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Abstract. Trees, as loop-free graphs, are fundamental hierarchical structures of Nature. De-
pending on the way their constitutive atoms are labeled, their growth obeys different sequential
dynamics when a new atom is being appended to a current tree, possibly forming a new tree.
Randomized versions of the underlying counting problems are shown to lead, in general, to
Markovian triangular sequences.
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1 Introduction

The purpose of this note is to present explicit and asymptotic methods to count various kinds of
topological trees (for which there is no data giving the distance between any two of their nodes).
In all cases, the use of generating functions (g.f’s) is an essential ingredient. Explicit formulas are
derived with the help of Lagrange’s inversion formula. On the other hand, singularity analysis
of g.f’s leads to asymptotic formulas aiming at describing large trees.

The analysis concerns counting of the following labeled tree structures (with no restriction
on the degree of their nodes):

- Simply generated labeled trees, either ordered (plane) or not (Cayley trees).

- Recursive increasing labeled trees, either ordered (plane) or not.

- The height, depth, and number of leaves of such trees.

- A weighted version of such trees.
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- Forests of such trees are also considered.

The various labeling conditions translate various distinguishability possibilities of the nodes
(somewhere called here, alternatively vertices or atoms) of the tree (or forest). We will herewith
be also concerned by the stochastic randomization of the underlying strictly combinatorial as-
pects of the counting issues. Relation of enumeration problems of trees and forests to random
walks can be found in Pitman (1998).

Focus will be on sequential growth of trees and forests as given, after randomization, by
Markov triangular probability sequences. By that, we mean the update of their shapes when
the number of its atoms goes from n to n+ 1, in an aggregation process of individuals. Whenever
the additional atom connects to one of the internal nodes of the size-n tree, the number of
external nodes (leaves) grows by one unit, whereas if the additional atom connects to one of
its leaves, the number of its leaves remains constant. Leaves of a tree consist of its boundary,
connecting it to the external world. When dealing with forests, the additional atom can either
connect to one of the trees of the current forest (aggregation) or generate a new tree (nucleation).
Trees are efficient graph structures to fully connect people as the number of edges required to
do so is minimum but these are fragile in that the deletion of an edge disconnects the subtree
below it from the main tree.

If, by recursion from the root, ®(z) solves the functional equation

@ (z) = zeke! (), (1)

then
cn = [2"]P(2),

(the z"-coefficient in the power series expansion of ®(z)) is the number of rooted unlabeled size-n
trees (see (Wolfram.com) and the references therein). The number of unrooted such trees is
given by ¢} = ["]®* (z) = ¢, /n, where

@' () =0(2) -3 [0 -9 ().

The enumeration of such trees with n up to 6 is given in (Wolfram.com). There are no known
expressions for ¢, (or ¢}) but, from local singularity analysis, ¢, ~ Bn=3/ 27" (respectively, ¢f ~
Bn=32z.") for large n, where B = 0.5349... and 1/z, = 2.955765... is defined from ®(z.) = 1.
Note that the functional equation (1) is also,

@) =z[J(1-2")"",
n>1
with [Tz (1—2") "% = ek %(%) the unordered “exponential” of ®(z). Moreover,

CI)(Z, u) = ZeZkzlk“ [(u—l)z"-&-%@(zk,u)] _ Z(l _Z)u—l eZ"Zl %‘D(z",u)

is the joint g.f. for the nodes (vertices) and the dangling nodes (culs de sac or leaves) of such
trees, with

Cnj = {z”uk} D (z,u)
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the number of unlabeled rooted trees with size-n having k dangling nodes, k=2,...,n—1. From
Wolfram, Cé,l =1, CZ,Z =1, 0273 =2, 0274 =2, and 0275 = 1. For each such tree, the question of
how many ways they can be labeled to yield simple or recursive unrooted trees arises.

Let B; be a 0-diagonal n x n matrix with entries in {0, 1} whose the first row is (0;1,...,1;0,...,0)
(with ny > 1 ones), the second row is (0;0,...,0;1,...,1;0,...,0) (with n, > 1 following 1 ’s not
overlapping the n; first ones), ..., whose the /th row is (0;0,...,0;0,...,0;...;1,...,1) (with n; > 1
final 1’s not overlapping the nj +...4n;_ previous ones). The remaining rows are zero-sum
rows, and ny+...+n; =n—1 is the overall number of edges in the size-n unrooted tree; the
nonoverlapping condition in the formation of B; guarantees that there are no cycles in the tree
graph.

If ny >ny > ... >n > 1, then there are p,_1; such matrices B;, where p,; is the number of
unordered partitions of n into [ positive summands, with p,; obeying the three-term recursion

Pni = Pn—1,1-1+1 Pn—i1;

with boundary conditions p,; =0 if / <0 or [ > n. Upon transposition of B;, the symmetrized
matrix
A =B;+ Bg

is thus, up to permutation of its rows and columns, the incidence matrix of unrooted unlabeled
trees with k = n—1[ dangling nodes. Both the row and column sums vectors of A; are the same.
We conclude that ¢, k=2,...,n—1, is the number of matrices obtained as PA;P’, where P runs
over all permutatiori n x n matrices (the equivalence class of A).

2 Number of atoms and leaves in a size-n simple tree

We shall distinguish two main types of simply generated (or simple) trees, namely, as follows:

- Ordered (or plane) trees: The reason is that one can draw the tree in the half-plane so that
the children of every parent are ordered from left to right, say from the youngest child to the
oldest one. Embeddings obtained from cyclic rotations of the sub-trees around the root are not
allowed.

Such trees are amenable to the Ulam-Harris—Neveu ordering of their nodes (horizontal or-
dering holds), and they can be represented as strata with the founder on top and the successive
layers below; see Neveu (1986). Given that an individual of the population at generation k has
been labeled by vertex v=v;...v (as a concatenation of k positive integers) and gives birth to
Ky > 1 children, its offspring is labeled by v1,...,vKy. Each individual at generation k thus gets
a concatenated label v =vy...v; for which label v;...v;_1 is one of its mothers, vi...v;_5, is one
of its grandmothers, ..., up to 0, is the conventional label of the root. Such ordered trees are the
combinatorial versions of Galton—Watson trees in the theory of branching processes.

- Unordered (nonplane) trees: If the above condition is not imposed, then such trees are
called Cayley trees.

2.1 Nonincreasing (simply generated) trees

By recursion from the root, the number of labeled simply generated (or simple) trees of size n
generated by the local g.f. ¢ (z) (with nonnegative @, := [Z"] ¢ (z), m >0, ¢ (0) = 1) is obtained
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Co=n![Z"]|P(z2), (2)

where ®(z) solves the functional equation ®(z) = z¢ (®(z)), ®(0) = 0. Lagrange inversion for-

mula states that for all n > 1 .
@)=~ [""] 9 (2)". (3)

n

In enumeration problems from combinatorics, k!¢ are assumed to be nonnegative integers.
A more general form of Lagrange inversion formula states that (with ’ denoting derivative)

IR@ () = - [ ( ()9 "), (4)

n

for any arbitrary analytic output function h; see Surya and Warnke (2023).

2.1.1 Cayley (unordered) trees Rényi (1959)

For rooted and labeled Cayley trees, ¢ (z) = ¢*. By Lagrange inversion formula,

P(z)=) - 4
n>1 :

solves @ (z) = z¢®@ (with ¢ (z) = € and C, = n"").

Note ze =sup (z>0: P (z) <o) =1/e with ®(z.) =1, @' (z.) = e. The probability to observe
a particular size-n tree T, among all such size-n trees is 1/c,. The tilted probability to observe a
tree of size n among all possible trees is

7'C,/n!
®(z)

for those z € (0,z], where z. = 1/e. Tilting is necessary because the overall number of Cayley
trees, regardless of their sizes, is infinite.
The joint g.f. of their nodes and leaves reads:

® (z,u) = 2(u— 1 4+¢%E),

hence with
1
") ®(z,u) = . [z"il] (u—1+¢€)"
1 n—1 C ny\ k- n—k
= - -1
. [Z ]kgf) <k>u (e )
Therefore,
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due to the vertical “g.f. of Stirling numbers of the second kind” S, :

(-1 k!
ZSn,k*' - (k') = [Zl] (EZ* 1)k = *‘Sn,k-
=t n ! n!
We get
kCnH’k:k(n+1)Cn7k—|—(n+1)(n—k+1)Cn,k,1, (6)

with boundary conditions C, g =C,, =0, C,; =n! and C,,—1 = n. In addition,

n—1
Coi=["1P(z1)=n""=Y Cu.
k=1

Assuming uniform sampling, we have P(L, =k) = CC"’;" >0,k=1,...,n—1 (otherwise 0): The law
of L, has finite support, varying with n. From (6), with P(L, =k) = CC"’;", we get
n n—1
kP Loyt = k) = <n+ 1) kP (L, = k) + (n— (k— 1)) P (L, = k—1)]. (7)

The latter recursion (6) may be written as

P(Lisi = k) =g \P(Ly = k) +q;" P(Ly=k—1),

»

defining the (positive) transition coefficients q,(cnlz and c],(:'_)1 > Which are not transition probabilities.

This three-term (“space-time” inhomogeneous) recurrence is therefore not one of standard
Markov chains with a usual probability transition matrix. However, it is one of triangu-
lar Markov probability sequences whose support varies with n linearly. Note that the ratio

P =a” o /al) = (n— (k—1)) /k obeys

Gt il G < Vilk>(n+1)/2,
@\ Jal > Tifk<(n+1)/2,

translating that L, is attracted to the central part of its support, whose two endpoints {1,n— 1}
are (asymmetrically) weakly repelling. Introduce the superdiagonal transition matrix

0 - -
Qn,n = 0 0 (n) (n) ’

and let Q,_1, be its (n—1) x n truncated version. With #} := 1, taking indeed into account
the boundary conditions, the distributions zl:= (P (L, =k), k€ {1,...,n—1}), n > 2, satisfy the
recursion

7rrl[+1 = (TC,?,O) Qn,n = 7rrl[Qn71,na n>2.
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Thus, n,f = ﬁm:27.,,,n,1Qm,17,n, n >3 is an integrated form solution of the recursion, as a
left product of nested rectangular matrices (starting from Q,_»,- to the right, ending up with
Q12 to the left). Because for each n > 1, wl is a probability vector, we get that 7zl is or-
thogonal to the 1-shifted column sum vector q,—; —1 of Q,—1, with kth entry q,(cnlz +q,(('j,2+1 -1,

k=1,...,n—1. This can easily be seen while post-multiplying n,ﬁrl by the column vector 1 and

observing n,fﬂl =nt1=1.

Next, the identity (Rényi 1959)

(nfk) n—1
n

n—1
Cuk =X
k;l (n—k)

yields (with x=n—1): Y1-1kCyy =n(n— 1)"". Also,

auqa(z,n:#(zl),
with
n _ n— 1 = 1 n- ! / <
aeel) = [ gy = i F 2]<<lz>e>
= n(n-1)"",
so that

El,) - 29eEh <1—1>n1 ~nfe,

(2" @ (z,1) n
o’ (L) = n(n—1)<1+n>"1+n<1_’11>n1_n2(1_’11)2(n1)
e—2

The variance term is obtained while plugging x = n —2 in the identity. The Central Limit
Theorem (CLT) therefore holds:

Ln—E(Ln) d
TL")—M/V(O,I). (8)

Rényi (1959) and Steele (1987) rather studies unrooted Cayley trees (there are n"~2 such trees)
with no major difference with the rooted case here. Trees, in Rényi’s writing, consist of the
optimal graphs to connect n cities with just one path joining any pair of cities, passing through
their most recent common ancestor.

2.1.2 Ordered (plane) trees
For rooted ordered trees, ¢ (z) =1/(1 —z). The g.f.
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solves ®(z) =z/ (1 —®(z)) (with ¢ (z) =1/(1 —z)).

Note z. =sup(z>0: P (z) < o) = 1/4 with ®(z.) = 1/2 and ®’ (z.) = oo. P(z) has an algebraic
singularity at z. = 1/2.

Here, C, =n![7"|®(z) = ((2::12))!! and ¢, = [Z"] P (z) ~ ﬁn_y 24n=1 (by singularity analysis of
®(z)). Note also Cpi1 =2(2n—1)C,.

Here, C,, counts the number of labeled size-n trees respecting the Ulam-Harris-Neveu ordering
of the children, while ¢, counts the number of such size-n trees, dropping the global labeling

(2n—2)! .

AlG=1)T rooted ordered trees with n atoms.
Let us now come to leaves of such trees:
With ®(z) = ®(z,1), the joint g.f. of nodes and leaves solves

condition. There are thus ¢, =

P(zu)=z(u—1+1/(1—-P(z,u))).

Hence,

l—l—(u—l)z—\/(1—|—(u—1)z)2—4zu

P (Z7u) =
with

@ (zu) =

Therefore,
. 1|,k 1\ n n—2 _
Cpi:=n! [zu]‘b(z,u)—(n 1)( >< 1), k=1,...,n—1. (9)

Using (Pascal triangle)

and
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entails (with C,; =n! and C,, =0)

—1 —1
nin )ka_i_n(n_ )Cn,kfla (10)

Cot1h= "

from which the following three-term recurrence for P (L, = k) = CC"’;" can be deduced (with P(L, =n) =
P(L,=0)=0):

Cov1k n(n—l) 1 1
P(L,1=k)= == P(L,=k)+—P(L,=k—1)]. 11

For such random walks, the next step is either a no-move step or a move-up one. What (11) says
is that whenever L, approaches its extremal values, either 1 (or n— 1), there is a smaller chance
(inversely proportional to this value) that the next connection will result in a no-move step

(a move-up step); anti-preferential attachment rule holds. Here, the ratio py, := q,@l,k /q,(cnlz =
(n—k)/(k—1) obeys

o Jall < 1ifk>(n+1)/2,
()

n

CII(cri)l,k/qk,k > lifk<(n+1)/2,

translating that L, is again attracted to the central part of its support, whose two endpoints
{1,n—1} are (asymmetrically) repelling. Here,

(2n—2)! ol
n["®(z,1)=~—="=) Cop =G
(n—1)! k;
Next,
1-®(2)
0@ (z,1) = = S ,
U= = fT=20()
n! (7" 0, ®(z,1) = n! [z"il] (l—i-l) = HC,, for n> 2.
’ 2 24/1—-47 2 -
El,) — E1aPEl) _n

@ (z,1) 2
c*(L,) ~ n/8.

The variance term can be computed from (see Drmota 2009, p. 83)
6% (Ly) = n![2"] [02®@ (2, 1) + 0, @ (2, 1)] /Cp — [ ["] @ (2, 1) /] -

A CLT holds.
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2.2 Increasing (or recursive) trees

A size-n rooted and increasing Cayley tree has vertices with indices or labels {1,...,n} increasing
for any path from the root to its leaves. Wherever a new connection is created in this tree, the
adjunction of a new node with index n+ 1 will result in a size-(n+ 1) rooted increasing tree.
Increasing trees can in addition be unordered (Cayley) or ordered. Such trees were studied by
Bergeron et al. (1992).

2.2.1 Cayley (unordered) increasing trees

The g.f. of unordered, rooted increasing trees solves the ordinary differential equation @' (z) =
¢®@ ®(0) =0, hence ®(z) = —log (1 —z) with z. = sup(z > 0: D (z) <o) = 1 with ®(z.) = oo.
Hence, ®(z) has a logarithmic singularity at z. = 1. We get C, = (n—1)! and ¢, = 1/n.

The joint generating of nodes and leaves solves:

0P (z,u)=u—1+ @),

D(z,u) d7
= /0 u—14e?’

@ (z,u) = log (1_“> .

1 — uex(1-u)

Hence,

with solution

With k=1,...,n—1, we have

1—u
L n k _ o n—1_k _
Co 1= 11! [z u } ®(zu) = (n—1)! [z u } <u 1+l—uez(1“)>
=i LEp—1k, kzl,...,n—l, (12)
a shifted version of the first kind Eulerian triangle, for which

Crp1k =kCpp+(n—k+1)Cpp1. (13)

Also, from
®(z,1)=—log(l—7z),

Co:=["|®(z,1)=(n—1)! = nilCn,k.
k=1

With P(L, =k) = <4, k=1,...,n— 1, therefore,

C k k—1

P(L =k =25 _Zp,=k)+ <1 - > P(L,=k—1), (14)
Cut1 n n

the dynamics of a conventional inhomogeneous Markov chain with transition probabilities. Mul-

tiplying (14) by k (respectively, k?) and summing over the admissible range of k yields recurrences
for E(L,) (respectively, E (L2)) from which
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"] 0u® (2, 1)
[ ®(z,1)
o6’ (L) = Tn/12+1/3~17n/12.

=n/2,

A CLT holds.
What (14) says is that, whenever L, approaches its extremal values, either 1 (or n—1), there
is a large probability (proportional to this value) that the next connection will propel the walker

back inside its support. Else, the ratio py, := q,((n_)l k/qlgnlz = (n—k+1) /k also obeys:

qkak ql(<,k < lifk> (n+1)/2,

ql(cn)l.,k/ql(:f;z > lifk<(n+1)/2,

translating that the dynamics of L, is attracted by the central body of its support, whose
endpoints remain repelling.

2.2.2 Increasing ordered (plane) trees

The exponential generating function (e.g.f.) ®(z) of such ordered, rooted increasing trees solves:
D (z)=1/(1-P(z)), ®(0) =0. Hence, ®(z) =1—+/1 —2z with

Co=n!["|®(z) = 2n=3)1=2"""D(2n-2)1/ (n—1)!, (15)

and C,y1 = (2n—1)C,. There are thus 2"~! more of simple ordered n-trees than increasing
ordered n-trees. The factor 2! is the number of ordered partitions of n into positive summands.
Here, z. = sup(z > 0: P (z) <o0) = 1/2 with ®(z.) =1, D' (z,) = o.
The joint e.g.f. of atoms and leaves solves:

0P (zyu)=u—14+1/(1—D(z,u))

D(z,u) dZ/
Z_/o u—111/(1—-2)

With C(z) =Y,>1 %z” the Cayley function solving C (z)e€\@ =z,

u—=C_ <ue_”ez(1_”)2>

or

()] =

(z,u) -

as the inverse function of
/Z d7 ~log(1+(1—u)z/u)—(1—u)z
0 u—1+1/(1-7) (1—u)’ ’

(see Bergeron et al. (1992)). The triangular array

o 1= 11! [z”uk]q)(z,u), k=1,....n—1,
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constitutes a shifted version of the second kind Eulerian triangle, with
Coi1k =kCoi+ (2n—k)Cpp—1. (16)
Furthermore,

n—1

Co:=n!["]|®(z,1) = (2n=3)!! =} Cus.

k=1
With P(L, = k) = &, k=1,...,n— 1, therefore,
Ch1k k k—1
P(Lyy =k) = 21k P(L,=k)+(1- P(Ly=k—1). 1
(L =0 = G = E P =0 (1 3 = )P =k 1) (17)

Multiplying (17) by k and summing over the admissible range of k yields recurrences for E (L,)

from which
2" 0@ (z,1)  2n—1

E(L,) := C. 3
A CLT holds.
Remark: When conditioning, as above, on the number n of nodes of a tree with g.f. ®(z), the
law of L, has bounded support 1,...,n— 1. One may wish to consider the distribution of say

Ny, the number of nodes of the tree given its number of leaves is k; but then, the law of N; has
unbounded support k,k+1,.... To this end, we first observe that the probability law of N, the
number of nodes in a tree with g.f. ®(z), is given by the tilting

P(N=n)= Z':If’é)’“,

for any z < z. (z <z.), depending on ®(z.) = oo (P(z.) < o). Tilting is necessary in the random-
ization process because of the divergence of the series ¢,. Then, with n > k,

B B B 7'C,/n!
P(Ny=n) = P(L,=k) () /’;Num
B z"Cnyk/n!
(k)@ (z,u)’

where [u¥]® (z,u) = ¥,,5¢2"Cyx/n! is the horizontal g.f. of ®(z,u). The law of Ny necessarily
depends on z.
3 Root degree
With ®(z,1) = ®(z) solving ®(z) =z¢ (P (z)) or @' (z) = ¢ (P(z)), define
R(z,u) =z¢ (u®(z)) or R(z,u) = /Oz(l) (ud (7)) dZ, (18)
where u marks the root-degree of the tree in that
Ry :=n! [ukz"} R(z,u)

is the number of trees with n nodes and root-degree k.
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3.1 Nonincreasing trees
3.1.1 Cayley (unordered) trees

- If R(z,u) = z¢"®@), 9,R(z,1) = 2 (z) ¢®® = & (z)>. By Lagrange inversion theorem, E(R,) =
2 (1 — %) ~ 2. More generally, we have

IRGEw) = [/ - ud(2))
= nil [Zn—Z] (P (MZ)/(P (Z)rhl
= SR
- n%l [21-2] et
u(utn—1)"?
I

Hence,
Ry :=n! [znuk} R(z,u) = n(Z:f) (n— l)n—l—k and
" n=2 n—2
e (= T

a shifted binomial distribution for which E (uR") — ue 1= the probability generating function
n—soo

(p.g.f.) of a shifted Poisson (1) random variable (r.v.).

3.1.2 Ordered (plane) trees

- If, as for this case, R(z,u) =z/ (1 —u®(z)),

"R (zu) = [71/(1-u®(2)

p—

k (2n—k—1
= =45 ()
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R\ _ n![z”]R(z,u)_ u n—2 1
E(u™) = C, —(2::12) [z (=) (1—2)" !
1 e an—k—1 y
- w5 )
We have
3
AR (1) = 2O 4na
Z
3 2
oREN = e = S
3 w3 [(2n—3
- kle-ar= 500
[ duR(z,1)  3n! (2n—=3\ (n—1)!  3n
E(Ry) = Cu _n+1<n—2>(2n—2)!_2(n+1)Nz‘

87

For simple trees, there is a small (finite) number of root sub-trees (at least one of which must

be very large!).

3.2 Increasing (recursive) trees

3.2.1 Cayley (unordered) trees

- For nonplane increasing trees (see Bergeron et al. 1992, p. 40 and Mahmoud et al

®(z) = —log (1 —z), we have

O.R(z,u) = Q) — (I—z)7",
1—(1— 1—u
R(Z7 I/l) == (1 _5) )
n[Z"|R(z,u) = [u], ;.
n! {znuk} R(z,u) = |[sy—14] =:Rux,
R\ [u]nfl
E@h) = n—1)
E(R,) = k ]8? (z.1) =H, | ~logn,

A CLT holds.

. 1993), with
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3.2.2 Ordered (plane) trees
For plane increasing trees, with ®(z) =1—+/1 —2z, we have

1 1
1—u®(z) 1—utu/1-27

1—v1-2 1—
R(z,u) = 3 zulog(l—u—l—u\/l—Zz).
u

O.R(z,u) =

u
Hence,
. (2n—k—3)!
o[ Rew = ey
] 2,
n
and
PR, = k)= "EWIRE@H 1 (2n—k=3)!
VT @3 @2k T n—k—1)0
" R (z, 1
E(R,) = [Z"] R (z, 1) ~ /7. (21)

o

4 Height of a size-n tree (Flajolet and Sedgewick, 2009, pp. 216—
217)

The height parameter is an extremal one. The height H, := h, of a size-n tree 7, is the height
of one of its nodes at largest distance to the root. It obeys

7, = 1 +maxhg,
T<T,
where the maximum is over all root sub-trees T of the full size-n tree t,. Taking into account
that the number of trees with n nodes and root-degree k is R, x = n!ryx, with C, (h) = n!c, (h)
the number of labeled trees’ configurations with size n having height less than 4, the following
bivariate recurrence holds:

k

Cn+1 (/’l+1) = Zrn,k Z Cn, (h)
k=1 1

ni+t..+n=nr=

There are (Z:i) terms in the sum over n; > 1, I =1,...,k (the number of ordered partitions of n
into k parts). We have P(H, < h) =c, (h) /cn.
Alternatively, let ®;,(z) be the g.f. of those simple trees generated by ¢ with height < h. We

have
D11 (z) =20 (Pr(2)), D (z) =z,
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where n!["|®),(z) =: C,(n) is the number of size-n labeled trees whose height is < h. With
cp(n) :=Cy(n) /n! and ¢ = [Z] ¢ (z), it holds that

e (n+1) =Y oc[2"] P (2)"
k=1

B ;
:];(Pk Y JJen(u). (22)

ny+...+n=nil=1
Therefore, with Nj, the number of trees whose height is less than or equal to A,

n![Z" @y (z)  cp(n)
n[2|®(z) o

P(N,=n)=

where @ (z) = @, (z). We have N;, = n if and only if H, < n. From implied linear recurrences and
a complex analysis based on Mellin transforms:

- Cayley trees: Rényi and Szekeres (1967) have shown that (27‘m)71/ 2H, has a nontrivial
weak limit. Hence E (H,) ~ v/27n.

- For ordered trees (see De Bruijn et al. 1972): E(H,) ~ /7n.

In both cases, E(H,) ~ A/n, where A = (7r§)]/2 with § = % and ¢ (1) = 1¢' (7).

Furthermore, H,/E (H,) KN X, where X has theta density, with g-moments (¢ > 1): E(X?) =
q(g—1)I'(g/2)&?. See Proposition VII.16 of Flajolet and Sedgewick (2009).

The e.g.f. ®p(z) of the number of increasing trees whose height is < h obeys

i @)= 0@ (), Bl =z

with Gy (n) =n![Z"]| @ (z) and P (N, = h) = Chc—(n") A bivariate recurrence similar to (22) holds with
(n+1)cpy1 (n+1) instead of ¢j11 (n+ 1) at the left hand-side.

It holds:

- Cayley increasing trees Pittel (1994): E(H,) ~ elogn, H,/logn — e (a.s.).

- Ordered increasing trees Pittel (1994): E(H,) ~ 5-logn, H,/logn — 1/(2s) (as.), se’ =1
(s = 0.27846...).

Increasing recursive trees’ height is much smaller than the one of simple trees; concomitantly,
their root degrees are much larger than the ones of simple trees.

5 Depth of a size-n tree

The depth D, of a size-n tree is the height of a randomly chosen node in this tree. So,

N
Dy=hwp. —2  p=0,...,H,
n
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where Ny, , is the number of nodes at height & in the size-n tree (Np, = 1), the profile of trees. It
requires the joint law of (Nj,;h=0,...,H,) obeying ZhHioth =n. With N}(lr) iNh,V i.i.d. copies,

WV

Nth_Z hv,,, h=0,...,H,.

r=1

- For Cayley increasing trees, Devroye (1998) and Mahmoud et al. (1993) have shown that
E(D,) ~logn, 6*(D,) ~logn. A CLT holds.

- For ordered increasing trees, Mahmoud et al. (1993) have shown that E(D,) ~ 1logn,
62 (Dy) ~ $logn. A CLT holds.

Equivalently, the mean depth can be obtained as the mean path-length/n, (see Bergeron et
al. 1992, pp. 36-37), where the path-length is ZZI;ON;,’”.

Define some local additive parameters g.f. generated by a sequence a,’s as

ZCu
n>1

The global additive parameters generated by the a,’s will be

A’L’,l :an+ Z AT,

T<T,

where the sum is over all root sub-trees 7 of the full size-n tree t,.

For tree size: a, =1, a(z,u) = u®(z); For path length: a, =n, a(z,u) = ®(zu); For leaves:
an = Op1, a(Za Lt) = Zu.

With A(z,u) = Y,> CnuA"% the additive parameters global g.f., we get

Simple : A(z,u):a(z,u)—( )+20 (A(z, ))7
Recursive : A(z,u) =a(z,u +/

Concerning the mean, with A, (z,1) denoting the derivative with respect to u evaluated at u =1,
Simple trees: A, (z,1) =ay,(z,1) +2¢' (A (z,1)) A, (z,1),

so (owing tor A(z,1) = @(2)) ¥ (2) = ¢ (@(2)) / (1 - 20" (B (2))),

a,(z,1)
1—2z¢" (@ (2))’

where a, (z,1) = Y1 Cnanfl'—n! is the e.g.f. of the Hadamard product sequence C,a,.

Az, 1) =

Recursive trees: A, (z,1) =a,(z,1)+ /Z o' (A (1)) A (Z,1)d7,
0

7" 1

whose integrated form is (ay (z,1) = ¥,=1 CatnSy, auz (2,1) = Lng Catn iy =) +)

“azu (ZI7 1)

/
0 (D) dz.

Au(z,1) = D' (2)
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As a result, we get for the mean path lengths: (simple trees) a,(z,1) = z®'(z) and (recursive
trees) ay(z,1) =P (2) + 29" (z).
- For simple Cayley trees: ¢ (z) = %, @ (z) = z¢®@, 20/ (z) = @ (z) / (1 — @ (2)),
(

B ay (Z,I) — ® Z)
A ) = T @) T e
[Z”]Au (Z, 1) _ % [Zn—l] (llj‘ZZ>3 zfla

taking the explicit convolution form:

1) = - (@ xb),

with @, =m(m+1)* and b,, = n"/m!. Next, by the Stirling formula,
n 1
=" ®(z) = ~ —=n 2"
Cn [Z } (Z) n! \/ﬁn e,

translating that ®(z) shows up an algebraic singularity of order —1/2 at z. = 1/e. Equivalently,
observing ®(z.) =1,

()~ 1=vV2(1—2/2)" as 2>z,

and so
P (2) 1

(1-2@) 2
so with [Z"]A, (z,1) ~ 1/2-€". We conclude that

[ Au(z1) _ [ Au(z 1) \/Ens/z
C, N Cn 2 '

A,z 1) = (l—z/zc)fl as 7z — 7,

The mean depth therefore is \/gnl/ 2,
- For simple ordered trees: ¢ (z) = (1—2) ', ®(z) = (1-vV1—4z2) /2, P (2) =(1 —4z)_1/2,

B ay(z,1) 2(1—41)_1/2
Alel) = L (B
(1+\/1774z)2

1—4z)!
_ =4 2Z) (1—0—\/1—42).
Hence,

[ Au(z,1) ~ [2"71] (1—4z)7" _ g1

2 2
; [0 _ (2n-2)! 1 —3/24n—1
Owing to ¢, = [7"]| P (z) = G~ TN gn=1
Bl 1 e
Cn 2
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The mean depth therefore is %\/Enz’/Z/n = %\/ﬁnl/z.
- Concerning recursive Cayley trees (with ®(z) = —log(1—z) and @' (z) =1/(1—2)),

oy [
MG = @@ [ oy
= l/z (1 +7 [log@’ (Z')]I)
I—zJo
~ —log(1—2)
=
Therefore, [7"]Ay(z,1) ~logn = n![7"]A,(z,1) / (n—1)! = nlogn. The mean depth therefore is of

order logn.
- For recursive ordered trees,

~ 2z—log(1—22)
4(1-27)"?

Owing to ¢, = [2"]®(z) = [2"] (1 = V1 =22) ~ —2"n /2 /T’ (-1/2),

A, (z,1)

) Au (z,1) ~ 2" /T (1/2)n" P logn = [ Ay (z2,1) Jen = glogn.

The mean depth therefore is of order %logn.

6 Forests (nucleation/aggregation process)

Besides aggregation of atoms to a preexisting tree, growth of trees can also result from the
creation of new trees forming a forest. Whenever an incoming atom launches on a new tree, we
speak of a nucleation event.

With ®(z,1) = ®(z) solving ®(z) =z¢ (P (z)) or ®'(z) = ¢ (P(z)), define

K (z,u) = " (or K (z,u) = 1/ (1 —u (2))), (23)
where u marks the number of trees (connected components) in a forest in that

n!

il [ @ (2)F or (24)

Cui:=n! [ukz"} K (z,u) =

Chp:=n! {ukz"] K (z,u) = n![{"]®(2)*

is the number of unordered (or ordered) forests with n labeled nodes and k trees, k =1,...,n.
Furthermore,
Co + =Y Cox=["|K(z,1) =" (unordered),
k=1
C, =Y Cui=["|K(z,1) = [f"] ———— (ordered),
LOu=RIK D) =gy (ondered

is the number of forests with n atoms, regardless of its number of (in) distinguishable trees.
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6.1 Nonincreasing (simple) trees
6.1.1 Cayley (unordered) trees Rényi (1959)

- If @ (z) = z¢®@, with K (z,u) = ¢*®@ | the by Lagrange inversion theorem,

('K (z,u) = Z [anl] oclutn)
= %(u—l—n)"_l ,
— —1
1|,k _ n n—k —
n [Z Mi|K(Z7M) Cn,k <k—1>n ) k 17 )1,
P(K,— k) — n! [2'uk] K (z,u) _ 1 <n - 1>n"k
" n![z2" K (z,1) (14+n)" " \k—1 ’

n—1\ & n —k—1
= kn" "7
ot = (e

Takécs (1990) rather gave C,x = kn"~*~! as the number of unordered forests with k Cayley trees
while fixing the k different founders of the distinct trees out of (Z) different ways. See also Rényi

(1959). Also,
12" K (z,u) 1 u \"!
E Ky = 7,2 ! = 1— 2
(™) = " T4n "14a) (25)

a shifted binomial distribution. In particular, E(K,) = % ~ 2. A remarkable fact is that R, <
K,_1. Note

E (uf") ~ ue U= as n is large, (26)

the p.g.f. of a shifted mean 1 Poisson r.v..
We finally observe as in Clarke (1958) that the triangular array C,x obeys the backward
recursion

(}’l — k) 6n,k = nkémk“ .
Hence, P (K, =k) =Cux/Cy , k=1,...,n obeys

k
p([{n:k):nn_kP(KnZkJrl), k=n—1,...,1,

with terminal condition P (K, =n) = (n+1) "1,

6.1.2 Ordered and unordered forests

- (ordered forests of ordered trees) For such models of forests of trees, the trees themselves
are assumed distinguishable, resulting in ordered forests. If ®(z) = (1 -1 —4z) /2, solving
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®(z)=z/(1—-P(z)), with K (z,u) =1/ (1 —ud(z)), then

K = ) e
- rlz,;k(i[@n]—nkg! k
- L)
SR = el E o (T,

where we used the identity

- £1( ) ()

=1 "
Hence
Pk —p (') K (z,u)  n+1k (2n—k—1 o7
(Ko=) = n 2K (z,1) (zn”)n( n—k ) (27)
Observing
AuK (2,1) = @(2) / (1 =D (2))%,
D
— % ([anl] (1 _Z)—(n+3) + [Zn72] (1 _Z)—(n+3)>
1/ 2n \3n+1
- n<n2> n—1"’
210K (2,1)  n+13n—1(")
E(K.) K (z,1)  n n—1 (2:2)
~ 3n—1n-1
B n ont2

The variance can be computed using
%K (2,1) =2®(2)* / (1-(2))’.

We get E (K, (K,— 1)) = 10% ~ 10, so that 62 (K,) ~4 and showing that the limit law is not

Poisson.
For such tree models, there is a small number of connected components (at least one of which

must be very large).
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- (Unordered forests of ordered trees): If K (z,u) = €"®@), for k=1,...,n, then

— !
Chx: = n! {z"uk] K (z,u) = % "] @ (2)*
(l’l — 1)‘ n—17 k—1 —n
= =11 [ (1-2)
(n—1)! [ 7;{} -
— k(] —
A
(=), (2n—k—1)!
(k=D (n—k)! (k=1 (n—k)
These C,x’s are readily checked to obey the three term recurrence
— — n —
Cor1h=(2n—k)Cpi+ ﬁCn,kq-

Furthermore,

noo ) o 2n—k—1)
=n—1NY ——— [ (1—p) "=y e E
(n )m;(m—l)![Z J(1=2) k;k!(n—k—l)!
L (n+1-1)!
=y 2
;(l—l)!(n—l)! (28)
6.2 Increasing trees
6.2.1 Cayley (unordered) trees
- In the case of nonplane increasing trees for which @ (z) = —log(1—7z),

Kgu) = & =(1-97,

n![Z"|K (z,u) = [u],,
n! [znuk} K(z,u) = |snxl,

Here Cy i = [snx| = Sux (—1,0,0) are the signless Stirling numbers of the first kind, obeying
En+1,1< = nén,k +En,k717 (29)

("] 9.K (z,1)
Cy

o2 (K,) ~ logn.

E(K,) = =H, ~logn,

A CLT holds.
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6.2.2 Ordered (plane) trees

Huillet, T. E.

- In the case of ordered increasing trees for which ®(z) =1—+/1—2zsolving®(z) =1/(1 =P (z)),

K (z,u) = e (1-VI7%)

(30)

Here, with S, (—0n, —0y;w2) the generalized Stirling triangle defined in Hsu and Shiue (1998),

n! [z”uk} K(z,u) = Z—: [ ®(2)" = Chx = Sux (—2,—1,0),

_—— 10 = (2 (g (2R

Cok = Spx(=2,—1,0)=(2(n—k) 1)!.< (n_k))
 Qm—k) -1 [(2n—k—1\ 1 (2n—k—1)!
B 2n—k—1(n—k—1)!<2(n—k)>_2n—k(n—k)!(k—1)!’

Coix = (2n—k)Cpix+Crp_i.

Hence, B
P(Kpor = k) = " (20— k)P (Ky = k) + P (Ky = k— 1))

Cn+1

o —= 1A I—1)!
With €, := Y4 Coi = Z?:Ol 2 llg?ntl—l))!’

(
Cgﬂ 1= E(K,) = n!Ez” %K (z,1) _ (Cn)

n

K, has a shifted Poisson(1) limit law. We have

_ (;u)k _ 9 \K/2
K(zu)=e"{1+) 0 (1-2z) ,

k>1

with singularity at z=1/2. Singularity analysis of the singular expansion yields

—u k n*k/Z n
iR = n!e”(Z(k!) n2 F(—lk/2)>

k>1
un 1/2

~ @1)!2%“( NG +0(n3/2)>.

Therefore ,

_ n—1/2
C, = n![z”]K(z,l)N(n—l)!2ne<2ﬁ+0(n3/2>>’

~ 2n (1—2ln+0(n2)> ~2n—1.
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Therefore,
! u) (-
E Ky :77 ~ (1 M) 2
(u®) i 0 ue , (32)

the p.g.f. of a shifted Poisson(1) r.v..

This three-term recurrence, giving P (K, =k) in all cases, is the one of triangular Markov
probability sequences. The latter recursion (31), for example, may be written as

P(Kui1 = k) =g [P (Ki=K)+q,", P (K, =k—1),

defining the transition coefficients q,(("lz and q,(i) | x (not probabilities). Introduce the superdiagonal

transition matrix ) )
n n
L1 4912 0

g1,
0 - - 0
an = n n ’
0 0 415,7)1,;171 q1(1217n
0 e

and let 0,1, be its (n — 1) X n truncated version. With 7r]K =1, taking into account the bound-
ary conditions, the distributions nX := (P (K, :k) ke {l,...,n}), n> 1, satisfy the recursion
Jr,f = (7rn 15 )an = 717n 1On—1n, n > 2. Thus, 7r m=2,..n0m—1,m, n > 2 is an integrated form
solution of the recursion, as a left product of nested rectangular matrices. Because for each n,
il is a probability vector, we get that x- is orthogonal to the 1-shifted column sum vector q, — 1

of Qn n+1 with kth entry q<n+1)

.....

+q,§”,jjf—1 k=1,.

7 Weighted trees

Simply generated weighted trees are weighted versions of rooted trees and have been introduced
by Meir and Moon (1978). They are obtained while assigning to each node x of a size-n tree 1,
a weight wy, (), where b, (x) is the outdegree of x. The weight of a particular tree 1, is then the
product [iez, wp, (), and while summing over all 7,, we get the weight of all size-n trees.

7.1 Weighted simple trees

Let w(t,) =1IT)_ OWZ” “) he the (multiplicative) weight of an unlabeled rooted tree 7, with n
nodes (|7,| = n) having ny, (7,) nodes with outdegree (branching number) b. The weight w(7,)
is the product over the n nodes x of 7, of the wy (y’s, where b, (x) is the outdegree of x. Then
W, = Y. w(T,) is the weight of all size-n such trees associated to the weight sequence w :=
(wp >0, b>0). The number of these trees is ¢, := C,/n! = [7"]| P (z). Let Py (2) = L,517"Wh.
Then @y, (z) solves Py (z) = 28 (Pw (2)), where g(z) = Lpoowpz’.

By Lagrange inversion formula, we get the identity

W= 2100 (2) = = [ ()" = ¥ [T wineo znw"b ",

T, XET, T, b=0
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Examples of w are as follows:

- w=(&; b>0) with & € {0,1}. Only the branches of the tree with &, =1 contribute to its
weight.

- wp = a1}, ar,ay > 0 with g(z) = a1 Lo (@22)” = a1/ (1 — arz) . Note w(z,) = dlal™" in view
of Yr—dny(t,) =n and Y"1 bn, (1,) =n—1 (the total tree length). As a result, W, = a’a} 'cy,

where ¢, = C,/n! = % In that separable case, each tree 7, has equal weight aja),” I and

W, = aldy 'c,. Note @y (z) = (1 — VT —dariaz) / 2az) = @ (a1a22) /ac.

- If the sequence of weights wj, is summable, then g (z)’s can be normalized to yield the p.g.fs
g(z)/g (1) ; the corresponding integrated solutions change from @y, (z) to Py (z/g(1)).

- If w:=(wp >0, b>0) is directly a probability sequence with Y ,~ows = 1, then ®y, (z) is
the g.f. of the total progeny of a Galton—Watson tree with branching mechanism g, solving
Dy (2) = 28 (Pw (2)), Pw(0) = 0. The numbers [7"| Py (z) = W, are the (sub-)probabilities of a
progeny with size n.

Examples:

e (Poisson offspring) If w, = e *u’/b!, b >0 with u > 0, then, with g(z) = eV and ®(z)
solving @ (z) = ze®©@, the Cayley e.g.f., we have

1
Dy (2) = m D (ne Hz

n>1

The Borel e.g.f. @y (z) has thus now a displaced algebraic singularity of order —1/2 at z. =
et > 1 with @y (z0) = 1/u and @}, (z) = eo. Note

u < 1: dy(l)=1,

u > 1: @y (l)=p<1/u,
where p is the extinction probability of the supercritical Poisson GW process solving g(p) =
e“(p_l) = p

e (geometric offspring) If wy, = @a®, b > 0 with a € (0,1) and @ = 1 —a, then, with g(z) =
a/ (1 —az) and ®(z) solving ®(z) =z/(1—P(z)), the e.g.f. of ordered trees, we have

d, (z) = lé(ﬁaz) - 1- V1 —daaz Vl_@az'

a 2a

Also, @y (z) has thus now a displaced algebraic singularity of order —1/2 at z. = 1/ (4aa) > 1
with @y (z.) = 1/(2a) and @), (z.) = o. Note, with g = a/a, the mean offspring number is

po< 1 Dy(1) =1,
po> 1 @y(l)=p<1/(2a),

where p =a/a is the extinction probability of the supercritical geometric GW process solving
g(p)=a/(1—ap)=p.

In both cases, there is a possibility for such weighted trees that they are finite with some
nonzero probability.
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7.2 Weighted increasing trees

Consider the increasing ordered tree g.f. ®(z) solving @' (z) =1/(1—(®(z))), ®(0) =0, with
®(z) =1—+1-2zand

Co=n!["|®(z) = 2n=3)"1=2"""D(2n-2)1/ (n—1).

Let W, =Y. w(7,) (where w(7,) =TIT;_ OWZ” o) ) be the weight of all size n increasing labeled
rooted trees (|7,| =n) associated to the weight sequence w:= (wp >0, b > 0), with w, =[] g(2)
the weight of an atom with out-degree b. Let then @y, (z) =Y,,>1 "W, /n!, with W, = n! [Z"] Py, (2).
Then @y, (z) solves @, (z) = g (Pw (z)), where g (z) = Y50 wpz’. Note ® (z) is obtained when wy, =1,
b > 0: the number of such n-trees is C, = (2n—3)!!.

The probability to observe a particular size-n tree 1, among all size-n trees is w(1,) /W,. The
tilted probability to observe a tree of size n among all possible trees is

7'W, /n!
Py (2)

for those z € (0,z.), where z. =inf(z > 0: @y, (z) = o0) = f
Examples of w are as follows:

=inf(z>0:g(z) =o0).

- wp = arajcl, /b, ai,az,c >0 with g(z) = a1 Lp>0 5 l ]" (a22)” = a1 (1 —apz)™©

-wp=aids, aj,ay >0 with g(z) =a1/ (1 —axz). In that separable case, each tree T, has equal
weight afa;™ Vand W, = a’l‘a’;_ICn with W, /W, =aja, (2n—1).
For the three special g.fs,

gz) = (1—ouz2) @ V(>0 >0,0<a:=a/a<1),
g(z) = €% (obtained from the latter g(z) when a; — 0), or
gz = (I+a?, o>0de{23,..]},

the weighted e.g.fs @y (z) solving @, (z) = g(Pw (2)), Pw (0) =0 are, respectively,

o) = ~ (1 —(1— azz)a‘/az)
oy
= —log(1—ampz) as oy — 0
= (1@ g e
oy
Note that these special g(z)’s can be normalized to the p.g.f’s g(z) /g (1) with the corresponding
integrated solutions changing from ®y, (z) to @y (z/g(1)). The normalized p.g.f’s g(z) /g (1) are
then, respectively, negative-binomial, Poisson, and binomial p.g.fs.
The formation of such increasing trees admits the following recursive tree evolution scheme
(label 1 is assigned to the root):
With probability py, (n) := K, ! (b+ l)wbH /wp, attach uniformly node n+1 to any of the
np (7,) nodes with out-degree b € {0,...,b*} of a previous size-n increasing tree 1, (b* <n—1).
The normalization constant is K, = ):;,:()Vlb () (b4 1) wpi1/wp, representing the “number”
of ways the new atom with label n+ 1 can be inserted in 7,. This preferential (or uniform)
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attachment procedure results in a realization of 7,.;; see Panholzer and Prodinger (2007). With
(By (np (1)) ,b € {0,...,b*}) mutually exclusive Bernoulli r.v’s (summing to 1), each with success
probability ny (1,) pp (n), for each n > 1, we have

no(Tut1) = no(T)+1-Bo(no (7)),
np (Tn+1) = (Tn)—i-Bbfl (nb,1 (Tn))—Bb(l’lb(Tn)), be {1,...,17*},
Nyl (Tar1) = 04 Bp (mp (Tn)) -

Whenever a connection to a node with outdegree b occurs, the number of nodes with out-degree
b (respectively, b+ 1) decreases (increases) by one unit. In addition, a new node with outdegree-
0 is always created whatever the degree of the node to which the new incoming atom connects
to 7, . Here ng(7,) is the number L, of leaves in a size-n tree.

From the first equation above giving the evolution of the number of leaves,
{ L,+1 =L, + 1 with probability 1 —L,po(n), (33)
Ly+1 = L, with probability L,po (n).

This is one of standard space-time inhomogeneous Markov chains.
For the three particular ®y-models generated by the special g’s above, using ZZ;(I) ny(Th) =n
and ZZ;ibnb (1,) =n—1 for any 1, we get

_l-a+ab 1 d—b
 on—a ' n’ l+n(d-1)

Py (n)

respectively, depending only on (b,n) and not on the full sequence of weights (wy;b=0,...,b%).
In the first two examples, b € {0,...,b* =n—1} while b € {0,...,b* =d —1} in the third d-ary
labeled plane trees case. The number C, of such d-ary plane trees is obtained while integrating
@, (2) = g4 (Py (), where gq(z) := (142)*. We get

Dy (2) = —14[1—(d—1)z YD with

Co=n!["]|®y (2) = (d = 1)"[1/(d = )], = [1:d = 1],

where [a:b], :=a(a+Db)...(a+(n—1)b).

Note that for g(z) = (1 — (Xlz)f(aZ/alfl), ze=1/04, ze = 1/0p and Py (z.) = 2.

Such increasing trees may serve as models for phylogenetic trees in which nodes represent
species and labels encode their order of appearance, and thus the chronology of evolution. The
leaves of the tree are the currently living species; the different trees consist of genera.

Remark:(33) is the weighted tree extension of (17) and (14) obtained, respectively, when
Hp=1>0q=0and op =2>a; =1.

The joint e.g.f. of the number of atoms and the number of trees of the forests is

Ky (z.u) = &0,
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with
6,,,,( =n! [z”uk} Ky (z,u).

The generalized Stirling numbers

nk Sni (—0,—ay;0), k=0,...,n,
nk = 01fk>}’l7

al O

are defined by the identity Hsu and Shiue (1998)

n

[W : Otz]n = ch,k [W : Otl]k.
k=0

The C,x obey the (Stirling’s triangle) recurrence
6n+1’k = (I’LOCQ — kOCl)Emk +6n,k71 (34)

n! [z”uk]l(w(z,u) B

with boundary conditions C, o = 8,0 and C,,, =1 for all n > 0. With P(K, =k) = KD

C
2k therefore
Cy

C
P(K,i1 =k)=="-[(nop —koy)P(K,=k)+P(K,=k—1)], (35)
n+1
where C, 1= Y7_Cpi = n![2"] Kw (z,1) = n! [2"] ™). The e.g.f. Ky (z,1) = ¢®*( has an algebraic
singularity of order —o at z. = 1/0; by singularity analysis therefore

_ 1
C, ~ —(n—1)——cfn ¢
n (l’l )alr(—a) XL 9
Cy 1 O
= ~ —(14+0(n , for large n.
S (o) :

Summing (34) over &,

Cpht1 = (nOtz—i— 1)6,1 — o <6n>,
Ca 1 12" 0K (2,1 C,
G L gy ="K @D (G
Crt1 N n! [Zn] Kw (z, 1) Cy

Multiplying (35) by k and summing over k yield E (KZ) ~ (14 1/0y) /oy ; hence 6% (K,) ~ 1/ 0y ~
E(K,).
By the Lagrange inversion formula, we have

[Kw(z1) = — [ (2)"

(a.xb)

n—1>

S|I=3|=

where a,, = 1/m! and
b =["g(2)" = ["](1—ayz) "%V = g’ [n(1 - at)],, /m!.
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Proposition 1 (condensed phase). If g(z) = (1— Oclz)f(‘h/a‘*l) with op > a1 >0, 0 < o0 1=
oy/ax <1, then K, has a Poisson limit-law with mean 1/ as n — oo. It corresponds to the
distribution

=, k=0,...,n,

of the normalized weight of unordered forests with n labeled atoms and k increasing ordered trees,
resulting from a random uniform choice of a configuration proportional to its weight.

Remark: (35) is the weighted tree extension of (29) and (31) obtained, respectively, when
op=1>0;=0and op =2 >0y =1. When o — 0, K,, diverges logarithmically, with both E (K,)
and 62 (K,) ~ aplogn.

- Finally, we mention a random version of increasing trees. With m >0, w:= (wp, =mm, >0, b > 0),
where (7m,) is a probability sequence (Y507 = 1), @y (z) is the e.g.f. of the total progeny of
a Galton-Watson increasing tree with branching mechanism g(z) = Y, myz" and parameter m.
If the total progeny is finite with probability (w.p.) 1, Py (1) =1 and P, (1) =m is the mean
number of its nodes, fixing m = [ ! d ,

The numbers W, /n! = [7"]| Py (z ) m" Zrn | § fa JIZ" @) /n! are then the probabilities of a progeny
with size n. The e.g.f. @y (z) solves

m

1 (%@ d7 1
:%/0 ) = P (P,

By Lagrange inversion formula,

M 2] Dy (2) = " (n— 1)1 [ <P§2)> W,

With z, =sup(z > 0: g(z) <o) € [1,00], the convergence radius of Py (z) is

1 /= d
Zc:sup(z>0:d>w(z)<oo):%/ 72,

Lo
m o) 8 ()
> 1. If so, Py (1) < and Py (z) is a g.f. candidate. It is

a defective p.g.f. only if m < fo 277 because then p := Py (1) <1 (in view of 1 =1 [ =) g‘g)

with Py (z.) = z. owing to

Assuming m < [ g 7

): the model is supercritical, havmg p as its extinction probability. The total progeny is finite
only w.p. p and @, (1) =mg(p) is the mean number of its nodes on the extinction set. Fixing
the parameter m to its critical upper value m. = [y ﬁj) entails @y (1) =1, D (1) =m. > 1.
The size of the corresponding tree is then finite w.p. 1, with mean value m.. Note that if
m=1<m,= fol %, then @y (1) < 1 for all p.g.f’s g.

When m = m,, the e.g.f. ®y(z) is proper. It admits a closed form integrable expression in
the following cases (respectively, binomial, Poisson, and negative-binomial):
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8 = (m+ma)' ;s du(e) = ((1-2/z) 4V =1), 2 =1/ (1-5"),

9|

gl = e 179 @ (z) = —llllog(l —2/2¢)y 2 =1/ (1 _e*#) ’

glz) = ( 9 )6;cbw(z):1(1—(1—z/zc)1/(9+”), zc:1/<1—q9+1).

1—pz p

With o, A € (0,1), suppose g (z) =1 -2 (1 —z)* withw, =aA [l —a], ,/b!,b>1andz.=1 (a

Sibuya branching mechanism with infinite mean p). In that case, z. = l 01 g‘le) =1 - k>0 1&% < oo,

with z. > 1 1fandonly1fm<f0 dz y = e When m=m, > 1, z. =1 andCD (1) = 1. There is no
major impact of the mean Value ,u Of the branching mechanism on the extinction possibility of
the increasing tree.
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