorized by another vectory, denoted by x =,,y, if for eachl=1,...,n, we have
er'l:[xi:n < Z?:[ Yins
weakly supermajorized by another vectory, denoted by x <"y, if for each I =1,...,n, we

have 25:1 Xin Z 25:1 Yin-

Note that x <"y implies both x <,, y and x <"y. For a brief introduction of majorization
orders and their applications, we refer to Marshall et al. (2011). Now, we present notions of
stochastic orderings. Let X; and X; be two nonnegative random variables with probability density
functions fy, and fy,, cuamulative density functions Fx, and Fy,, survival functions Fx, = 1 — Fy,
and Fy, = 1 — Fx,, hazard rate functions rx, = fx, /Fx, and rx, = fx,/Fx,, and reversed hazard rate
functions Fx, = fx, /Fx, and Fx, = fx,/Fx,, respectively.

Definition 2. A random variable X| is said to be smaller than X, in the

likelihood ratio order (denoted by X1 <; Xa) if fx,(x)/fx,(x) is increasing in x > 0,

hazard rate order (denoted by Xi <pr Xa) if rx, (x) > rx,(x), for all x> 0;

reversed hazard rate order (denoted by Xi <., Xa) if Px, (x) < Fx,(x), for all x> 0;

usual stochastic order (denoted by X; <4 Xa) if Fx, (x) < Fx,(x), for all x;

star order (denoted by X1 <, X» or Fx,(x) <. Fx,(x)) ifFX;lFX] (x) is star shaped in the sense
that w is increasing in x on the support of X;

Lorenz order (denoted by X1 <roren; X2) if %f(?'l(u)xdel (x) > E(%(z) f(f)él(u)xdFXZ(x), for
all ue (0,1];

dispersive order, (denoted by X\ <aisp X2) if F);ll(ﬁ) —Fgll(a) < FX;l(ﬁ) —ngl(a) for all
O<a<B<Ll

Note that both the hazard rate and reversed hazard rate orderings imply the usual stochastic
ordering. Also, star order implies Lorenz order (see Marshall and Olkin 2007). One may refer
to Shaked and Shanthikumar (2007) for a detailed discussion on various stochastic orderings.
The next definition is for the Schur-convex and Schur-concave functions.

Definition 3. A function ¥ :R" — R is said to be Schur-convezr (Schur-concave) in R"* if

x=y=¥(x) > (<)¥(y), forall x, yeR".
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Throughout the article, we will use the notations. (i) Z4 = {(x1,...,%,) X1 >x2>--- > x, >0}
and (i) & = {(x1,...,x2) 1 0<x1 <xp <--- < xn}. Set W(z) = %(ZZ). The following consecutive
lemmas due to Kundu et al. (2016) are useful to prove the results in the subsequent sections.
The partial derivative of & with respect to its kth argument is denoted by h(z) = dh(z)/dz,

for k=1,...,n, where z=(z1,...,2).

Lemma 1. Let h: 2. — R be a function, continuously differentiable on the interior of 2.
Then, forx, y € D,
x ="y implies h(x) = (<) h(y),

if and only if hyy(z) is decreasing (increasing) ink=1,...,n.
Lemma 2. Let h: & — R be a function, continuously differentiable on the interior of &. Then,

fO’I“ X, y€ éa+7
x ="y implies h(x) > (<) h(y),

if and only if hyy(z) is increasing (decreasing) ink=1,...,n.

The following lemma due to Saunders and Moran (1978) is useful to establish star order
between the order statistics.

Lemma 3. Let {F;|A € R} be a class of distribution functions, such that F) is supported on
some interval (a,b) C (0,00) and has density fj that does not vanish on any subinterval of (a,b).
Then,

F, <.Fp., A<A

if and only if
Fy (x)
xf2(x)

where F)’L is the derivative of F) with respect to A.

is decreasing in x,

To model the dependency structure among the random variables, the concept of copulas plays
a vital role. One of the important characteristics of the copula is that it involves the information
of the dependencies between the random variables apart from the behavior of the marginal
distributions. Archimedean copulas are important class of copulas. These are used widely
because of its simplicity. Let F and F be the joint distribution function and the joint survival
function of the random vector X = (Xi,...,X,). Suppose there exist functions C(z) : [0,1]" — [0, 1]
and C(z) : [0,1]" — [0,1] such that for all x;, i € .#%,, where ., is the index set

F(xp,...,x) =C(Fi(x1)y. .., Fuo(xn))

and
F(xl,...,xn) :é(Fl(xl),-n,Fn(xn))

hold. Then, C(z) and C(z) are said to be the copula and survival copula of X, respectively. Here,
Fi,...,F, and Fi,... F, are the univariate marginal distribution functions and survival functions
of the random variables Xi,...,X,, respectively.
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Now, let y:[0,00) — [0, 1] be a nonincreasing and continuous function, satisfying y(0) =1 and
Y(e0) =0. Also, let y = ¢! =sup{x € Z: ¢(x) > v} be the right continuous inverse. Furthermore,
suppose ¥ satisfies the conditions (i) (—1)'yi(x) >0, i=0, 1,...,d —2 and (ii) (—1)?2y? 2 is
nonincreasing and convex. That implies the generator y is d-monotone. Then, a copula Cy is
said to be an Archimedean copula if it can be written as the following form

Cy(Vis--svn) =W(@(vi)+---+(vy)), forallv,€[0,1], i€ 7.

For further discussion on Archimedean copulas, one may refer to McNeil and Neslehova (2009);
Nelsen (2006). A few well known Archimedan copulas including different properties of the
generators are enlisted in Table 1. Next lemma is taken from Li and Fang (2015), which has
been used to prove the results in Theorems 1, 7 and 9.

Lemma 4. For two n-dimensional Archimedean copulas Cy, and Cy,, if ¢ 0y is super-additive,
then Cy, (z) < Cy,(z), for allz € [0,1]". A function f is said to be super-additive, if f(x)+ f(y) <
f(x+y), for all x and y in the domain of f.

3 Main results

This section is completely devoted to establishing sufficient conditions, under which the extreme
order statistics arising from multiple outlier dependent scale models are comparable in different
stochastic senses. The usual stochastic, hazard rate, reversed hazard rate, star, and Lorenz
orders are used in what follows. Throughout this section, we denote two-dimensional vectors by
bold symbols. For example, A = (41,42) and u = (uy, Uz).

3.1 Orderings between the largest order statistics

This subsection addresses ordering results between the largest order statistics arising from
multiple-outlier models. The following three consecutive theorems present different conditions,
for which the usual stochastic order between the largest order statistics holds.

The distribution functions of Xy+.,-(nj,n3) and Y-+ (nj,n3) are, respectively, given by

Fx,...(nim) (%) = W1 nZ‘Pl (Fi(xAi)) | = wi [n1 91 (F1 (xA1)) + 361 (F2 (xA2))] (1)
i=1
and )
Fx (i) (X) = W2 [Z{ ¢2(Fz'(Xlii))] =2 [n1¢2 (Fi (xt1)) + 1302 (F2 (xh2))]. (2)

Li et al. (2016) established comparison results between two largest order statistics in the
sense of the usual stochastic order when the underlying random variables follow the dependent
scale models. The authors have used same baseline distribution.

In this section, we consider two sets of dependent observations where the random variables
follow multiple-outliers dependent scale models sharing Archimedean copula with same/different
generators. Here, the first n; observations of {Xi,...,X,,, X, +1, --.,Xx } have baseline distribution
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function F} and remaining observations have baseline distribution function F>. Furthermore, as-
sume that first nj observations of {Y1,...,Y,+,Yur 41, ..., Yyr } have a baseline distribution function
Fy, and remaining (n* —nj) observations have baseline distribution function F. It is also assumed
that the number of observations n (=nj+ny) and n* (= nj +nj) may be different. Now, we inves-
tigate whether the usual stochastic order between Y,«,+(n},n3) and X,.,(n1,n2) holds under this
set-up. To obtain this result, we first prove following two theorems. In the following theorem,
it is assumed that the dependence structures of two sets of samples having multiple-outliers
are different. Also, first n] observations of {Xl,...,X,,T,XnTH, ..., Xy} have baseline distribution
function F; and remaining observations have baseline distribution function F,. Before presenting
the first result, we state the following assumption.

Assumption 1. Let Xy,..., X, ben* dependent nonnegative random variables sharing Archimedean
(survival) copula with generator yi, with X;j ~ Fi(xA1), for i=1,...,n] and Xj ~ F>(xAy), for
j=ni+1,...,n". Also, let Y1,...,Y,» be n* dependent nonnegative random variables sharing
Archimedean copula with generator W, with Y; ~ Fi(xp), fori=1,...,n] and Y; ~ F(xi), for

j=mi+1,...,n*. Here, ni+ns=n* y;=9¢; " and yo = ¢,

Theorem 1. Under the set-up as in Assumption 1, let 71(x) > (<)72(x) and let nj > (<)nj. Also,
let A, u €& (2+), ¢roy; be super-additive and let Y, or Y, be log-convex. Then,

(Z) (/117" . 72'17&27' .- 712) iw (‘U],.. U, U, '7“2) = Yn*;n*(l’lT,l’l;) <st Xn*:l’l*(nT7n;)7 pT'OUZ.ded 1 ()C)
e — N — —_—— ——

nj n; n n
or F2(x) is decreasing;

(11) My g, Aoy A2) =P (U e iy, oy e ooy M) = Yoeops (07,15) <g¢ Xppeopr (0], 15), provided x7 (x)
—— — —— —

my L n e
or xip(x) is decreasing.

Proof. Here, we prove the first part. Second part can be proved by similar argument. Denote

(2‘ Vi, x ) - X* (nl,nz)(x) and B([J, l//z,x) = FYn*:,,*(nT,nZ) (X) (given in (1) and (2)) Using the fact
that ¢ oy is super—additive, one can easily obtain A(U, y1,x) < B(u, y»,x). Therefore, to prove
the desired result, we have to show that A(A, y;,x) < A(u, yp,x). This is equivalent to establish
that the function A(A4, y,x) is increasing and Schur-concave with respect to A (see Marshall et
al. 2011, Theorem A.8). Furthermore, on differentiating A(A, y1,x) with respect to A; partially,
we get

AA, yi,x) [ [F(
Til = xn; Fi(xA; )W:[— Z o1 (F, ] 5 (3)

where i = 1,2. From (3), it is not difficult to check that M >0 fori=1,2. Thus, A(A, y1,x)
is increasing in A;, for i = 1,2. To establish Schur—concawty of A(A,y1,x), in view of Lemma 2
(Lemma 1), we only need to show that for 1 <i< j <n* the following inequality holds:

aA(ka ‘I/hx) - aA(A'a II/I,X)
Y %,

> (<)0, for A € & (2y). (4)

Next, consider three cases.
Case I: For 1 <i< j<n}, ; =A; =A. In this case, aA(gi’] X _ aA(gi‘;"’x) =0.
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Case II: For nj +1<i< j<n*, ;= A; = Ay. Here, aA(g;{ijl 2 aA(g;{’.ll 2 — .

Case III: For 1 <i<njand nj+1<j<n*, ;=4 and 4; = ;. Fojr this case, consider 4; < (>
)A2, which implies @1 (F(xA1)) > (<)@ (Fi(xA2)). Furthermore, under the given assumption, we
get (P] (Fl (X)Lz)) > (S)(bl (Fz(Xlz)). Hence, ¢1 (F] (Xl])) > (S)(Pl (Fz(xxz)). Again, L4} is log—convex.

Therefore, we have

Vi (W) > (<) Vi (W) (5)

Y1 (w) lw=¢1[F (x41)] = v (W) lwv=01 B ()]

Moreover, 71(w) is decreasing in w > 0; hence
171 (x/ll) Z (S)?] (XAQ). (6)
Also, 71(x) > (<)7a(x) gives
Fl(xdz) > (L) (xAs). (7)
Equations (6), (7) and n} > (<)n3, together imply
nifi(xAr) = (S)nyfa (xdz). (8)
Finally, combining (5) and (8), we obtain (4). O

The following corollary, which is a direct consequence of Theorem 1 presents some special
cases.

Corollary 1. In addition to Assumption 1, let yy =y, =y, let nj > (<)n;, and let y be
log-convex. Furthermore, let A, p € & (Z4). Then,

(1) My A, Aoy A0) =Y (oo s M2y W2) = Yoo (0], 103) <g Xipeone (0], 13), provided 7y (x)
n n; ny n

or Fr(x) is decreasing and Fi(x) > (<)Fa(x);
(ii) for 7 = F, =F, we have

(117"'7115127"'72’2) tw (“1;"'7.“'1)“25"',“2) :>Yn*:n*(n’1$an§) SS[Xn*in*(nTan;)v
S—— —— —— —

ny n; nj n;
provided F(x) is decreasing.

The next theorem states that the ordering result holds between the largest order statistics
Xpn(n1,n2) and Xy (n],n3) according to the usual stochastic ordering. Here, the samples are
collected from multiple-outlier dependent scale models. Also, it is assumed that the samples are
sharing Archimedean copula with a common generator.

Assumption 2. Let Xj,..., X, ben* dependent nonnegative random variables sharing Archimedean
(survival) copula with generator yi, such that X; ~ Fi(xAy), for i=1,...,n] and X; ~ F>(xAz),
for j=nj+1,....,n". We assume that there exist two natural numbers n and ny such that

1 <ny <nj <n3<ny. Also, n=n;+ny, n* =nj+n; and l//lz(])fl.
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Theorem 2. Let Assumption 2 hold with Fy > F,. Then, for A € 9, we have
(nl 7”2) Ty (n’[,né) = Xy (’/l)lk;nz) <st Xn:n(”l 7”2).

Proof. The distribution functions of X,.,(n1,n2) and X,-.,+ (n},n3) can be, respectively, written as

Fy, o (m.m) (%) = W1 (Zn: o1 (F (X/Ii))> = yi[mi¢1 (Fi (xA1)) + 1201 (F2 (x42))]
i=1

and

Figr ) () = 1 (_izlqn (F; (xz»)) — i} 01 (Fi (xA1)) + sy (> (xA2)]

To obtain the desired result, one needs to show Fx, s, ) (X) < Fx,.. . (n u3) (), which is equivalent

to establish
Vi <i 1 (F; (xA;) > (Z ¢1 (F )

= n191 (F1 (xA1)) +ma01 (F2 (xA2)) > i1 (Fy (xA1)) +n5¢1 (F2 (xA2))
= (nj —m)¢1 (Fi (xA1)) < (n2 —n3) ¢ (F2 (xA2)) - (9)

Now, (ni,n2) =y (nj,n5) = (n1 +n2) > (nj +n3) = (np —n3) > (nj —ny) > 0. Also, 41 > 1, =
01 (F (xA2)) > ¢1 (Fi (xA1)) > 0. Combining above two inequalities, we have the inequality given
n (9). O

Next, we observe that two largest order statistics X,.,(n1,n2) and Y,+.,-(nj,n;) are comparable
with respect to the usual stochastic order under the presence of Archimedean copula. It is worth
mentioning that the order statistics are constructed from two multiple-outlier dependent samples
having sample sizes n and n*. The pairs of the sizes of both the outliers (n,nz) and (n},n}) are
assumed to be connected according to the weakly submajorization order and p-larger order. The
following assumption is useful for the next theorem.

Assumption 3. Let Xy,...,X, be n nonnegative dependent random variables sharing Archimedean
( survival) copula with generator y, such that X; ~ Fi(xA1), for i=1,...,n and X; ~ F>(xA2),
for j=n1+1,...,n. Also, let Yi,...,Y,;» be n* dependent nonnegative random variables sharing
Archimedean copula with generator Y, such that Y; ~ Fi(xpy), fori=1,...,nf and Y; ~ F>(xl),
for j=ni+1,...,n*. Here, 1 <ny <nj] <nj; <ny, n=n;+ny and n* =nj +nj.

The following result states as remark immediately follows from Theorems 1 and 2.

Remark 1. Assume that Assumption 3 holds with 7(x) < Fy(x). Let (ny,n2) = (nj,n3), let
A, WE Dy, let ¢royy be super-additive, and let Y or W, be log-conver.

(1) (Ayes My Ay Ag) 2 (oo s M2,y M) = Yoo (07, 105) <y Xn(n1,m2), provided 7y (x)

m ) m m
or F2(x) is decreasing;
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(it) (A1y..oy i, A0y A) =P (e iy oy ey M2) = Yo (07, 105) <y Xn(n1,m2), provided x7 (x)
— — S— ——
n n ny "
or xfp(x) is decreasing.

The condition stated in Remark 1 “¢ oy is super-additive” demonstrates that the copula
having generator y; is more positively dependent than that having generator y;. Therefore, from
Remark 1(i), one can conclude that in the presence of the Archimedean copula for more positively
dependent components having multiple-outlier dependent scale models, less heterogeneous scale
parameter vector (with respect to the weakly supermajorized order) leads to less reliable parallel

system in the sense of the stochastically smaller lifetime.

Remark 2. From Table 1, one can see that in literature, there are several Archimedean copulas
whose generators are satisfied all the conditions of Theorems 1 and 2 and Remark 1. For
example, we can consider Independence copula, Clayton copula, Ali-Mikhail-Haq copula, and

Gumbel copula.
We now present a numerical example, which provides an illustration of the result in Remark
1.
Example 1. Set A = (lla)tz) = (572)7 u= (.ula.uZ) = (673)7 (nlvnz) = (17 11)7 (I/LT,H;) = (576)7 l//l(x) =
1 n I
e, y(x) =e ™" x>0. Consider the baseline distribution functions as F(x) =1 — el —(14)s
and Fj(x) =1—e~*, x> 0. Here, both the reversed hazard rate functions 7; and 7, are decreasing
and satisfy 7| (x) < 7 (x), for x > 0. Furthermore, y; and y, are log-convex and ¢, o y; is super-

additive (see Table 1). Thus, all the conditions of Remark 1 are satisfied. Now, we plot the
graphs of FX12:12(1711)(x) and Fy, | (5.6) (x) in Figure 1, which shows that ¥i1:11(5,6) <g Xi2:12(1,11)

holds.

- == Fr(L11)(@)
. Fruu(5,6)(x) |4

09 F -
08 =

0.7 ’
0.6 - J
05 /
04t |,

03 [/

02 //

0.1/

0 2 4 6 8 10 12 14 16 18 20
X axis

Figure 1: Plots of the distribution functions Fy,, ,(1,11)(x) and Fy,, ,(s6)(x) as in Example 1.

Next, we present a counterexample to illustrate that the result does not hold if 7 (x) > 7 (x)
and A € & in Remark 1.
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Counterexample 1. Consider A = (41,42) =(2,6), u = (1, 2) = (8,2), (n1,n2) =(1,8), (n},n}) =
1 1

(3,4), yi(x) =™, yr(x) =", x> 0. Baseline distribution functions are taken as F(x) =

1—e*and F(x) =1—(1+2x)7%5 x> 0. It can be seen that all the conditions of Remark 1 are

satisfied except 4 € 7, and 7| (x) < 72(x). Now, we plot the graph of Fy . 8)(x) — Fy,,3,4)(x) in

Figure 2, which reveals that ¥7.7(3,4) £y Xo.9(1,8).

0.015

Fx,(1,8)() — B, (3,4) (@) |
0.01 - 1

0.005 -

-0.005 -

-0.01

-0.015 -

-0.02

-0.025

-0.03

.0.035 . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
X axis

Figure 2: Plot of Fy, (1 8)(x) — Fy,,(34)(x) as in Counterexample 1

In the preceding results, we have derived sufficient conditions, under which the largest order
statistics from multiple-outlier dependent scale models obey the usual stochastic order. However,
naturally, it is of interest to extend the ordering results to some other stronger concepts of the
stochastic orders. In this part of the subsection, we establish sufficient conditions, under which
the reversed hazard rate order holds between the largest order statistics. The following theorem
shows that the largest order statistics X-.,- (n},n3) and Yy+.,+ (n},n5) have the reversed hazard rate
ordering when the scale parameters are associated with the weakly supermajorization order. The
samples are heterogeneous and follow multiple-outlier dependent scale models.

Theorem 3. Let Assumption 1 hold with ri =r, =r, nj > (<) nj and y; =y, = y. Also,
11—y 1— [l—w
"

/ . . .
vy |" is increasing. Then,

suppose that y is log-concave, that is decreasing, and that

(11,...,11,12,...,A2) tw (,ul,...,ul,uz,...,uz) = Yn*;n*(n’f,nz) Sthn*:n*(nT,nz),

*

* * *
m

L) n n

provided A, p € & (Z4), r(x) is decreasing and xr(x) is decreasing and convez.

Proof. Under the given assumption, r| = r, = r implies F; = F, = F. The reversed hazard rate
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function of Xy, (n},n}) is

FX,,*:,,* (n},n3) (X) -

¢ (F (x4)
¢ (F (xA)
)
)

[ mAif (xA;)

)y [,Z{ V'[9 24))]]
/ [z o (F (xh

v (X

[ nj Aar (xAy) 1 wa(xa,-))n],

=19 (F (xAi V'[9 (F (x4:))]

)
)
)
|

where f is the probability density function corresponding to F. Denote z = nj¢ (F (xA1)) +
n39 (F (xA2)). The partial derivative of Fy . . (u ;) (x) with respect to 4; is obtained as

8[’7Xn*:n*(”’f7"§)(x)] = nixrixA; i V()] [L-wo[F (xA)]] & Aif (xAi)
oA = ()L‘)dz[l//(z)H v1o (F (xh))] ] )3 '¢<F<xzf>>1]
g V) [1= ) d [1=y(
+n,~xl,[ ( Az)] W(Z) |: W,(V) [ l[/’v :|:|

A -y BF )] V)
bl | R | o "

for i = 1,2. Utilizing (Marshall et al., 2011, Theorem A.8), to obtain the desired result, we need
to prove that Fy, . "2)( x) is decreasing and Schur-convex with respect to A. Using the given
assumptions and (10), the decreasing property of 7y, (! ,,2)( x) with respect to A is obvious.
Furthermore, according to Lemma 2 (Lemma 1), to show the Schur-convexity of 7x , . (1) (¥),
we have to establish for 1 <i < j<n*,

%, (n1,13) ()] I[Pk, (n7,5) ()]

< (>)0, for A € & (24). 11
o s <200, for ke 6y (2) ()
Now, consider the following three cases.
[FX *. *(n*n*)(x)] a[iX . *(n*.n*)(x)}
Case I: For 1 <i < j<nj, 4 =A;=A. Here, —=77=2— — — o =0.
8 F ny.n a *. ny,n
Case II: For nj+1<i< j<n*, A; = A; = A,. Hence, e na(/ll pel 9, na; p@l _ -0

Case III: For 1 <i<n} and nj +1 <j<n*, A=A and A; = A,. Consider 7Ll < Ay, which gives
O(F(xA1)) > ¢(F(xAy)). Here, we only dlscuss the proof When A1 < Ay. The other case when

A1 > A, can be proved in the similar way. The concavity property of Iny provides 4 7 [ W(( )> } <0.

Again, using decreasing property of 1 , , we have
1— 1—
/L(W) < ,LW) <0. (12)
W (W) le=olF(a) = W (W) lw=g[F (k)]

Furthermore, it has been assumed that r(x) is decreasing and that xr(x) is decreasing and convex.
Therefore, using nj > n3, we have

r(xAr) > r(xda), (13)
njxAir(xAr) > nyxAar(xds), and (14)
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. d . d
ny % [Wr(w)]w:xll < nZ% [Wr(w)]w:xlz <0. (15)
Moreover, 1;,/"('5;;) %[1;’,"(%)] is increasing. Therefore, we obtain the following inequality:
[1—w(w)d[1—w(w)” . [1—w(w)d[1—t/f(W)” >0. (16)
Vv(w) dw | y'(w) oiFea) L W) dw [ W W) ] eireny
Now, combining (12)—(16) and the given assumptions, we obtain that the inequality given by
(11) holds. O

In the next theorem, we show that the largest order statistics X,.,(n1,n2) and X« (nj,n3)
are comparable according to the reversed hazard rate order.

Theorem 4. Let Assumption 2 hold with yy = W and ry =r, =r. Then, for A € 9., we have
(n] 7”2) Zy (nikvnz) = Xyeon (HT,HE) < Xn:n(nl ) n2)7

1;,"/ and xr(x) are decreasing.

provided Iny is concave and

Proof. The stated result will be proved, if we show that Fx, (4 n,) (%) = Px,. . (n s (). Equiva-
lently,

|y S  Air(x2)[1 = w9 (F (x2:)))]
xA; xA;
"4 ;‘P(F( ) ) v ;‘P(F( ))] L v'[0 (F (xA;))] an
n n T & Air(xA) [ — ylo (F (xA;
v Lzlq)(F <xzi>>] v Lzlw (xao)] L e e

The preceding inequality holds if the following two inequalities are satisfied:

v [E 0 (F ()] VIS0 (F ()

ST STy 2 Yo 0O S me(PeR) ()
i=1 XA i= XA

and
& A (A v[o (F (x4))]] o Air () [1— w9 (F (x4:))]]
L ey = L )
- llr(xll)[ — (o (F (xM))]] — lzr(xflz)[l—llf[fi’ (F (x42))]]
&) T (F ) S V5% R
Furthermore,
(n1,m2) =y (n1,n3) = (m +n2) > (n] +n3) = (n2 —n3) > (nj —ny) > 0. (20)
Also,
M>h = (P(F (xlz)) >0 (F (xll)) >0
Moreover, 11’—,};/ is decreasing. Thus,
L= viw) < 1wy <o0. (21)

V(W) lw=o[F(xdp)] = W'(w) lw=g[F(xa1)] —
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Using the decreasing property of xr(x), we have
xAir(xAy) < xApr(xdy). (22)

Combining (20), (21), and (22), the inequality (19) can be obtained. Using (20) and the assump-
tion that y is log-concave, we get the inequality (18). O

Now, we are ready to state a result which shows that the largest order statistics X,.,(n1,n2)
and Y,-.,+(n},n3) can be compared with respect to the reversed hazard rate order. Here, n and
n* may be different.

Theorem 5. Let the set-up in Assumption 3 hold with w1 = vy, =y and ri =r, =r. Also,
assume A, W € 7, and (ny,nz) =, (nj,n3). Then,

(}Ll;"w)‘l?AQ?"'u}LZ) tw (,ulw"uuhuQ""v,ul) an*;n*(HT,né) Sthn:n(nlun2)7
—— — —— —

* * * *

m ) m )

provided Y is log-concave, 1;,/"/ is decreasing,

171;/[171//

, . . . . .
v |" is increasing, xr(x) is decreasing and

convex, and r(x) is decreasing.

Proof. According to Theorem 3, we have

(117" '7A172’27 X 71’2) tw (,Ul,.. U, U, ,,UZ) = Yn*ﬂ’l*(niné) <rh Xn*:”*(”;”;) (23)
e’ N — ——— ——

*

* * *
m

L) m n
Also, from Theorem 4, we get
(nl 7”2) iw (n’f,”lﬁ) = Xn*:n* (nglﬁyn;) Srh Xn:n(nl 3 I’lz). (24)

Thus, the proof of the theorem follows after combining the inequalities given by (23) and (24).
O

Below, we consider an example to illustrate Theorem 5.

Example 2. Consider A = (3,2), = (6,5), (n1,n2) = (2,10), (n},n3) = (3,4), w(x) =ea(=¢) x>
0. Also, let the baseline distribution be F(x) =1— (%)_a, x>b>0, a>0.1It is not hard to see
that, for d =0.2, a =5 and b =1, all the conditions of Theorem 5 are satisfied (see Table 1).
Furthermore, we plot the graph of Fx,, ,10)(*)/Fy,,34)(x) in Figure 3. This shows that the
result in Theorem 5 holds.

Remark 3. Let us consider (i) Independence copula with generator y(x) =e™*, x>0 and (ii)
Ali-Mikhail-Haq copula with generator y(x) = ﬁ, 6 €[—1,0), x>0. One can easily check that
the above two copulas satisfies all the conditions of Theorems 3— 5 (see Table 1).

Now, we derive conditions such that the star order holds between X,.,«(n},n3) and Yy-.,- (n}, n3).
Denote },2;2 = max{),l,).z}, 11;2 = min{ll,kz}, U220 = max{/,tl,,uz}, and Hi:2 = min{ul,/,tz}.
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Figure 3: Plot of the ratio of two distribution functions Fy,, (2 10)(x)/Fy,,(34)(x) in Example 2.

Theorem 6. Under the set-up as in Assumption 1, with 7| =7, =TF and Y = Y, = ¥, we have

Mo Moo
2> T2 = Ve (0], 13) <i Xy (n],13),
M2~ Hi2

provided ¥, v is decreasing and convex, % is decreasing, and xF(x) is increasing.
Proof. Under the assumption, 7| =7, =7 gives F; = F, = F. The distribution functions of X,+.,-(n},n3)
and Y-+ (n},n}) are, respectively, given by

Fy,.(njny) (X) = W [n10 (F (xA1)) + 3¢ (F (xA2))]
and
iy (%) = W [ni ¢ (F (xp1)) + 130 (F (x2))].
To obtain the required result, we consider two cases.
Case I: L1+ 4 = Uy + .
For convenience, we assume A; + A, = y; + tp = 1. For this case, it is clear that (A1,42) =
(U1, 12). Now, take Ay =A > Ay, up = u > yy. Hence, A; =1—A and y; = 1 — pu. Based on this,
the distribution functions of X,«.,-(n},n3) and Y,-.,-(nf,n}) can be written in the following form

def

F e ) (X) = . (x) = W [mi @ (F (x(1 = 4))) + 139 (F (x4))]

and
def

= Fu(x) =y ¢ (F (x(1 =) +n30 (F (xi))]

Now, according to Lemma 3, we have to show that = (( )) is decreasing in x € R™, for A € (1/2,1].

Fy, e (n.m5) (%)

The derivative of Fj, with respect to A is given by

<y [n7¢ (F (x(1 l)))+nz¢( (l))] (25)
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Also, the probability density function corresponding to Fj is

T e VOGO wlo(F ()
Al = (U= =) s Gy T il (F ()
<y It (F (e(1 — A))) +n30 (F (xA))]. (26)
Therefore,
wir(aa) VIO (F GA) Y
B0 |, TN Yo Fe)
G 1y YO F G =]
i W10 (F (1))

Thus, it suffices to show that L(x) = (F(xl)%

] (F(x(l - QL))M> is decreasing
inx e RT, for A € (1/2,1]. The derivative of L(x) wit

V(o (F(x(1-1)))]
espect to x is obtained as

= N—
= T~

g AR ) VIS

(1 A)Fx(1 - 2)) [w

Under the assumptions made, xrr;i’)c) is decreasing and x7(x) is increasing. Therefore, for A €

(1/2,1],

XAF (xA)
F(xA)

(1= )7 (x(1— 1))
Fx(1=2))

< <0 and xAF(xA) > x(1— A)F(x(1—2)) > 0. (27)

Also, since % is decreasing and convex, we have

v
wo(F@A)] ] _ [wlo(FG(-A)))]T
[WWU%MDJ<iL4MF@O—lDH =0

Now, combining (27) and (28), we get L'(x) <0, for x € RT.
Case II. A1 + A # W + Wo.

In this case, we can take 4| + A, = k(i) + W2 ), where k is a scalar. Hence, (kup,ktp) <" (A1,42).
Let us consider n* dependent nonnegative random variables sharing Archimedean copula with
generator Y, such that Z; ~ F(kux), fori=1,...,n} and Z; ~ F (kpox), for j=nj+1,...,n*. Here,
ni +n3 =n*. Then, from Case I, we have Z,.,«(n],n3) <. Xp=:n=(nj,n3). Furthermore, star order
is scale invariant, and hence we obtain Yy«.,« (n},n5) <, Xy=.p (n],n3). a

Remark 4. Let us consider y(x) =e*, x>0 in Theorem 6. Then, Theorem 6 reduces to
(Zhang et al., 2019, Theorem 3.14) when oy = ap = 1.

Using the fact that the star order implies the Lorenz order, the following result is a direct
consequence of Theorem 6. Furthermore, since the Lorenz order is mainly used to compare the
income distributions, the following corollary is more interesting from the point of its applications
in the study of incomes.
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Corollary 2. Under the set-up as in Theorem 6,

. v o, . xF'(x . . ~ . . .
provided v i decreasing and convezx, oy 0 decreasing, and x7(x) is increasing.

N

~

In the following theorem, an interesting result has been developed to compare Y., (nj,n})
and X,-.,+(n},n3) according to the dispersive order.

Theorem 7. Under the same assumptions of Theorem 6, let us consider % be decreasing and

v
convez, F(x), xfr()(c))c) be decreasing, and xi(x) be increasing. Also, let Ay < tp <y < Ay. Then,

(/’L],...,A,l,/lz,...,lz) tw (‘lil,...,ul,ﬂz,...,‘liz) = Yn*:n*(l’lT,l’lg) Sdisp Xn*;n*(l’lT,l’li).
S—— — S——— ——

g
n

* * *
n n n

Proof. Ahmed et al. (1986) established that, for two continuous random variables X and Y, if
X <, Y holds, then X <Y = X <y, Y. Therefore, from Corollary 1(ii), we have Y., (n*,n*) <y
X+ (n*,n*). Hence, considering Theorem 6, we can conclude that the required result holds. [

Remark 5. It is notable that, in Theorem 7, if we take y(x) =e*, x>0, then Theorem 7
reduces to (Zhang et al., 2019, Theorem 3.15(i)) when oy = 0p = 1.

Remark 6. Let F(x) = (ﬁ)’, 0 < x < a. For this baseline distribution, it can be easily checked

that 7(x), xrrgg) are decreasing and xi(x) is increasing. Therefore, we can consider the power
distribution as the baseline distribution function in Theorems 6 and 7.

The following theorem provides some conditions for comparing two largest order statistics
Xpn(ni,n2) and Y-+ (n},n}) according to the likelihood ratio order. This can be proved by the
similar approach of Theorem 3.12 of Torrado (2017). Here, we consider y(x) =e™*, x > 0, as the

generator of the Independence copula. Also, denote u(x) = x#(x), n(x) = —xﬁg) and v(x) = xrrég)
Theorem 8. Let Xi,...,X, be n nonnegative dependent random variables sharing indepen-
dence copula with generator Y, such that X; ~ F(xAy), for i=1,...,n] and X; ~ F(xA2), for
j=nj+1,...,n". Also, let Y,...,Y, be n dependent nonnegative random variables sharing In-
dependence copula with generator y, such that Y; ~ F(xuy), for i=1,...,n and Y; ~ F(x),
for j=ni+1,...,n. Assume that v(x) is decreasing and that 1(x), x*#(x), and u(x)v'(x) are in-

creasing. Suppose i <A <A <y and 1 <ny <nj <nj <ny, n=ny+ny, n* =nj+n5. Then,
(n1,n2) =" (nj,n3) and

(ﬂ'l,"'alhﬂ’Zv"'aA’Z) iw (.u'ly"'v,ulv.‘iZV"nu'Z) :Xn:n(nlan2) Slr Yn*n*(nTan;)
—_— —— —— —

* * *

g
m ) n

n

3.2 Orderings between the smallest order statistics

In the previous subsection, we focus on the conditions, under which the largest order statistics
are comparable according to various stochastic orders. Here, we develop conditions such that the
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usual stochastic, hazard rate, star, and Lorenz orders hold between the smallest order statistics.
The reliability functions of Xj.,«(n},n5) and Yy.,-(n],n}) are, respectively, given by

Fx, () ( [Z 1 (F; ] vi (1701 (F1 (xA1)) +n5¢1 (Fa (xA2))] (29)

and

By, o) (X) = W2 [Z ¢ (F; (x;) )] = v [n] ¢ (Fi (xh1)) +n5¢n (F2 (xpi2))] - (30)

Li et al. (2016) compared two series systems with same number of components in the sense of
the usual stochastic order when the corresponding random variables follow the dependent scale
model with same baseline distribution function.

Here, we consider multiple-outlier models with different baseline distribution functions and
prove the usual stochastic order between Xj.,(n1,n2) and Yi.,+(n},n5). This is presented in The-
orem 7. To obtain this result, let us first prove the following two theorems. In the following
theorems, it is assumed that the samples are heterogeneous and taken from the multiple-outlier
dependent scale models with different baseline F; and F,. We now consider the following as-
sumption.

Theorem 9. Under the set-up as in Assumption 1, with ri(x) < (>)r2(x) and nj < (>)n3,

(Ala'“)llvkb"')a’Z) tw (ula"'7ulau27'“au2) le:n*(”Tan;) Sst Yl:n*(nTan)v
—— —— —— —

* * *

g
m n m

m
provided A, u € & (Z+), ¢20 Yy is super-additive, Wy or Y, is log-convez, and ri(x) or ry(x) is
increasing.

Proof. Let us denote C(A,y1,x) = Fy, . (u: u)(x) and D(W, Y2,x) = Fy, . (u u3)(x) (given in (29) and
(30)). According to Lemma 4, the super-additivity property of ¢ oy, provides C(u,y;,x) <
D(u, ya,x). In order to prove the desired result, we need to show that C(A4,yq,x) < C(u, yi,x).
This is equivalent to show that C(A,y,x) is decreasing and Schur-concave with respect to 4.
Taking derivative of C(A, y;,x) with respect to A;, for i = 1,2, we get

aC(QL, Vi ,X)
IA;

Vi (¢ (Fi
V1 [01 (F

= —n;xri(xA;)

'le 'le

i (F () ] (31)

Equation (31) shows that C(A,yi,x) is decreasing in A;. The other part can be proved in the
similar argument as of Theorem 1.
O

The following corollary is immediate from Theorem 9.

Corollary 3. Let the set-up as in Assumption 1 hold with Y1 = Y, =y and n] < (Z)n§ Also,
let w be log-convex and let A, u € & (Z4). Then,
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(1) My A, Aoy A2) = (M s Moy M2) = Xy (0], 13) <y Yis (07, 05), provided ry(x)
———— —— ——— ——

n n ny m
or ry(x) is increasing with ri(x) < (>)ra(x).

i) (A1, A, A0, A0) = (U, ey Uy, Uy s = Xy (n],05) <g Y1+ (n,n03), provided r(x
(i) (M 1,0 2) = (L Hluzluz) 1 (n7,15) < Yioe (n7,13), p (x)

* *
n ) n )

is increasing, where ri(x) = ry(x) = r(x).

The next result reveals that the smallest order statistics Xj.,«(nj,n}) dominates Xj.,(n1,n2) in
the sense of the usual stochastic order under the condition that (nj,n3) is weakly submajorized
by (n1,n2). The following assumption will be helpful to prove the next two results.

Theorem 10. Let Assumption 2 hold. Then, for A = (Ad1,A2) € & and Fy < F>, we have
(n1,m) =, (n],n3) = Xyp(ni,n2) <g Xip(n],n3).

Proof. Using the similar approach of Theorem 2, one can obtain the required result.

The following remark follows from Theorems 9 and 10.

Remark 7. Let Assumption 3 hold, with ri(x) <r(x). Also, let A, p € &. Then, for (n1,nz) =,

(n1,13),

Myeos AuAay . A2) = yees M Uy ) = X (R, m2) <g Yigr(n7,n3),
(M 1,42 2) = (W Hi, fo, ..y o) 1n(n1,n2) <g Yig(n},n3)

* * *

*
ny n, l’ll

)
provided ¢ oy is super-additive, Wy or W is log-conver and ri(x) or ra(x) is increasing.

As an illustration of Remark 7, we present the following example.

€1
Example 3. Take A = (2,6), u = (1,3), (n,n2) = (4,8), (nj,n3) =(6,7), yi(x) = e
1
W (x) =2, x>0, di, dy € [1,00). Also, let Fy(x) = (%)l, O<x<aand KH(x)=1—¢"%, x>0.
It can be seen that, for dj =9, d» =10 @ =400 and [ = 2, all the conditions of Remark 7 are
satisfied (see Table 1). Now, we plot the graph of F, ,(8)(x) — Fy,,,(67)(x), given in Figure 4.
The figure suggests that X.12(4,8) <y Y1:13(6,7) holds.

and

Next, we present a counterexample, which shows that the stated usual stochastic order in
Remark 7 does not hold if the conditions r(x) < ry(x) and r, is increasing, are dropped out.

Counterexample 2. Take A =(1.2,3.6), u=(1.4,3), (n1,n2) =(2,11), (nj,n}) =(3,9), yi(x) =
1 1

e and yr(x) =e*°, x> 0. Also, suppose Fi(x) =1—e* and F(x) =1—(14+2x)7% x> 0.
Clearly, all the conditions of Remark 7 are satisfied except r; < r, and r; is increasing. Now,
the graphs of Fx,,(2,11)(x) and Fy,,(3,9)(x) are depicted in Figure 5. It reveals that the usual
stochastic order in Remark 7 does not hold.

Upon using Remark 7, one can easily conclude the following corollary.
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Friu(4,8)(2) — Py, (6,7)(a) |

-0.11 q

-0.2 q

03 1 1 1 1 1 1 1

Figure 4: Plot of Fx, ,(8)(x) = Fy,.;5(6,7)(x) as in Example 3.

Fru@ 1))
o Ra3.9)@)

05

031

0.1

Figure 5: Plots of Fy, ,(2.11)(x) and Fy, ,39)(x) as in Counterexample 2
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Corollary 4. Let Assumption 3 hold with y; =y, = y. Also, let A, u € &, ¥ is log-convex
and (ny,nz) =, (ni,n3). Then,

(1) Mooy A, Aoy A2) = (Moo s M2y W2) = X (01, m2) <g Yige (nF,05), provided ri(x) or ra(x)
———— —— ——— ——

n " n n
is increasing and ri(x) < ry(x).
(ZZ) (Alv .. alla}l/% e 72'2) iw (,U,l,. s U M, ,‘Uz) :>X1;n(l’l1,l’l2) Sst Yl:n* (nTané)a p?”OUide r(x) is
nj n; nj n3
increasing, where ry =ry =r.
Next, we provide three consecutive theorems, which deal with the hazard rate ordering
between the smallest order statistics.

Theorem 11. Let Assumption 1 hold with n; < (>)nj, yi =y, =y, F} =F, =F, r1 fr=F
and ry = ry =r. Also, suppose that ¥ is log-concave, that 1;}" is decreasing, that | ww}’% is

increasing, and that A, u € & (21). Then,

(my,...,my,my,....mp) =y (Vi,..., V1, V2,0 ,v2) = Xio (n7,15) <pp Vi (0], 105),
—— ——

* * * *
n n m n

where m; =log; and v; =logy;, i =1, 2, provided r(x) is increasing, x¥(x) is increasing and
conver.

Proof. Denote by f the probability density function corresponding to the distribution function
F. The hazard rate function of X.,-(nj,n}) is given by

n*

e () &(m) = v e f(xe™)
Kol (026 =y [Z G <xem1>>]]
_ i )[I—V’N’ (F (xe™))]]
- [,Zl [ (F (xem)] ] ’
where z =nj (F (xe™)) +n}¢ (F (xe™)), m; =logA;, for i =1,2 and m = (m;,my). Also, f is the

probability density function of F. The partial derivative of &(m) with respect to m; for i = 1,2
is given by

2EmM) o d [VE] 1=V F e [ s (wem)
om, T )dz[wz)] V1o (F xem,.))]] G <xem'>>1]
(™) Tl 2 ey V) [ W) [d [1=y(y)
e b e 5 65 12 [ty
+n; L [WF(W)] g em L-violr (xemt])” Vi) (32)

tdw V(@ [F (xe™)]] wi(z)
From (32), it is easy to see that & (m) is increasing with respect to m. Now, we only need to show
the Schur-convexity of &(m) with respect to m. This is equivalent to show that for 1 <i< j<n*,

9&(m) I (m)

8mi 8mj

] < ()0, for m € & (2). (33)
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Utilizing the assumptions made, the rest of the proof follows from the similar arguments of
Theorem 9. Thus, it is omitted for the sake of conciseness.
O

The following theorem demonstrates that under some conditions, the hazard rate ordering
between Xi.,(n1,n2) and Xi.,-(n},n3) exists.

Theorem 12. Let Assumption 2 hold with w3 =W and 7y = F, =F. Then, for A € &, we have

(n1,m2) =y (n7,13) = Xi(n1,n2) <pr Xy (n],n3),

provided x7(x) is increasing, ¥' /¥ and l;}" are decreasing.

Proof. The required result can be proved if we show that ry, (4, ) (x) >y,  (nt "z)( x) and equiv-
alently,

w’[z;;mmxzoﬂ[ n A1 w[¢(F( D] > VI[ELOFEA)] [ens  Ar(a)[1-y[o(F ()]

VXL 9(Fh))] [~i=! v [9(F(A))] = R 0(F(xa))] [~ v [o(F(xA))]
(34)
To prove inequality (34), it is sufficient to show that the following two inequalities hold:
(nf —n1)¢(F(xA1)) < (n2 —n3)9(F (xA2)) (35)
and
] MF(xA)[1 — y[o (F (xA1))]] o XaF(xA)[1 — y[@ (F (x12))]]
ny—n = >(np—n = . 36
) I T A 7)) (30)

Furthermore, (ni,n2) =, (nj,n3) = (n1 +n2) > (nj +n3) = (np —nj3) > (n} —nl) >0. Also, 4; <
Ao = ¢ (F(xA2)) > ¢ (F (xA1)) > 0. With the help of decreasing property of :-¥ we obtain

1—y(w) 1—-y(w)
i) el S T he=gipan) < 0 (37)
Since x7(x) is increasing,
XA F(xAdy) < xApF(xAz). (38)
Thus, the proof is completed from(37), (38), and the given assumptions. O]

The next theorem states that if the scale parameters are connected with the weakly subma-
jorized order and the sample size pairs (ny,n) and (nj,n3) have weakly submajorized order, then
the smallest order statistics of Xj.,(n1,n2) is dominated by Y.,-(n],n}) according to the hazard
rate order.

Theorem 13. Let Assumption 3 hold with yi =y, =Wy, ri =r,=r and 7| =7, =F. Then, for
A, ueéy and (ny,np) =, (n},n}),

(m17"'7m17m27"'7m2) iw (Vla"'avlv‘)Z?"-avZ) :>X];n(l’l],l’l2) Shr Yl:n*(nTané)v
———— N —

g
n

AR
L

*
m n

provided Y is log-concave, ly_/, is decreasing, [1 Y1 Y and r(x) are increasing, x¥(x) is increasing
and convex, where m; =logA; and v; =log l;, i
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Proof. The proof of the theorem follows from Theorems 11 and 12. Thus, it is omitted. O

To illustrate Theorem 13, we now consider the following example.

Example 4. Set A = (e%3,e%0), u = (e%2,e°3), (n1,np) = (2,11), (n,n3) = (3,7), and y(x) =
e%(lfgx), x>0, be(0,1]. Furthermore, let F(x) = (%)1, 0 < x <a. It can be easily shown that for
b=0.99, a=1000, and [ =2, all the conditions of Theorem 13 are satisfied (see Table 1). Now,

FY‘11°(3’7)(X)) in Figure 6, which is consistent with the result in Theorem 13.

we plot the ratio Fep s D)

281

26

24

221

181

16

141

121

X axis

Figure 6: Plot of Fy,, 3.7 (x)/Fx,.;211)(x) as in Example 4.

Remark 8. Consider the Independence copula with generator y(x) =e*, x>0, which satisfies
all the conditions of Theorems 11-153 (see Table 1).

In the next theorem, we develop some conditions under which two smallest order statistics
are comparable according to the star order.

Theorem 14. Under the set-up as in Assumption 1, with 71 = =7 and Y1 = yr =y,

/
provided % is decreasing and convex and x:(g) and xr(x) are decreasing.

Proof. The distribution functions of Xy.,+(n},n5) and Yy.,+(n],n;) are, respectively, given by
Fy,,. (n],n3)(x) = 1 = y[nj¢ (F (xA1)) + 3¢ (F (xA2))]

and
Fy,,. (n7,n3)(x) = 1 =y [ni¢ (F (xpn)) +n3¢ (F (xp2))].

Now, the rest of the proof follows using similar arguments as in Theorem 6. Thus, it is
omitted. ]
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The following result is a direct consequence of Theorem 14.

Corollary 5. Under the assumptions as in Theorem 14,

/
provided % is decreasing and convex and x:()(c))c) and xr(x) are decreasing.

Remark 9. Suppose F(x) =1—(3)4, 0<x<b, a>0. For this baseline distribution, it is easy to

check that xrr;g) and xr(x) are decreasing. Therefore, one can consider this distribution function

as the baseline distribution of Theorem 1/.

4 Concluding remarks

In this paper, we discussed some comparison results between the lifetimes of both parallel and
series systems consisting of multiple-outlier dependent scale components in the sense of the
usual stochastic, reversed hazard rate, dispersive order, hazard rate, likelihood ratio, star, and
Lorenz orders. The dependence structure has been modeled by Archimedean copulas. Sufficient
conditions have been established for the purpose of the comparisons of the order statistics.
Several examples and counterexamples are presented to illustrate the established results.
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