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Abstract This study investigates the dynamics of planar
open-loop robotic systems with n-link elastic arms
connected via revolute joints, focusing on multiple
collision phenomena. The equations of motion are derived
using the recursive Gibbs-Appell algorithm, and collision-
contact dynamics are modeled with a regulated approach.
Transverse vibrations of the links are modeled using the
Timoshenko beam theory, incorporating structural
damping and air resistance for improved accuracy. The
joints are assumed to be frictionless and backlash-free,
while friction forces are considered at ground contact
points. The system operates in two phases: flight and
collision. During collisions, viscoelastic forces introduce
stiff differential equations, requiring special handling due
to the short collision duration. Accurate detection of
collision onset and termination is achieved using a novel
computational algorithm. To validate the model, the
dynamic behavior of a three-link robotic system is
simulated. Four distinct mode shapes are used to analyze
their effects on the elastic deformation of the links. A
comparative analysis highlights the influence of mode
shapes on system behavior, demonstrating the
framework's precision and efficiency in modeling and
simulation.

Key words: Mode shape, Gibbs-Appell, Friction, Elastic
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1-Introduction

Flexible robots have garnered increased attention in
research and development due to their numerous
advantages, such as being lighter, consuming less energy,
and performing more complex tasks. This paper
investigates and simulates the contact and friction forces
in flexible robotic arms. The primary objective of this
research is to model and analyze the contact-impact
phenomenon in robotic systems with flexible links. By
employing precise modeling and analyzing dynamic

forces, this study aims to optimize the movement and
control of these robots.

This article highlights the importance of the relative
indentation of two bodies in calculating contact force in
continuous models and examines the impact of various
parameters such as surface geometry, stiffness, adhesion,
and slipperiness on the magnitude of collision forces.
Several studies on collision models and the effects of
friction in multi-body systems are reviewed. Zheng and
Zheng studied the impact of joint clearance in 3-RRR and
4-RRR mechanisms. Li et al. proposed a method for
generating practical paths in robotic systems, and Yang et
al. derived the dynamic model of mechanisms with
clearance. Finally, Shafei and Shafei conducted dynamic
modeling of robotic systems in contact with the
environment.

2. Dynamic Motion Equations

The dynamic motion equations of robotic systems are
derived using the recursive Gibbs-Appell algorithm and a
regularized approach to model the contact-impact
phenomenon. These equations incorporate various forces,
such as contact forces and frictional forces, at points where
the links collide with the ground. To enhance modeling
accuracy, the transverse vibrations of the links are
calculated using Timoshenko beam theory, considering
both structural and air damping effects. This modeling
enables precise prediction of the robot’s dynamic behavior
under diverse conditions (Fig. 1).

In this article, the system’s differential equations
include Gibbs acceleration, elastic potential energy, and
energy dissipated due to structural and air damping. These
equations are formulated in two phases: motion suspended
in the air and motion involving ground contact. During the
flight phase, only gravitational force is considered as an
external force, and the equations are expressed in inverse
and direct dynamic forms. The system’s total inertia matrix
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and the vector of remaining dynamic terms are key
components of these equations, calculated using the
recursive Gibbs-Appell algorithm.

Figure 1. A chain of flexible free-falling links

3. System Motion Phases

The system’s motion consists of two phases: flight and
collision. In the flight phase, the robot moves freely
without any contact with the ground. Conversely, in the
collision phase, contact occurs between the robot’s links
and the ground. During this phase, the system’s differential
equations include viscoelastic forces, which require
special computational measures due to the brief duration

of the collision. To precisely control the moment of
collision and the exit from it, a specific computational
algorithm has been employed, enabling a smooth transition
between the two phases with high accuracy (Fig. 2).

The system begins its motion in the flight phase;

therefore, the equations for this phase are derived first. In
the flight phase, apart from the gravitational force, the
effects of strain potential energy and energy dissipation
factors (including air damping and structural damping) are
included on the left side of the equation. No other external
forces act on the system, and thus, the right side of the
equation equals zero. This equation represents the inverse
dynamics form of the system under study.
In the collision phase, it is assumed that the robotic system
contacts the ground only at the extremities of its links. In
this phase, the system experiences vertical forces from
impact and frictional forces due to contact between the
links and the ground. Consequently, in this phase, the
generalized forces resulting from these two forces replace
the UjU_jUj terms in the equation.

To solve the differential equations of motion, an
algorithm based on the Runge-Kutta-Fehlberg (RK45)
method has been developed. This algorithm allows the
time step to be automatically adjusted during the impact
period, minimizing numerical error while meeting the
desired accuracy. In simulations, accurately determining
the moment of impact is of paramount importance. Failure
to accurately identify the impact moment disrupts the
energy balance in the system, leading to unrealistic results.
To address this challenge, a computational algorithm has
been proposed to precisely detect the moment of impact.

Figure 2. Falling three-link elastic robot
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Figure 3. Schematic figure of mode shapes used in simulation

4-Contact Force

In this research, the mathematical modeling of the impact-
contact phenomenon has been carried out using a
regularized method. The contact force is expressed as a
function of the relative indentation of two bodies and its
derivative. There are different models for calculating the
contact force, with variations in how this force is
computed. Initial models like Hertz’s model and
contemporary models based on the Hunt-Crossley model
have been developed. These models allow us to calculate
the contact force between the robot’s links and the ground
with greater accuracy.

5-Friction Force

Friction, as a critical factor influencing the system, can
cause energy dissipation, noise, vibration, and changes in
system parameters. Friction models are categorized into
static and dynamic types. Dynamic models better describe
the system’s transient state and include an additional
variable for modeling the friction force. In this paper, the
friction force resulting from sliding and sticking at the
contact points for flexible robotic arms has been modeled
and simulated. This modeling enables us to examine the
impact of friction force on the robot’s dynamic behavior
with greater precision.

6-Simulation and Results

To demonstrate the efficiency and accuracy of the
developed program, computer simulations were conducted
to study the dynamic behaviour of a three-link robotic
system. These simulations allow us to investigate various
effects, including the elastic deformations of the links.

Four different mode shapes were used for this purpose, and
their results were compared. This comparison indicates
that the choice of different mode shapes significantly
impacts the system’s dynamic behavior. To maintain the
symmetry of the system, various boundary conditions,
including simple and clamped supports, have been
selected. The simulation results show that the system
experiences different displacements and oscillations under
these various boundary conditions. The joint displacement
diagrams clearly illustrate these changes in different
directions, showing that the amplitude of vibrations and
the frequency of oscillations differ for various mode
shapes. For instance, in the boundary conditions cc-cc-cc
and sc-cc-cs, the oscillation amplitudes are lower and the
vibration frequencies are higher compared to the boundary
conditions cs-ss-s¢ and ss-ss-ss. Furthermore, by
examining the system’s energy error percentage diagrams,
it is observed that the more constrained the system is, the
lower the computational error and the better the symmetry
is preserved. These results indicate that the choice of
boundary conditions and mode shapes has a direct impact
on the dynamic behavior of the system and can be utilized
to optimize the performance of robots under different
conditions.
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Figure 4. System energy error percentage in terms of time

7-Conclusion

The dynamic modeling of a two-dimensional open-chain
robotic system with n elastic links in the flight and
collision phases has been performed using the recursive
Gibbs-Appell method. The vibrations of the links have
been estimated using the assumed mode method based on
Timoshenko beam theory. A specific computational
algorithm has been used to precisely control the entry and
exit of the collision phase. The conducted simulations
demonstrate that the choice of different mode shapes
significantly impacts the system’s dynamic behavior.
These results indicate that by optimizing the mode shapes,
the dynamic performance of flexible robots can be
enhanced, making them ready for more complex tasks.
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