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R S
S

360

R
S

X� = (X1, ...,Xn) Xn:n := max{X1, ...,Xn}
X1:n := min{X1, ...,Xn} R

σ > 0 n

TR(X) := θnRn(X),

Rn

Rn(X) := Xn:n −X1:n,

θn

Rn(X)
d
= σRn,s(Y),Rn,s(Y) := Yn:n −Y1:n,

Z1
d
= Z2 Z1 Z2 Rn,s(Y) :=

Yn:n−Y1:n Y� = (Y1, ...,Yn)

σ = E(TR(X)) = E(θnσRn,s(Y)) = θnσE(Rn,s(Y)) = 2σθnE(Yn:n),

Yn:n n

θn = (E(Rn,s(Y)))−1 = (2E(Yn:n))
−1.
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T b

(T ) := E((T (X)−b)2),

(T ) := E(T (X))−b,

TR(X) =
θnRn(X)

(TR) = (θnσRn,s(Y)) =
σ2 (Rn,s(Y))

(E(Rn,s(Y)))2 =
σ 2 (Rn,s(Y))

4(E(Yn:n))2 .

σ2

R = {Rn,s : n ∈ N} (Rn,s(Y))
E(Rn,s(Y)) n ≤ 50 Rn,s(Y)

fRn,s(Y)(t) = n(n−1)
∫ ∞

−∞
ϕ(u)(Φ(u+ t)−Φ(u))n−2ϕ(u+ t)du, t ≥ 0,

ϕ Φ
TR(X) = θnRn(X)

fTR(X)(t) =
1

σθn
fRn,s(Y)

(
t

σθn

)
, t ≥ 0,

TR

n n ≤ 6 TS

S S TS(X) := γnSn(X),n ≥ 2 S2
n

σ 2

S2
n(X) :=

1
n−1 ∑n

i=1(Xi −Xn)
2,Xn :=

1
n ∑n

i=1 Xi,

Xn γn

γnSn σ

Sn(X)
d
= σSn,c(Y) (n−1)S2

n,c(Y)
d
= Z,

Sn,c Y� = (Y1, ...,Yn)
Z n − 1

σ = E(γnSn(X)) = E(γnσSn,c(Y)) =
γnσ

2
√

n−1
E(

2
√

Z) = γnσ 2

√
2

n−1
Γ( n

2)

Γ( n−1
2 )

,
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Γ(α) =
∫ ∞

0 xα−1e−xdx n ≥ 2

γn = (E(Sn,c(Y)))−1 =
2

√
n−1

2
Γ
( n−1

2

)
Γ
(n

2

) .

S2
n,c

E(S2
n,c(Y)) = 1

γnSn n ≥ 2

(γnSn) = (γnσSn,c(Y)) = σ 2 (Sn,c(Y))

(E(Sn,c(Y)))2 = σ2(γ2
n −1).

(γnSn) ≥ 0 n ≥ 2 γn ≥ 1
γn,n ≥ 2

δn n ≥ 2
Δδn := δn+1 −δn n ≥ 2

γn := (E(Sn,c(Y))−1 n ≥ 2

γn,n ≥ 2 γ2 = 2
√π

2
n ≥ 2

γn+1 = γ−1
n

2

√
n

n−1
.

limn↑∞ n(γn −1) = 4−1 n ≥ 3

1 ≤
(

n
n−1

) 1
4

≤ γn ≤
(

n−1
n−2

) 1
4

.

γn n ≥ 2
γn n ∈ N n ≥ 2

(n−1)S2
n(X)

σ2
d
= Z,

Z n−1

fZ(z) = e−
z
2 z

n−1
2 −1

2
n−1

2 Γ( n−1
2 )

TS(X) = γnSn(X)
d
=

γnσ 2
√

Z
2
√

n−1.
.

2
√

Z Z
n−1

f 2√Z(z) =
z

n−1
2 e−

z2
2

2
n−3

2 ,Γ( n−1
2 )

, z > 0.
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fTS(t) t > 0 TS(X) = γnSn(X)

fTS(X)(t) =
2
√

n−1
γnσ

f 2√Z

( 2
√

n−1t
γnσ

)
=

σ 2
√

2Γ(n
2)

Γ( n−1
2 )

f 2√Z

(
σ 2
√

2Γ(n
2)t

Γ( n−1
2 )

)
,

n → (γnSn,c) = γ2
n − 1 n → (θnRn,c) 2 ≤ n ≤ 50

R S
TS = γnSn TR = θnRn

n ≥ 7 S n ≤ 6

S S
γn

θn

θn

R S σ = 1
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R S

k > 0 X� = (X1, ....,Xn),n ≥ 2 n

Xi
d
= a+bYi,1 ≤ i ≤ n,

a ∈ R b > 0 Y� =
(Y1, ...,Yn)

F T : Rn → R

b > 0
T (X)

d
= b f (Y).

f : Rn →R E( f k(Y))> 0 E( f 2k(Y))
αT k,α ∈ R bk α�T k

α� =
E( f k(Y))

E( f 2k(Y))
,

bk

(α�T k) =
−bk ( f k(Y))

E( f 2k(Y))
,

(
α�T k

)
=− (α�T k)bk.

( f k(Y))≥ 0 k∈N

bk α�T k bk

Y1
α�

α�

γ−1
n γn

X� = (X1, ...,Xn)

Xi
d
= aY b

i ,a > 0, b > 0,

Yi i = 1, ...,n
F ln(Yi)

Y1 1
Xi Yi

1 α > 0 Xi

ln(Xi)
d
= ln(a)+b ln(Yi),
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Xi

ln(Xi) Xi i = 1,2, ..,n
ln(Yi)

Xi
d
= (a+bYi)

β ,a > 0, b > 0,

β > 0 Yi i = 1, ...,n
F

Xβ−1

i
d
= a+bYi,

Xi Xβ−1

i

α0T k α0 := E( f k(Y))−1 bk

αT k α ∈ R

α0T k bk

α0 = E( f k(Y))−1

(α�T k)

(α0T k)
=

E( f k(Y))2

E( f 2k(Y))
≤ 1.

(α0T k) = b2k pk(α0) =
b2k ( f k(Y))

E( f k(Y))2 .

k = 1 R
S

X� = (X1, ....,Xn) n ≥ 2 n
TR(α�) := α�Rn σ > 0

α� =
E(Rn,s(Y))

E(R2
n,s(Y))

,

Y� = (Y1, ...,Yn)

E(α�Rn(X)) =
σE(Rn,s(Y))2

E(R2
n,s(Y))

.

TR(α) := αRn,α > 0 σ > 0
TR(α�)

(α�Rn) = σ2 (Rn,s(Y))

E(Rn,s(Y)2)
.
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(X1, ...,Xn) = (μ +σY1, ...,μ +σYn),

Y� = (Y1, ...,Yn)

Rn(X) = max{μ +σY1, ...,μ +σYn}−min{μ +σY1, ...,μ +σYn}= σRn,s(Y).

f (Y) =Yn:n−Y1:n =Rn,s(Y) E(Rn,s(Y))> 0 n≥ 2
k = 1

S TS = γnSn

γn . k = 1

X� = (X1, ....,Xn) n ≥ 2 n
TS(α��) = α��Sn σ > 0

α�� = γ−1
n = 2

√
2

n−1
Γ(n

2)

Γ( n−1
2 )

,

E(α��Sn(X)) =
2

n−1
Γ2(n

2)σ
Γ2( n−1

2 )
= γ−2

n σ .

TS(α) = αSn α > 0 σ > 0
TS(α��)

(α��Sn) = σ 2

(
1− 2Γ2( n

2)

(n−1)Γ2( n−1
2 )

)
= σ 2(1− γ−2

n ).

(X1, ...,Xn) = (μ +σY1, ...,μ +σYn) Y� = (Y1, ...,Yn)
Sn(X) = σSn,c(Y)

f (Y) := Sn,c(Y) =
2

√
∑n

i=1(Yi −Y n)2

n−1
.

E( f (Y)) > 0 n ≥ 2 k = 1
E
(

f 2(Y)
)
= 1

E( f (Y)) =
1

2
√

n−1
E

(
2
√

Z
)
= 2

√
2

n−1
Γ( n

2)

Γ( n−1
2 )

.

Z n−1
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Xi i = 1, ...,n Yi = b−1(Xi−
a) α

γ2
n (α��Sn) = (γnSn).

( n
n−1)

1
2 ≤ γ2

n ≤ ( n−1
n−2)

1
2 ,n ≥ 3

α��Sn

σ = 1
α��Sn

k = 2

X� = (X1, ...,Xn),n ≥ 2 n

Xi
d
= μ +σYi,

μ σ Y� = (Y1, ...,Yn)
F
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4 T 2
S (α���) = α���S2

n σ 2 > 0

α��� =
n

E(Y 4
1 )− n−3

n−1 +n
,

E(α���S2
n) =

nσ2

E(Y 4
1 )− n−3

n−1 +n
.

T 2
S (α) = αS2

n α > 0 σ 2

T 2
S (α���)

MSE(α���S2
n) = b4(1−α���) =

b4((n−1)E(Y 4
1 )−n+3)

(n−1)E(Y 4
1 )−n+3+n2 .

M Xm = (X1,m, ...,Xnm,m)
nm ≥ 2 m = 1, ...,M

R S

T (X1, ...,XM) = ∑M
m=1 αmT k

m(Xm),αm ∈ R,

Tm : Rnm → R m =
1, ...,M

k =
1

k > 0 m = 1, ...,M

Xm = (X1,m, ...,Xnm,m),

nm ≥ 2 nm,m = 1, ...,M

Xi,m
d
= am +bYi,m,

1 ≤ i ≤ nm Ym = (Y1,m, ...,Ynm,m)
Fm,m = 1, ...,M m = 1, ...,M

Tm : Rnm → R b

Tm(Xm)
d
= b fm(Ym),
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fm : Rnm → R E( f k
m(Ym)) > 0 E( f 2k

m (Ym))

∑M
m=1 αmT k

m,αm ∈ R bk

∑M
m=1 α�

mT k
m

α�
m =

(
1+∑M

m=1

(
E( f k

m(Ym))
)2

Var ( f k
m(Ym))

)−1
E( f k

m(Ym))

( f k
m(Ym))

,

bk

(
∑M

m=1 α�
mT k

m

)
=−bk

(
1+∑M

m=1

(
E( f k

m(Ym))
)2

( f k
m(Ym))

)−1

,

(
∑M

m=1 α�
mT k

m

)
=−

(
∑M

m=1 α�
mT k

m

)
bk.

T = ∑K
k=1 αmT k

m,αk ∈ R

bk

T = ∑M
m=1 αmT k

m,αm ∈ R

∑M
m=1 α��

m T k
m

α��
m =

(
∑M

m=1
E( f k

m(Ym))
2

( f k
m(Ym))

)−1
E( f k

m(Ym))

( f k
m(Ym))

.

(
∑M

m=1 α��
m T k

m

)
= b2k

(
∑M

m=1

(
E
(

f k
m(Ym)

))2

( f k
m (Ym))

)−1

.

∑M
m=1 α��

m T k
m

bk ∑M
m=1 α�

mT k
m

bk (
∑M

m=1 α�
mT k

m
)(

∑M
m=1 α��

m T k
m
) =

∑M
m=1

(E( f k
m(Ym)))

2

( f k
m(Ym))

1+∑M
m=1

(E( f k
m(Ym)))

2

( f k
m(Ym))

.

Y (m)
i 1 ≤ m ≤ M 1 ≤ i ≤ m

σ > 0
k = 1 fm(Ym) = Snm,c(Ym)

E( fm(Ym)) =
1

γnm

, ( fm(Ym) = 1− 1
γ2

nm

.
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k = 1 α�
m m = 1, ...,M

∑M
m=1 αmSnm

αm ∈ R

α�
m =

(
1+∑M

m=1
1

γ2
nm
−1

)−1 γnm

γ2
nm
−1

,1 ≤ m ≤ M.

(
∑M

m=1 α�
mSnm

)
= σ 2

(
1+∑M

m=1
1

γ2
nm
−1

)−1

.

α��
m m = 1, ...,M

∑M
m=1 αmSnm

αm ∈ R

α��
m =

(
∑M

m=1
1

γ2
nm
−1

)−1 1
γ2

nm
−1

,1 ≤ m ≤ M

(
∑M

m=1 α��
m Snm

)
= σ 2

(
∑M

m=1
1

γ2
nm
−1

)−1

.

(
∑M

m=1 α�
mSnm

)(
∑M

m=1 α��
m Snm

) =
∑M

m=1
1

γ2
nm−1

1+∑M
m=1

1
γ2

nm−1

.

165

n = 5 35

ln(Xi)
ln(Xi j) i = 1, ...,35 j = 1, ...,5 b

m = 1, ...,35 nm = 5

γnm = γ5 =
2

√
5−1

2
Γ
(5−1

2

)
Γ
(5

2

) = 1.0638.

b (
∑M

m=1 α�
mSnm

)
= 0.0000883×b2,
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i Xi1 Xi2 Xi3 Xi4 Xi5 i Xi1 Xi2 Xi3 Xi4 Xi5

b(
∑M

m=1 α��
m Snm

)
= 0.0000936×b2.

5%

γn

α�
m α��

m 1≤m≤M

γ2
n 	

(
n

n−1

) 1
2

.

x
1
2 − 1 	 1

2(x − 1) x = 1

α�
m 	 2

(
1+2∑M

m=1(nm −1)
)−1

(nm −1)

α��
m 	

(
∑M

m=1(nm −1)
)−1

(nm −1) =
(
∑M

m=1 nm −M
)−1

(nm −1).
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(∑M
m=1 α∗

mSnm)	 σ2
(

1+2∑M
m=1(nm −1)

)−1
,

(∑M
m=1 α∗∗

m Snm)	 σ2
(

2∑M
m=1(nm −1)

)−1
.

m m = 1, ...,M

Ym = (Y1,m, ....,Ynm,m),

Y1,m m= 1, ...,M
f 2
m(Ym) = S2

nm
(Ym)

E( f 2
m(Ym)) = 1, ( f 2

m(Ym)) =
1

nm

(
E
(
Y 4

1,m
)− nm −3

nm −2

)
.

α�
m

∑M
m=1 αmS2

nm
αm ∈ R

α�
m =

⎛
⎝1+∑M

m=1
nm

E

(
Y 4

1,m

)
− nm−3

nm−1

⎞
⎠

−1
nm

E

(
Y 4

1,m

)
− nm−3

nm−1

,1 ≤ m ≤ M,

(
∑M

m=1 α�
mS2

nm

)
= σ4

⎛
⎝1+∑M

m=1
nm

E

(
Y 4

1,m

)
− nm−3

nm−1

⎞
⎠

−1

.

α��
m

α��
m =

⎛
⎝∑M

m=1
nm

E

(
Y 4

1,m

)
− nm−3

nm−1

⎞
⎠

−1
nm

E

(
Y 4

1,m

)
− nm−3

nm−1

,1 ≤ m ≤ M,

(
∑M

m=1 α��
m S2

nm

)
= σ4

⎛
⎝∑M

m=1
nm

E

(
Y 4

1,m

)
− nm−3

nm−1

⎞
⎠

−1

.

m = 1, ...,M Y1,m
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m α��
m α�

m Y1,m
m 3

Y1,m m = 1, ...,M nm
nm−3
nm−1 	 1

1 ≤ m ≤ M α��
m

α��
m 	 nm

(
∑M

m=1 nm

)−1
.

Y1,m m = 1, ...,M

∑M
m=1 αmS2

nm
αm ∈ R

(
∑M

m=1(nm −1)S2
nm

∑M
m=1 nm −M

) 1
2

,

nm

∑M
m=1 αmS2

nm

M

n m = 1, ...,M
gm(n) gm : Z+ → N

n m
gm

2 m = 1, ...M
gm(0) = gm(1) = 0

B∈N

m m = 1, ...,M

1 ≤ m ≤ M
Ym(n) = (Y1,m, ...,Yn,m) n ∈ N

fm(Ym(n)) := Sn,c(Ym(n)) =
2

√
1

n−1 ∑n
i=1(Yi,m −Y n,m)2, n ≥ 2,
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hm,k : N→ (0,∞) m = 1, ...,m

hm,k(n) =

⎧⎪⎨
⎪⎩

0 n = 0,1

(E( f k
m(Ym(n)))

2

( f k
m(Ym(n)))

n ≥ 3

min
{

b2
(

1+∑M
m=1 hm,1(nm)

)−1
: ∑M

m=1 gm(nm)≤ B,n j ∈ N,1 ≤ j ≤ m
}
,

min
{

b4
(

1+∑M
m=1 hm,2(nm)

)−1
: ∑M

m=1 gm(nm)≤ B,n j ∈ N,1 ≤ j ≤ m
}
.

b > 0 k = 1 k = 2

υ(Pk) := max
{
∑M

m=1 hm,k(nm) : ∑M
m=1 gm(nm)≤ B,n j ∈ N

}
.

k = 2 hm,2 m = 1, ...,M

hm,2(n) =
n

E

(
Y 4

1,m

)
− n−3

n−1

=
n

E

(
Y 4

1,m

)
−1+ 2

n−1 .
,n ≥ 2

hm,2
m = 1, ...,M

m = 1, ...M

hm,1(n) = (γ2
n −1)−1, n ≥ 2.

gm

1 ≤ m ≤ M
j = 1, ...,M w j,k : N→ R+

w j,k(y) = max
{
∑M

m= j hm,k(nm) : ∑M
m= j gm(nm)≤ y,n j ∈ N, j = m, ...,M

}
.

w1,k(B) = υ(Pk)

wM,k(y) = max
{

hM,k(nM) : gM(nM)≤ y,n j ∈ N
}
.

y ∈ {0, ...,B}

w j,k(y) = max{h j,k(n j)+w j+1,k(y−g j(n j)) : n j ∈ N,g j(n j) ∈ {0, ...,y}}.
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n → (γ2
n −1)−1

w j,k j = M 1

gm(n) =

⎧⎨
⎩

0 n = 0,1

cmn n ≥ 2
,cm ∈ N.

k = 2
m∗

m∗ = argmin
{

cm(E(Y 4
1,m)−1) : 1 ≤ m ≤ M

}
.

(γ2
n −1)−1 ≈ 2n 3

n → (γ2
n −1)−1

hm m

R S
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Corrected Proofγn n ≥ 2

γn n ≥ 2

Γ( 1
2) =

2
√

π,Γ(1) = 1 Γ(α + 1) = αΓ(α) α > 0
γ2 = 2

√π
2 γn n ≥ 2

γnγn+1 =
2

√
n−1

2
2

√
n
2

Γ( n−1
2 )

Γ( n+1
2 )

=

2
√

n−1
2

n−1
2

2

√
n
2
= 2

√
n

n−1
.
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n ≥ 2

γn+1 = γ−1
n

2

√
n

n−1
,

γn n ≥ 2
n ≥ 2

γ2
n+1 ≤ γnγn+1 = 2

√
n

n−1
≤ γ2

n .

k > 0

(αT k) = (αT k)+
(
E(αT k)−bk

)2
= α2 (T k)+

(
αE(T k)−bk

)2
.

T (X)
d
= b f (Y) k > 0 T k(X)

d
= bk f k(Y)

MSE(αT k) = α2b2k
(

f k(Y)
)
+
(

αbk
E( f k(Y))−bk

)2
= b2k pk(α),

pk(α) = α2
E( f 2k(Y))−2αE( f k(Y))+1.

pk E( f k(Y))>
0 E( f 2k(Y))> 0

pk

k = 2

Sn(X) = σ f (Y)

f 2(Y) :=
1

n−1 ∑n
i=1(Yi −Y n)

2.

S2
n σ 2 Yi) = 1 E( f 2(Y)) = 1

0 ≤
(

1
n−1 ∑n

i=1(Yi −Y n)
2
)
=

1
n

(
E(Y 4

1 )−
n−3
n−1

)
.

E( f 4(Y)) =

(
1

n−1 ∑n
i=1(Yi −Y n)2

)
+1,

E( f 4(Y)) =
1
n

(
E(Y 4

1 )−
n−3
n−1

)
+1,

k = 2
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Tm m = 1, ...,M

Ym = (Y1,m, ...,Ynm,m)

T (X1, ...,XM)
d
= bk ∑M

m=1 αm f k
m(Ym).

(T ) = (T )+ (T )2

= b2k
(

∑M
m=1 α2

m
(

f k
m(Ym)

)
+
(
∑M

m=1 αkE( fm(Ym))−1
)2
)
.

min
{

∑M
m=1 α2

m

(
f k
m(Ym)

)
+
(
∑M

m=1 αmE( f k
m(Ym))−1

)2
: αm ∈ R,1 ≤ m ≤ M

}
.

α� = (α�
1 , ....,α�

M)

α�
m =

(
1+∑M

j=1
E( f k

m(Ym))

( f k
m(Ym))

)−1
E( f k

m(Ym))

( f k
m(Ym))

.

min
{
∑M

m=1 α2
m ( f k

m(Y
(m))) : ∑M

m=1 αmE( f k
m(Y

(m))) = 1,αm ∈ R,1 ≤ m ≤ M
}
.

ψ : (0,∞)→ R

ψ (α) =
Γ(1)(α)

Γ(α)
,

Γ(α) =
∫ ∞

0 tα−1e−tdt,α > 0
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f : (0 ∞) → R

x ≥ 0 m ∈ Z+

(−1)m f (m)(x)≥ 0,

f (m) m f

p : (0,∞)→ R

p(α) = lnΓ
(

α +1
2

)
− lnΓ

(α
2

)
,

(−1)m−1 p(m)(α)≥ 0 m ∈ N

m ∈ N α ≥ 0

p(m)(α) =
1

2m−1

(
ψ(m−1)

(
α +1

2

)
−ψ(m−1)

(α
2

))
.

h0 : (0,∞)→ R h0(α) = ln(α)−ψ(α)
(0,∞) h0 ψ(α) = ln(α)−h0(α)

m ∈ N

ψ(m)(α) =
(−1)m−1(m−1)!

αm −h(m)
0 (α).

m ∈ N

(−1)m−1ψ(m)(α) =
(−1)2m−2(m−1)!

αm +(−1)mψ(m)(α)≥ 0.

m ψ(m)(α)≤ 0 α → ψ(m−1) (α)
m ψ(m)(α) ≥ 0 α → ψ(m−1) (α)

γ0 : (1,∞)→ R γ0(x) = ln(γ(x))

γ(x) := 2

√
x−1

2
Γ( x−1

2 )

Γ( x
2)

,

αΓ(α) = Γ(α +1) α ≥ 0

2γ0(x) = ln(γ(x)2) = ln

(
x−1

2
Γ2( x−1

2 )

Γ2( x
2)

)
= ln

(
Γ( x+1

2 )Γ( x−1
2 )

Γ2( x
2)

)
= p(x)− p(x−1),

p

γ(m(
0 (x) =

1
2

(
p(m)(x)− p(m)(x−1)

)
,

(−1)m p(m+1)(x)≥ 0


