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Abstract

In this paper, we explore the numerical analysis of the microscale heat
equation. We present the characteristics of numerical solutions obtained
through both semi- and fully-discrete linear finite element methods. We
establish a priori estimates and error bounds for both semi-discrete and
fully-discrete finite element approximations. Additionally, the existence
and uniqueness of the semi-discrete and fully-discrete finite element ap-
proximations have been confirmed. The study explores error bounds in
various spaces, comparing the semi-discrete to the exact solutions, the semi-

discrete against the fully-discrete solutions, and the fully-discrete solutions
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797 Finite element analysis for microscale heat equation with Neumann ...

with the exact ones. A practical algorithm is introduced to address the sys-
tem emerging from the fully-discrete finite element approximation at every
time step. Additionally, the paper presents numerical error calculations to

further demonstrate and validate the results.

AMS subject classifications (2020): Primary 65M60; Secondary 65M12, 35D30.

Keywords: Finite element; Microscale heat equation; Convergence; Weak

solution.

1 Introduction

The microscale heat transport equation holds significance as a crucial model
in microtechnology. Diverging from the classical heat diffusion model, mi-
croscale heat transport incorporates temperature derivatives of second and
third order concerning time and space, introducing a more intricate represen-
tation of heat transfer dynamics at the microscale. The equation governing
the microscale heat transport, capturing the thermal characteristics of thin

films and other microstructures, is expressed as follows: [32]:

1 .
a(% + ’Yq’Ytt) = ’)/qArYt + A’Y + S, n % X [07 §R}7 (1)
% —0, on 9% x [0,%), 2)
7('a 0) = ’Y?a ’Yt()o) = ryg in %7 (3)

where S is an open bounded domain in R™ (n = 1,2, 3), v is the temperature,
a and 4 are positive constants. Here « is the thermal diffusivity. Also, v4’s
represent the time lag of the heat flux and the temperature gradient [31].
The microscale heat transport equation serves as a mathematical repre-
sentation to elucidate heat transfer phenomena occurring at extremely small
scales, predominantly in micro- and nanoscale systems. This equation holds
significance as a foundational tool in the realm of microscale heat transfer,
finding applications in diverse areas such as the phonon-electron interaction
model [25], the single energy equation [27, 28], the phonon scattering model
[20], the phonon radiative transfer model [21], and the lagging behavior model
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[27, 26]. These models can be effectively described and analyzed using the

microscale heat transport equation.

A limited number of researchers have addressed the numerical solution of
the one-dimensional microscale heat transport equation. Qui and Tien [24]
employed the Crank—Nicolson technique to solve the phonon-electron interac-
tion model. Joshi and Majumdar [21] utilized an explicit upstream difference
method to address the phonon radiative transfer model in a one-dimensional
medium. Zhang and Zhao [31] tackled the one-dimensional microscale heat
transport equation using a fourth-order compact scheme, demonstrating its
unconditional stability. In their works [33, 32], they extended their approach
to solving the two- and three-dimensional microscale heat transport equations
with second-order accuracy in both time and space. Additionally, a compact
finite difference scheme with fourth-order spatial accuracy and second-order
temporal accuracy for the three-dimensional microscale heat transport equa-

tion was developed by Harfash [11].

Recently, a compact difference scheme for the microscale heat transport
equation was formulated in [6]. This scheme demonstrated superior precision
compared to a previously suggested method, offering higher-order accuracy.
The study established the unconditional stability and convergence of the
developed compact difference scheme. In the work presented in [22], the ap-
plication of the localized radial basis function partition of the unity method
has been investigated for solving the microscale heat transport equation.
The proposed algorithm involves a two-phase discretization of the unknown
solution. In the study documented in [1], the focus was on developing a
novel meshless numerical approach for solving the heat transport equation.
To achieve this objective, the Crank—Nicolson finite difference method was
employed to discretize the time derivative. The time-discrete scheme’s un-
conditional stability and convergence were subsequently verified through an

energy method.

It is worth noting that all previous numerical studies to solve the mi-
croscale heat transport equation were not concerned with performing theo-
retical analysis of the numerical solutions in terms of studying the solution
spaces and the convergence of the numerical solution to the analytical solu-

tion. Also, the study of error in previous studies was incomplete due to the
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failure to specify the numerical solution spaces. In this study, the system
will be approximated by the finite element method for space and the finite
difference method for time. A comprehensive study of the numerical solution
will be conducted. The study includes finding the spaces of the numerical
solution and studying the error. In addition, we perform the convergence
analysis of the approximate weak form to the continuous weak form. Many
recent studies have involved the use of the finite element method to solve
various problems [5, 29, 23, 4, 10, 30].

To address our approaches, we see that under the transformation ¢ =
¥ + Yq7Vt, the system (1)—(3) becomes as follows:
(A) Find {7, ¢} such that

é&ﬂ/} = Ay +s, in & x [0, %], (4)

/ant’y = w -7, in § x [07 %]7 (5)

oy ~

7 0, on 0% x [0, R, (6)
v(-,0) =17, P(-0) =7 + 7478 = ¢, in & (7)

Next, we introduce a weak formulation of the system (4) and (5) in the
following form:
(A) Find 9(x,t),v(x,t) € HY(S) such that ¥(x,0) = 9°(x),v(x,0) = 7?(x)
and for a.e. t € (0,R) and for all T € H*(S),

é(atw, T) + (Vab, VT) = s(1, 1), mnSx[0,R, (8)

Y407, 1) + (7, 1) = (¥, 7), in & x [0, %] (9)

This passage outlines the structure of the paper. Section 2 is dedicated
to defining the notation used throughout this study. In section 3, the semi-
discrete approximation of Problem (A) is discussed, with subsection 3.1 fo-
cusing on global existence and subsection 3.2 on uniqueness. Subsection 3.3
presents the error bounds associated with the semi-discrete approximation.
The fully-discrete finite element approximation of the Problem (A) is covered
in section 4, where stability bounds are also derived. The following subsec-
tions, 4.1, 4.2, and 4.3, analyze the existence, uniqueness, and convergence

of the solution, respectively, and subsection 4.4 examines the error estimates
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for the fully-discrete approximation. Lastly, section 5 describes a numerical
algorithm for implementing the fully-discrete approximation of the Problem

(A), including calculations of numerical errors.

2 Finite element spaces and associated results

Consider the finite element space S™, which is a subset of H*(S), defined by
St .= {e € C(Q) : ¢, is linear for all 7 € T"}.

The set {x; }}’:1 represents the standard basis functions for S®, which adhere
to the property that ;(s;) = 65 for all i,j =1,...,J. Here, N := {¢;}/_,
denotes the collection of nodes corresponding to the partition 7”. Addition-

ally, we introduce
Shyi={eeShie(g)>0,5=1,...,J}

CHéO ={ec H(Y):£>0a.e. €3}

The operator II" : C(J) — S™ represents the Lagrange interpolation opera-
tor, which can also be referred to as the piecewise linear interpolant. This

operator ensures that
"e(s;) == e(s;), for j=1,...,J.

Furthermore, we introduce a discrete L? inner (or semi-inner) product on

ShC()) as
(o) i= [ W(ulol)ds =Y 30 ui)ofs), (10)

where ]\/ij = (kj,/;)" = (1,k;) > 0. By observing (10), it is straightforward

to confirm that
(e1,60)" = (T"ey,e9)" = (M"ey, M"ex)"  for all £1,65 € O(S).

In the context of the finite element space S”, several established results are

notable. The induced discrete semi-norm on C(J) and the norm on S* are
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both represented by |- |, which is defined by the expression [(-,-)"]'/2. Tt has
been proven that the semi-norm | - |, is equivalent to the norm || - ||o, which

is defined as [(-,-)]'/2. This relationship can be described as
19I5 < 917 < (C+ 21915 for all ¥ € S (11)

The Poincaré inequality, given that % is sufficiently small, can be expressed

in the following form:

(¢, OM)7 = 1¢ln < Co(ICh +1(¢, V™). (12)

We define, for any A(z) € S”, that

k

N = (f I o)t = (D ATA@)F if 0<¢ <,
S i=0
and
h - R : _
Nlng = max. [A(z;)" if (=oo

We now revisit some well-established results concerning the space S™ un-
der the assumption that 7" forms a quasi-uniform partitioning: For any
TeTh €S 1<p,q<ooandm,le{0,1} with I < m, we have

l—m-+¢ min

(Ovlfl)
€llm.p,7 77 < Cloo Tl g s

[{P==))

where the abbreviation “7” means “with” or “without” 7. The inequality

’ as docu-

stated above is commonly referred to as “the inverse inequality, ’
mented in . 75-771[9]. Additionally, it remains valid when replacing || - ||

with | - |, as indicated in . 140-1421[7].

For future reference, we introduce the subsequent inverse inequalities,

derived from the quasi-uniform condition as outlined in of [7, Theorem 3.2.6],

—1
|€]1,p,7r» < Chirs

5'0,1),”7’”7 1 S p S o0,

,z(l,l)
|£‘m,p,”7’” S Ch”-,-” o |€|m,q,”‘r”7 1 S q S p S o0, mc {07 1}

We also need the following interpolation results for every £ € W1#(J), where

s€[2,00]if =1, and s € (£,00] if ¢ is either 2 or 3:
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Hashim and Harfash 802

|(I - Hh)f‘m,s S Chlim|£‘1787 m € {0’ 1}7 (13)

lim |(7 — ")l = 0, (14)
h—0

(see [9, Theorem 1.103 and Corollary 1.110], respectively). We also bring to
mind the following useful result (e.g., [8]): For any &;,& € S, we have

‘(51752) - (51752)h‘ < Oh1+m‘§1|m,n1|§2|l,nza (15)

for m € {0,1} and 1 < nq,ny < oo with n%Jrn%:L
We can conveniently introduce the “inverse Laplacian Green’s operator”
denoted as G : (HY(SJ))" — HY(S) such that

(ngu)l, V’lu}g) = <171,’52> for all 172 € HI(S),

where (-,-) denotes the duality pairing between (H'(3)) and H'(S) such
that
(h,v) = (h,0) forall hec L*S) and ¢ € H (). (16)

3 A semi-discrete approximation

We define the following semi-discrete approximation of the system (4)—(7):
(A™) Find {y", 4"} € S™ x S™ such that for a.e. t € (0, R)

ol

$<W7Th>’i + (V" VI = (1,1 forall TP e ST (17)
375 I h o~k h o~k h h
fyq(ﬁ7’r)+(»y”f):(q/;,’1‘) for all Y™ € S™, (18)

7" (x,0) = Py (x). (19)

3.1 Global existence

Theorem 1. Suppose that & C R? (with d < 3) is an open, bounded,
convex domain. Let 40 € H'(S). Then, the system (17)—(19) admits a

solution 1™, 4" that satisfies
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Yo" € L0, H () N L0, R; L*(3)) N L*(0,R; H () N L2 (Sw),

fﬁezﬂmﬂ%H%s»mmeﬂtL%%»mLm&mx

Proof. Selecting Y" = 9" in (17) and T" = 4" in (18), we obtain

1 oy

Ly (T, Tt = s(L 0 (20)
1A + (3 ) = (A, 1)

Now, by utilizing (20) and (21), we derive the following result:

I+ 2L B I BV = [ 0@ ks [ 10,

20 dt 2 dt

Through the application of Young’s inequality, Holder’s inequality, and (11),
it can be established that

5| 31"+ 2l 8] + 118 + 190 < € 19718 + 0718 + C(31.

sc@w@+mhﬂ+mmm»

By applying the Gronwall lemma and integrating equation (21) over the time

interval (0,R), we obtain

Lo Ya .k " h " 1D
2 VMO - R @I [ R [ vt
0 0

1
< 5[ O] + L )3 + C (131, 5). (22)

From (22), it follows that

19" | Lo (0, 522(3)) < C, 19" | Lo 0,522 (3)) < C
" ||L2(%‘§n) <O [ YMlzeomem () < C. (23)
Now, by choosing Y = 2 in (17), we have
1, oyt o

| B h h
LIz + eIV = 51, 2y
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Through the application of Holder and Young’s inequalities, we can state

that
1, ot ,

20 %o ot
Integrating both sides of (24) from 0 to ¢ results in

I3+ 5 IV8 3 < OG5, 11, 0). (24)

oo,

1513 dt + SI99" TR < IV O + O 3L,a).  (25)

From (25) and considering the assumptions that ¥° € H1(3J), it can be
concluded that

" B
=g 2@y < € 197 20 m (o)) < C- (26)
Now, by choosing Y = 22~ in (18), we obtain that
o
A A
1l 208 + 18 < (w2, (27)

Through the application of Young’s inequality, we can express that

.
eyLcely I3 < ool (28)

Integrating (28) over (0, 1) and utilizing (28), along with the observation that
L>(0,R, L3(3)) — L%(Sg), we deduce that

|| IIOdt+f||v R < 3]0 )”0"’7/ W[ dt. (29)

From (29) and considering the assumptions that 7 € H(S), it can be
concluded that

|| ||L2 W <O [ lr=(em < C.

Now, by setting T" = A’yh in (18), it follows that
20 L1993+ 1943 = (T4, )

By applying Young’s inequality, we arrive at the conclusion that

1
5 dtllvv I5 + *IIVV"’H% < 5IVe" 5. (30)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832
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When integrating both sides of (30) from 0 to ¢, the result is

R R
MWWWM+A\NW%ﬁSAIWW%ﬁ+MWW@%~ (31)

From (23) and (31), considering the assumptions that 7Y € H'(S), it can be
concluded that

9" Lo 0,013 < Cs 17"l L20,90m1 (3)) < C.

3.2 Uniqueness

Let %, 9% and 47, +L represent two sets of solutions from the semi-discrete
approximations given by (17) and (18), respectively. By defining " =
Y — B and 4" = 47 — 4% and subsequently subtracting the semi-discrete

approximations (3"), we obtain the following result:

1 3¢h h\h h hy __
and o
(T T + (10 = 1. (33)

By selecting Y" = ax" for (32) and Y = %’yﬁ for (33), respectively, we
deduce the that p
TP+ oy =0, (34)

and
@
2dt

From (34) and (35), it follows that

1 1
Y13+ =IIV"1I5 = —@",2™). (35)
Yq Yq

d h2 h2 1 h2 1 h . h
Yo + 1T + =" lls = —@",7").
5 17 o+l %II 15 %( )

d  n2
Tdtwj n+
Applying Young’s inequality along with (11), we deduce that

a

1 1 1
B2 B2 B2 0 2 0B2 < 2 bR I 2 (A2
5 1" s+ 17" o] + ol |1+qu|7 6 < 2Vqllib 6 + 2Vqllv 115

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832
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1 1
< oM+ 5= IV 5-
274 274
The application of Gronwall’s lemma leads to the conclusion as

R R
1
P2 + R+ a / WP + - / I 2dt < SRR O)2 + [ O],

q

Therefore, if 7(0) = 5 (0) and 47 (0) = 75(0), then we can deduce the
uniqueness of the solutions such that 17 (t) = 5 (t) and v} (t) = 7% (¢) for all
t.

3.3 Error estimate

Theorem 2. Assuming that the conditions of Theorem 1 are met and given

191 220,952 (3)) < C, (36)

then the solution {¢, v} adheres to the specified error constraints

llewll Lo 0,3 02(3)) F eyl e 0,522 () + €l 20,281 (3)) Flley 2 aw) < CHZ,

(37)
where
ey = =", ey =y -7 (38)
Proof. To begin with, we establish the following definitions:
6$ = dj - Hﬁ% 6,}4 =79- Hﬁ’% (39)
ey ="y — g, el =Ty — A" (40)
From (38)—(40), we have that
eZ =€y — eﬁ, ez =e, - eﬁ;‘. (41)

By applying (40) and (38)—(40), it is straightforward to determine that
legillo < CR*[ll2,  lleslo < CR2[l]l2,

eyl < CRllglla,  lefts < Chillyllo, (42)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832
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el < CRllpll2, el < Chillylla,
lefllo < llegllo + CRZ|[lla, Il < lleyllo + CA?[lll2,
lelil1 < legl + CRllYll2,  [el]1 < les]1 + CHl|2,
el < lewllo + lewl + Chllplla,  [le2ll < lleyllo + leyls + Chlv]l2. (43)

Subtracting (8) and (9) from (17) and (18), respectively, and choosing T =
T" yields that

(00, ) — (9", 1) + a(Vey, VT) = 0, (44)
and
@%n—@wxﬁ+$m1»4%mm=§«mn—w%n%ua

Selecting T = e?p in (44) and T = eg in (45) results in
(at'(/)a 62) - (8t'(/)h7 eZ)h + a(V6¢, VGZ) = Ov (46>
and

L ((nel) — (7, eh)] =

Oy, €5) — (0", €}) + — (¥, €]) = (", el)]. (47)

1
Yq
By employing (41) and adding and subtracting the terms (9;¢",el}) and
(07", €l) to (46), as well as the terms (v",el!) and (", el) to (47), it can
be deduced that

(Orey, eﬁ) +{(8tz/Jh, eZ) — (8twﬁ, eﬁ)h}—l—a(Vew, Vey) = a(Vey, Ve;z), (48)
and

@%&»4awx$+jum&wwﬁﬁm:

1
— —[(@W,el) — (", e)]. (49)
q Yq
From (48) and (49), it can be observed that

d

d 2 2 2 1 2
saivI3 + sggllealls + aleof? + lles

< a(Vey, Vey) + (0", €)" — (99", ef)] + qu[(w, e}) — (¥", €5)](50)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832
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We bound each term on the right-hand side of (50) separately. Initially, by
employing Cauchy—Schwarz and Young inequalities, along with (42), it can
be inferred that

a(Vey, Vep) < Tlewld + OB [wl3. (51)

By applying (15), Young’s inequality, and (43), it can be established that
1 «a
(D", €)= (00", €l))] < Ch2||5t¢h||(2)+§||6w||3+Z|€w|;f+0h2ll¢||3~ (52)
By employing (40), Young’s inequality, and (43), we determine that

1 1 1
;[(w,ei) — ") = 7(62763) < Slleills + Clief g (53)
q q

By inserting equations (51)—(53) into (50), it can be deduced that
d o 1
ool + llex B+ Sleo + ller 3
< Clleyll§ + Clleslls + CR*[[0:¢" I3 + CR|| 3. (54)

Multiplying (54) by 2 and applying Grénwall’s lemma, we obtain that

e e
2
wwm%+wwm%+a/|%@ﬁ+—/“wmwt
0 Yq Jo
< R [le (0)[12 + llex (O3] + R CH2|DM | 2 )
+ CR? 1Y 20,30, 12(3)))- (55)

In order to bound the right-hand side of (55), initially, we observe from (54)
and taking into account that ¢°,v) € H!, yielding that

lew(0)]15 = [[v° — "5 < CR*YO < CR?,

and
lex (0I5 = [Iv7 — P 1ls < Ch?H) < Ch2.

Additionally, based on Theorem 1, the remaining terms on the right-hand
side of (55) are bounded. Consequently, we ultimately obtain that

lley | Lo (0,522 (s)) F eyl oo (0,22 (3)) Fllewl 2 0,011 () Flley | L2 (s) < Ch?.

O

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832
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4 A fully-discrete approximation

Suppose that NV is a positive integer, and let At := % represent the time
step. We investigate the following fully-discrete finite element approximation
of the system (1)—(7):

(AMAt) For n > 1 find {¥", T} € [S"]? such that for all T € S”

L gn —grt " n . .
—|——, T ) +(V¥", VY)=5(1,7) forall Y € S", (56)
o At
I n n h
Yq T,T +I", T)=(v", T) forall Y € S",  (57)

WO = Phy, 9 =Py,

Theorem 3. Suppose ¥°, 79 € L?(S) with [°(+)] < 1 almost everywhere in

S and ' € HY(S) N L?(S). Then, for all At < Zﬁij} where 6 € (0,1), the

problem (A™2%) has a solution W™, T™, n =1,..., N, satisfying that

max

m=1 N[

geuay

m N
1977 + [IVE™ G + [T 7]+ Y ALV |5+ D AtT||7
n=1 n=1

+ T = TR V(@ - e T TR < C
n=1
Proof. Selecting T = aAt¥U™ and T = %F" in (56) and (57), respectively,

we derive that

(\I/n o \IJTLfl’ \Ijn)h +01At(v\1’n, V\I/n) _ O[AtS(].,\Iln)h, (58)
A A

(™ -1t ) + —t(l‘”, ") = —t(\I/", rm). (59)
Ve Yq

By inserting (58) into (59), we find that
At

(\I,n _ \I/n_l, \I/n)h + (Fn _ Fn—l7 Fn) + —(F”, Fn) +aAt(V\IJ", V\Ifn)
Ya
= aAts(1, ") + gr"(\If", ),
Ya

(60)

Utilizing the subsequent straightforward identity,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832
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2(r —y)=a>—y* +(x—y)* foralz,ycR, (61)
Holder and Young’s inequalities, and (59)—(60), we find that

]' n n n n—
[1—At(7+a8)]\|‘1f I+ "7 + e — w7
q

At
+ [T = T HE 4 2048 VE[F + TIF”I%
q

<N HE + 1T I + C s, At a, [S]).

Subsequently, it can be concluded that

1+ avygs

[1— Ay ™ [I7 + T 7] + e — e =17

q

At
0" =T + 2048 VO § + ,TIF"I?L
q

<R + NPT + Cs, At a, [9]). (62)

Since U™, I >0, At< Aﬁ(i;f), thus we have § < 1 — At(%). Then

we can find that

14+avygs
1 =1+ At(Tq) n At(1 + arygs)
1+avygs 1+avygsy — 2]
1_At(,‘/7) 1 _At(T) ’Y‘]

q

It is deduced from (62) that

1™ + IT"7 + 204t VP II3+7||r 7 + 1™ = @ = HJ7 + [T =T
q

1
< \I,nfl 2_|_ anl 2+C
< —1—At(1+jw)[” 7 + I 7 + €]
At(1 4+ ary,s)

“qu

IN

1+ [ =HE + I~ Hi7 + Cl.

Summing the given equation over n = 1,...,m for m < N and incorporating

assumptions about initial conditions, lead to

m N
1
T2 4 |IT™|2] + 2 AL[VI?Z2 + = " A2
mf%‘??_’,‘,N[” % + 1T I5] + a§ v Ho+7q§ 18
n=1 n=1
R(14+aygs

m ( )
F3 M e T T < e et U2+ IO+ C) < C

n=1

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832



811 Finite element analysis for microscale heat equation with Neumann ...
n n—1
Opting for T = a¥=2— in (56), we deduce that

gn — \Ifn_l
|T i(l,\lln _ q/n—l)h.

b *(V‘I’" V(- = &

At

Utilizing Holder and Young’s inequalities, along with (61), we obtain that

o — gt n n n— o n—
—Qx In+ S |VY i+ t\V(‘I’ S A VY HE+C (AL (3], s).
Summing the aforementioned equation over n = 1,...,m, where m < N and

employing assumptions regarding initial conditions, result in

m —1

max [[VE Z e R LA )

< %|w°|ﬁ +O(AL ]3], 5,0) < C.

4.1 Existence of the approximation

Following the methodology similar to what is described in [12, 13, 14, 15, 18,
16, 19, 2, 17, 3], we introduce the functions as follows: A, : S* x S* — S"
and A, : ST x §" — S™ such that for all T € S™, we have

(Ap(T,T), 1) = (¥ - 0" )" L aAH(VE, VT) — saAt(l, T), (63)

(A,(¥,T), T) = (T -T""1 1)+ g(F T) - g(\If ),  (64)

Ya Ya
respectively. We initially observe that the continuous piecewise linear func-
tions A, and A, are distinctly determinable based on their values at the
nodal points A*. This uniqueness becomes evident when we set T = Kj,
where j =0,...,J, in (63) and (64). Subsequently, we derive solvable square

matrix systems as follows:

MA,(U,T) = Sy, MA,(¥,T) = Sy,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832



Hashim and Harfash 812

where M is the lumped mass matrix introduced and S; and S are given
vectors in terms of the nodal values of ¥, T, ¥"~1 and I'"~!. Thus, the

functions A, and A, are well defined.

By considering (63) and (64), the problem (A™%) can be reformulated
as
For given {W°, T} € §7 x S* find {¥" T} € S" x S* n > 1 such that

Ap(U,T) =0, A, (¥,T)=0.

Lemma 1. For any given R > 0, the functions Ay : [S"]2R — S" and

A, : [S"% — S exhibit continuity in the following manner

[SM% = {{TI,TQ} € S"x 8™ T2 (T2l < RQ}.

Proof. Consider Wy,T, ¥y, 'y € [S*]2. From (63), for all T € S*, we have

(Ap (U, Ty) — Ay (Tg, Ty), 1) = (T — Ty, 1) +aAL(VE; — VT,, V).

(65)
Choosing T = Ag(V1,T1) — Ay (P9, T'2) in (65) yields on noting the Cauchy—
Schwarz inequality, and (11), that

[Ap(W1,T1) = Ap(W2, To)[2 = (U1 — Wa, A,(V1,T1) — Ay(¥s,T2))"
+ Ata(VI — VU, V(Ay(T1,T1) — Ay (T2,T9)))
< Wy — U |p]| Ay (P, T1) — Ay (Va,Talp
+ Ata|¥q — Ual1|Ay(Tq,T1) — Ay (P2, Ty
< Wy — Waln|Ay (P, 1) — Ay (Pa, afs
+ Ch M Ata[| Ty — Ualp| Ay (1, Ty) — Ay (Ta, Tals]
+ (1+ Ch'ALQ)[| Ty — Uo ] Ay (1, T1) — Ay (T2, Tals). (66)

Based on (66), it follows that
|Ay (U1, T1) — Ap(Va, To)|n < C(RY, AL, a)|T; — Uy,

From (64), we deduce for all T € S” that
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At At
(Au (W1, 1) =Ay (U2, T2),T) = (D1 =T, T)+—(T1=T'2, T)——

Vq Yq

(¥1—0,5, T).

(67)
By defining T = A, (¥¢,I1) — Ay (¥3,T'2) and utilizing the Cauchy-Schwarz
inequality along with (11), we obtain

A, (U1, Tr) — A, (P2, T2)I3

At
<1+ 7)||F1 —Tallol[ Ay (W1, T1) — Ay (P2, T2) o

q

At
+ 11 = allol Ay (91, 1) — Ay (3, ) lo-
q

By employing (11), it follows that

| Ay (W1,T1) — Ay (U2, T3)[7 <CITy — Dofs|A, (1, T1) — Ay (Vs, D)5
+ Oy — oAy (W, Ty) — A (P2, T2) 5.

Hence, we can conclude that
|Ay (W1, 1) = Ay (W2, To) [ < O[Ty = Tafn + [¥1 — Wofs].  (68)

The outcomes (67) and (68) demonstrate that A, and A, respectively, are

Lipschitz continuous. O

Theorem 4. Let {¥"~1 "1} € S x S* be given solution to the (n —1)th
step of (A"A?) for some n = 1,2,...,N. Then, for all h > 0, and for all
At < Hz%? there exists a solution {¥", I} € [S*]% to the nth step of
(Ah,At).

Proof. By way of contradiction, assume that for R > 0, there is no " I'" €
St x S" such that A,(¥,I') = A,(¥,I') = 0. Noting the continuity of
Ay(P,T) and A,(¥,T) on [S"2R, we define the continuous function B :
[S"2R — [SM)% as

B(\Ilv P) = (BU)(\I}a F)v B’Y(\Ilv F))’

where By (¥,I") and B, (¥,I") are given by
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B “RA(T,T)

Bw(\I/,F) = \(Aw(‘l’ F),A,\,(‘I’,F)HSFLXS”’ (69)
B, (U,T) := R )

T (A (W,T), A (W,T)) [gnegn

where (-, -)[(gn]z, is the standard norm on [S™)% defined by

Shxsh = Z|X| 2,

Observing the continuity of A, and A,, as indicated in Lemma 1, we can

|(X17X2

deduce that the function B is continuous. Therefore, considering that [S"]?>R
is a convex and compact subset of S™ x S”, Schauder’s theorem implies the

existence of W, T" € [S"]2R as a fixed point of B, i.e.,
B(U,T") = (By(¥,I'),B,(L,T) = (¥,I).
Additionally, we observe from (69) that the fixed point ¥, T satisfies
[P + TN = B (¥, D)3 + By (T, D)[7 = (¥,T) = R*. (70)

To establish a contradiction for R sufficiently large, we select T = ¥ in (63)
and T =T in (64), leading to the determination that

(Ay(T,T), )" = (T - "1 0" 4+ aAHVT, V) — saAt(l, )" (71)
At At

(A,(.1), )= (- 1)+ S0 1) = 2 n). (1)

By merging (71) and (72) and considering (61), (11), as well as Holder and

Young’s inequalities, we obtain, for R sufficiently large, that

(Aw(\p?F)’ \Il)h + (A¢(\II7F)’ F)h
= (U —0"1 U (0 -7 D) 4 aAL(VE, V)

At At
+ — ([, T') — saAt(l, ¥) — — (¥, T)
Yq 711
1
> S|Pl + *|‘1’" A *||‘I’||0 *HF"_1|\(2)+04N|‘1’|§

At
+—IITlI3 - 72 ||‘1’||o — saAt|V[}
Vq
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815 Finite element analysis for microscale heat equation with Neumann ...
1 1 _ 1 1 _
> |7 + " 7+ §|F\% + 50" Y2 4+ aAt V)]

At At
+ —[C[} = o—|V[; — saAt|P[}
Vq 274

1 At 1 At 1 1
> (2 - /- At \112 - - FQ At\IIQ *\I/n_12 711”—12
2 (3 2y % )| |n+(2+%)| [+ oAt T[7 + S h+5I0" s
1 At 1 At
> min{(= — — — saAt), (= + —)}R? + aAt|V|? + C(v" L Tt
(5=, 508, (5 + ) [ + O )
> 0. (73)

Observing that ¥, I is a fixed point of the function B, and taking into account
(69) and (73), it follows, for R sufficiently large, that

R[(Aw(q]’ F)? \I/)h + (A’Y(\I,, F)’ F)]
|(A¢(\II7F)’A’Y(\IjvrﬂsﬁxsE

(U, O)" + (T, T) = — <0. (74)
It comes from (70) that
(W, )" 4 (T, T) = [0 + D)2 > O + D) > B > o,

which contradicts (74). The contradiction establishes the existence of
U T e S x S" such that Ay (", I") = A, (¥", ™) = 0. In other words,

it confirms the existence of a solution U™, I' for the nth step of (A2%). O

4.2 Uniqueness of approximation

By selecting T = ¥ = ¥ — 02 in (56) and T =T =T} —T'} in (57), and
subsequently subtracting the corresponding fully-discrete approximations for

both ¥ and I, we arrive at the following equations:

1
~a (¥ ) (VE, V) =0, (75)
Vq -
A LD+ (@) = (1), (76)

Multiplying equation (75) by Ata and combining this result with equation
(76) results in

5
W[5 + Ata] U[F + JE[IT[§ + IT§ = (2, T). (77)
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By using Young’s inequality and (11), we have
1 8l
P2 +-L|T)3 < 0.
S0+ 2y <

This leads to the conclusion that U} = ¥% and I't —I'} for all n > 1, as

needed.

4.3 Existence of weak solution

Firstly, let us introduce the following definitions:

W(t) = (%)w + (t”A_t Dot et =1, (78)
T(t) = (%)Pn n (t”A’t Bl e ftaait] n>1, (79)

and
() =", U ()= te (tho1,tn], n>1, (80)
IH(t):=T" T (t):=T""' te€(ty_1,tn), n>1 (81)

Considering (78), (79), along with (80) and (81), we derive that

R e S A R R

ot At th—t  t—tn 1

tE (taorstn)  n>1, (82)

or rt-r- rt-r r-I-
ot At t,—t  t—ty_q

Leveraging the aforementioned information, we can reformulate the problem

te (ty1,ty) n>1. (83)

(A™A%) in the following manner:

R o R R
/ (—, X)ﬁdt+a/ (VI*, VX) dt:as/ (1, X)" dt, (84)
o Ot 0 0
R R R
or 1 1
—,th+—/ r*,th:—/ Ut X)dt. 85
|G e ot xa= = ot x) (55)

Theorem 5. Assuming that the conditions of Theorem 3 are met, there

exists a subsequence of U* T'* that solves (84) and (85) as i — 0 such that

U, 0F =) and  T,IF =4 in L0, R; L3(Q)),  (86)
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817 Finite element analysis for microscale heat equation with Neumann ...
U0 = in L0, % HY(S)),
U0t o in L20,%; HY(Q)), (87)

I,T% =~  in L*(Sy)
ov 9y or oy

= 27 i 2(
5 5t and 5% g L= (Sw). (88)

Proof. The aforementioned convergence results stem from the bounds pro-
vided in (58), taking into account that the spaces L?(0,R; H(J)) and L?(Sx)
are reflexive Banach spaces. Additionally, the spaces L*(0,%; H(S))
and L°°(0,%R; L?(S)) serve as the dual spaces of L(0,%;(H(J))) and
LY(0,%; L?(S)), respectively. While these dual spaces are separable Banach

spaces, they are not reflexive. O

Theorem 6. Assuming that the conditions of Theorem 5 are satisfied, the
functions ¥, T" constitute a global weak solution in the following sense, for all
T e L2(0,R; HY(S)):

R o 3 " — " h

/0(57 T) dt+a/0 (Ve VT)dt—as/o (1, T)*dt, (89)
T orVdr+ — T)dt = — 1) dt. 90

|G~ [ == [Fw T (90)

Proof. If we substitute X = II"Y into (84), then we obtain that
R oy R R
/ (55 )" dt+a/ (VU VII'Y) dt = as/ (1, )" dt.
0 0 0

For any T € L2(0,%; HY(S)) and T € H(0, R; H'(S)), we have
R R h
OV hmh g OV e ) (Y ey F
/0(8t’HT)dt7/0 [(at,H(T T)) <8t,H(T T)||dt
R h
ov  _,~ ov .~
(G ) - (G w) e
+/§R ov (T — )Y ) dt
o \ot’
R
ov
s [ (G T)a
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=K1+ Ko+ K13+ K4

(91)
Utilizing (15), (13), (14), Holder’s inequality, and (58), provides that
v b0
= (3w ) (2w o)
=] [ (G -T) - (G mer -1
o bo(ov
< mr-)) - m(r —1))||dt
< [(at a-1) - (G -0
<on [C1%%), er - T
0
<Ch\| ||L2( T = Tll 20,0001 ()
SChHT_THLQ(O,%;Hl(%)) —0 as h—0. (92)

It can be deduced from (15), (13), (14), Holder’s inequality, and (86) that
o "o(ov
Kol = Y Y
oo = | [7[ (5 %) - (5 7))
R R h Ry
S/ <\Il, o(I1 T)) 3 (\II, oI T))‘dt
0 ot ot
~ ﬁ ~
+ ‘ (W(7§R>7 HhT(7§R>> - (\I,(7 %)anh’r('? %))‘

+‘<x11(-,0), HF‘T(-,O)Y— (\P(-, 0), TI"¥(, 0))‘
(")
d

|1 dt + Ch (-, R)|o T Y (-, R) 1

R
<cn [ wlol
0

+ ChJw (-, 0)[lo[TI" Y (-, 0) |1
< CR||® ||z 0.0:22 () | Tll a1 0,301 (3))

<ChHTHH1 (0,RHL(S) — 0 as h—0. (93)

To analyze the term K, 3, we proceed by utilizing (16), applying Holder’s

inequality, and considering (88), resulting in

R
=[G ar- dt|,|/ " — 1Y) d]

|| 5 ||L2 w [AT* = DY || 20,3311 ()
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819 Finite element analysis for microscale heat equation with Neumann ...
h
< O[T = I)Y | 20,11 (3))- (94)

From (16) and the outcome of weak convergence as stated in (88), it can be
concluded for any T € L2(0, R; H*(3)) that

R Rid Rid
K1’4E/O (%7 T)dt:/o <aa—\f7 T)dt—>/0 (%—f, T)dt as h— 0.
(95)

Combining (91)—(95) and the denseness of H (0, %; H*(S)) in L2(0, R; H1(J))
yields for all T € L2(0,R; H*(J)), that

/0(815 ") dt—>/ 5‘t T)dt as h—0.

By applying Holder’s inequality, considering (14), and taking into account
(87), we obtain the following outcome for any T € L?(0,R; H*(3))

}d R R
/ (VOT, vII" ) dt / (Vot, V(thI)T)dtJr/ (VU VT)dt
0

0 0

< /%(V\Iﬁ, V(HE—I)T)dt—k/%(V\Iﬁ, V’r)dt‘

0 0

s Rid
S/ (VeT, v(I" —I)T)\dt+/ |(VUT, VTY)|dt
0 0

R R

< [wrhart - o¥haes [ ovt vl
0 0

< | L2 o, 11 (3 (T = D) Y] p20,: 11 (3)

®
+/ |(VUF, VY)|dt
0
R
— / (Vyp, VY)dt as h—0.
0
Now, if we set X = II"Y in (85), then we can determine that

R
ar 1
'ty dt+—/ rt, 1) 7/ (T, ")
/0 (8t ) Ya Jo (

For any Y € L?(0,®; H'(3)), it holds that

R R R
O hiyyhgy — o i / or
/0(675’HT) dt_/o <8t’(n I)T)dH— (G x)

=Ko 1+ Kap.
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By employing (16), Holder’s inequality, and taking into account (88), it can
be deduced that

R i
— ai h _ or h
Kaal=| [ (G @ =y = | [ (G ot =) a
0

I
< ||a||L2(%m)||(Hh = DY z2(0,3: 51 (3))
< O™ = DYl 20,058 (3))-

Derived from (16) and the outcome of weak convergence as stated in (88), it
can be concluded for any Y € L%(0,R; H'(S)) that

Rid Ris
/ (87F HET)dt—>/ <@ Y)dt as h— 0.
0 0

Ky o =
2,2 ata ata

)

Now, we have for all T € L*(0,%; H!(S)), that

R R R
/ (T, I )at = / (r+, " — I)T)dt+/ (T, Y)dt := K31+ K3.
0 0 0
(96)
Through the application of the Hélder inequality, considering (13), (58), and

taking into consideration (11), we can establish that
R
Kaal = | [ 0% (0 = 11| < A2y W o
0
< Ch||T||L2(O7§R;H1(<\\$)) — 0 as h—0. (97)

Consolidating (96)—(97) results in the following expression for all T €
L2(0,R; HY(S)):

® R
/ (rt, T)dt%/ (v, T)dt as h —0.
0 0
Similarly to (96), we can show that

R R
/ (U, T)dt%/ (¥, T)dt as h— 0.
0 0

Thus, the proof of (89) and (90) has been completed. O
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4.4 Error estimate of the approximation

Initially, we can rephrase (56) and (57) in the following form:
Find ¥"(-,R),I"(-,R) € H'(0,R; S) such that U° := P40 and I'? := P4?,

h
(%‘f, T) +a(VIT, VT) = as(1,T)" forall Y € S*,  (98)
or 1 1
—, Y )+ —(T", T)=—(Tt, T forall T € S*. (99
<3t ) vq( ) vq( ) (88)

Theorem 7. Assuming the validity of the results from Theorem 2, it follows

that

) — ¥ Lo o,msz2(3)) + 17 = T |l oo, min2(s)) + [1© — O F | 20,910 (3)
—+ ||’}/ — F+||L2(§‘9‘5R) é CAt

Proof. Let

Elzwh_\llv Ef:d)h—‘lﬂr;
Ey=~"-T, T{=~"-T". (100)

Then, based on (100), it follows that

ov
Ef—E =V -0t =(t—t,)—
I 1=V - (t t”)at’
NG
Ef —E =V -V~ =(t— tn,l)%—t, (101)
or
Ef —BEy=T-T"=(t—t,)—
2 2 ( )at7
r
Ey —Ey=T-T"=(t— tn_l)%t. (102)

By employing (100), (101), and (102), we obtain the ensuing set of inequali-
ties:
B |n < |Bafn + |7 — 07, (103)

|Erln < |Ef |n+ [0 — U |p,

|ES |n < [Baln + TF =T |5, (104)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 796-832



Hashim and Harfash 822
|Ba|n < |ES |n 407 =T 5.

Upon substituting Y = X into both (17) and (18) and subsequently sub-
tracting (98) from (17) and (99) from (18), we obtain the following result:

O, 4 N
0 X) ta(VET, VX) =0, (105)
0F, ) 1 1
— X |+ —(Ef, X)=—(Ef, X). 106
(% —(Bf. X) = (B, X) (106
By choosing X = E; in (105) and X = Ej in (106), we reach the following

expressions:

E
(88;, E+> +a(VEL", VEf) =0,

OF5 ) 1
E Ef, EY)= —(ET, E}).
(%2 B )+ (88, BY) = (5 B)

Upon utilizing (101), (102), applying Young’s inequality, considering (11),
(103), and taking into account (104), we can conclude that
[|E1\n + B3] + alEx [T + i||Ez||3
2dt

8E1
ot '’

0Fs

+ D
,UT — ) +(8t

1
S*||E+||2+*||E+||2 + (5 -1

0F,

= 0F,
8t

LUt — W)
)+(at

1
< CIE{[; + WI\EQ*II% -1
q

<C|E)} +C|oT -0~ |h+ |\E2|\O+C\F+ r—|?

0E

O
+ (e :

ot
Subsequently, through the utilization of (12), (100), and (11), we derive the

LU — ) (2T 1), (107)

following expression:

OFE, oYl _ 1 _

Ut o) < | 22|10t -0 — |t -2 1
(5 ) <15l In+ =] R (0s)
dF> 1

It — rt—1- — |7 =T |2
(S " n <2 ||0H o+ 551 13

+_1- St o172
8t h\F r |n+AtIF 5. (109)
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By substituting (108) and (109) into (107), we arrive at the ensuing inequal-

ity:
LB 4+ B3] + ol B+ L B2
2dt Yq
< OB+ o HEQHOMW e e L mw* T
T R \|r+ M) S S
At R At R

Multiplying the above outcomes by 2 and employing the Gronwall lemma,
while taking into account that E4(0) = E5(0) = 0, yield the following result:

R R
2

|E1|§+HE2H3+2@/ |E1|§dt+—/ || 2dt

0 Yq Jo
< CER/%H\I,-&- \Ij—|2_,’_‘1-\+ 1—\—|2+ 1 |\I/+ \I/_‘Q—l— 1 |F+ F_|2
=€ A h AL AL h

o _ _
1 2w = 2 — 1 (110)

The terms on the right-hand side of (110) can be bounded by applying The-

orem 3, leading to the determination that

e
/ U+ — 2 4+ T -T2t
0

N o,
=3 [T < v,

®
/0 Sl Rt R

—Z/ [[om — "2 4 0" — T 2]dt < C.
n 1

n=1
To bound the fifth and sixth terms on the right-hand side of (110), we employ
the Cauchy—Schwarz inequality and utilize the results of Theorems 3 and 2,
to find that

8wh tn 1
/[I vt - |h<cz/ F_up) <oa

0 n=1"tn-1
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root A 1
/0 [|ﬁ h|r+_r_|h§0(2/ Tt —T7]7)2 < CAt.
n=1

tn—1

This pertains to the subsequent outcome
R 9 R
Ey2 + |12 + Qa/ B [2dt + f/ |2t < CAL (111
0 Ya Jo
Therefore, based on (111), it follows that

1Bl Loo (0,322 (3)) T B2l oo 0,3:22 (9)) F B [ 22 (0,5 51 (9)) | B2 || L2 (5) < CAL.

O

5 Numerical results

This section delves into the numerical analysis of the microscale heat equa-
tion. An iterative method has been developed to solve the nonlinear equa-
tion system presented by the problem (A"4?). Additionally, it presents and
examines the numerical error outcomes for the Dirichlet non-homogeneous
boundary conditions applied to the microscale heat equation in one, two,

and three dimensions.

5.1 Numerical algorithm

We begin by presenting a practical algorithm designed to solve the nonlinear
algebraic system generated by the approximate problem (A"A*%) at each time
level: (AZ’N): Given {U™0 ™0} € [S7]2, then for k > 1 find {¥™F T™F}
[S"]? such that for all T € S”

\I/n’k _ lIl"_l h
(At, T) +a(VE™* V) = as(1,T)", (112)
rmk —pn—l ) 1 1
— T )+ =T )= — (k). 113
(5 SO )= ()

Initiating with W0 = II"° and I'° = I1"7°, and for n > 1, we initialize
U0 = gn-l and T = I'~!. Equations (112) and (113) can be refor-
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mulated as a system of 2 x (J + 1)? linear equations by testing (112) and
(113) with basis functions ¢;,7 = 0,...,J. For the numerical experiments,
we choose a tolerance TOL = 10~7 and define the stopping criteria based on

this tolerance. Now,
max { [P — gkt o rmk Tkl 1 < TOL, (114)

that is, for k satisfying (114), we set U = ¥™F 'm = [k,

The programs were developed in MATLAB, and the resulting linear sys-
tems were addressed using the Gauss—Seidel iteration method. Although a
formal proof of the convergence of ¥™* T'™* towards U™, T for a fixed n
has not been established, practical observations have shown promising con-
vergence characteristics. It was observed that the iterative method consis-
tently achieved good convergence (requiring only a few iterations to meet the

stopping criteria at each time step).

5.2 Error computations

To evaluate the error, we introduce a slight alteration to Problem (A) by
incorporating source terms f(x,t) and h(x,t). This modification transforms
the system denoted by (4)—(5) into the following configuration: (A) Find
{t, 7} such that

b = Al + as + f(x,t),

1 1
ey =t — — + h(x,b).
q Yq

Hence, we propose the following fully-discrete finite element approximation
h,A
for (AP2"):
(ARAY): Given {U™0 T™0} € [S]2] then for k > 1 find {¥™F Tk} € [SP)2,
such that for all Y € S*
\I/n,k _ \I,n—l h
(At7 T) +a(V\IJ"’k, VYY) - as(l,T)ﬁ = (f(x,tn), T), (115)

kel ) 1 1
— T4+ =@ ) — (U™ 1) = (h(x,t,), T). (116
(5 ) = (D) = (hGxt), T). (110)
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5.2.1 One-dimensional error

In this section, we present two numerical examples that solve the system de-
noted by (115) and (116) under homogeneous Dirichlet boundary conditions
and given initial conditions. For all examples, for the sake of simplicity, we
set a = 1,7, = 1,5 = 0, with the spatial domain & = [0,1] and the time
duration ® = 1. The initial and boundary conditions, along with the source
terms f(z,t) and h(z,t), are determined based on the specific analytical so-
lution for each example. Initially, we divided the domain & = [0, 1] uniformly
into J intervals to create a square mesh. Let h = 1/J represent the mesh size
for the element, and let At = 1076 be the time step. The analytical solutions

are defined as follows:
(l) ¢ = eXp(t + 373),
(i) ¥ =1+ exp(0.5 %t + z?).

For this example, the errors in the L', L2, and L>®-norms are detailed in
Tables 1-2.

Table 1: Discrete L', L2, L*-norms error for Example (i)

[ — | Iy =T
J Lt L? L™ Lt L? L>
10 2.3E-02 8.1E-03 3.4E-02 5.4E-02 1.9E-02 8.0E-02
20  5.5E-03 1.4E-03 8.6E-03 1.3E-02 3.3E-03 2.0E-02
25  3.5E-03 T7.9E-04 5.5E-03 8.4E-03 1.9E-03 1.3E-02
40 1.3E-03 24E-04 2.2E-03 3.2E-03 5.7E-04 5.1E-03
50  8.6E-04 1.4E-04 1.4E-03 2.0E-03 3.2E-04 3.3E-03
100 2.1E-04 2.4E-05 3.4E-04 5.1E-04 5.7E-05 8.2E-04

5.2.2 Two-dimensional error

For a two-dimensional example involving the system described by (115) and

(116) with Dirichlet boundary conditions and an initial condition, the spatial
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Table 2: Discrete L', L2, L>-norms error for Example (ii)

[ — Iy =TI

J L L2 L ! L2 L
10 3.9E-03 1.4E-03 5.4E-03 8.0E-03 2.8E-03 1.1E-02
20 9.4E-04 2.3E-04 1.4E-03 1.9E-03 4.7E-04 2.8E-03
25  6.0E-04 1.3E-04 &.8E-04 1.2E-03 2.7TE-04 1.8E-03
40 2.3E-04 4.0E-05 3.4E-04 4.7E-04 8.1E-05 7.0E-04
50 1.5E-04 2.3E-05 2.2E-04 29E-04 4.6E-05 4.4E-04
100 1.0E-05 1.3E-06 2.0E-05 2.1E-05 2.5E-06 4.0E-05

domain is simplified to § = [0, 1] x [0,1]. The time interval is set to [0, R] =
[0,1]. For ease of analysis, we select @ = 1, 7, = 1, and s = 0. The initial
and boundary conditions, along with the source terms f(z,y,t) and h(x,y,t),
should be chosen in line with the specific analytical solution pertinent to
each case. The time step selected for the computations is At = 1076, The

analytical solution be
(i) v =exp(t+z+y),
(i) ¥ = exp(t + 22 + 32).

The errors in the L', L?, and L*-norms for the corresponding simulations

are provided in Tables 3-4.

5.2.3 Three-dimensional error

In this section, we introduce a three-dimensional example, considering the
system denoted by (115) and (116) with Dirichlet boundary and initial con-
ditions. For the purposes of this numerical example, we simplify the spatial
domain to & = [0, 1] x [0, 1] x [0, 1], with the time interval set to [0, %] = [0, 1].
We set the parameters a = 1, 7, = 1, and s = 0. The initial and boundary
conditions, along with the source terms f(z,y, z,t) and h(x,y, z,t), are to be
established based on the specific analytical solution for each example. The

time step is chosen as At = 107°. The analytical solution will be
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Table 3: Discrete L', L2, L>-norms error for Example (i)

10
20
25
40
50
100

[l Iy =Tl

Lt L? Lee Lt L? Lee

4.4E-04 5.4E-05 7.8E-04 1.0E-03 1.3E-04 1.8E-03
1.0E-04 6.1E-06 2.0E-04 24E-04 14E-05 4.6E-04
6.4E-05 3.0E-06 1.3E-04 1.5E-04 7.0E-06 2.9E-04
2.5E-05 T74E-07 5.0E-05 5.7TE-05 1.7E-06 1.2E-04
1.7E-05 3.9E-07 3.3E-05 3.6E-05 8.5E-07 7.4E-05
74E-06 9.1E-08 1.7E-05 2.1E-05 2.5E-07 4.4E-05

Table 4: Discrete L', L2, L°-norms error for Example (ii)

J
10
20
25
40
50

100

[y — | Iy =Tl

Lt L? Lee Lt L? L*>

9.6E-03 1.2E-03 1.8E-02 2.3E-02 28E-03 4.2E-02
2.2E-03 1.3E-04 4.6E-03 5.3E-03 3.2E-04 1.1E-02
1.4E-03 6.7E-05 2.9E-03 3.3E-03 1.6E-04 6.9E-03
5.4E-04 1.6E-05 1.1E-03 1.3E-03 3.8E-05 2.7E-03
3.4E-04 8.1E-06 7.4E-04 8.0E-04 1.9E-05 1.7E-03
7.6E-05 9.0E-07 1.7E-04 1.8E-04 2.1E-06 3.9E-04

Y =exp(t +x2 +y? + 22).

828

The errors in the L', L?, and L*-norms for the corresponding simulations

are detailed in Table 5.
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Table 5: Discrete L', L2, L>-norms error

Iy — Iy -1

J Lt L? Le° Lt L2 Le°
10 1.3E-02 5.4E-04 3.2E-02 3.0E-02 1.3E-03 7.5E-02
20 2.9E-03 4.1E-05 8.2E-03 6.7E-03 9.7E-05 1.9E-02
25 1.8E-03 1.8E-05 5.2E-03 4.1E-03 4.3E-05 1.2E-02
40 6.2E-04 3.2E-06 2.0E-03 1.4E-03 7.5E-06 4.6E-03
50 3.7E-04 1.4E-06 1.2E-03 85E-04 3.2E-06 2.9E-03
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