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n

X = (X1, . . . ,Xn) ∈ {0,1}n

Xi =

{
1, i
0,

φ : {0,1}n →{0,1}

φ(X) = φ(X1, . . . ,Xn) =

{
1,
0,

φ(X) Xi

φ(1i,X)−φ(0i,X) = 1,

X ∈ {0,1}n−1

φ(1, . . . ,1) = 1 φ(0, . . . ,0) = 0
φ(X) = Xiφ(1i,X)+(1−Xi)φ(0i,X) i = 1, . . . ,n

φ(X) = 1(0) X P = {1 ≤ i ≤
n|Xi = 1}(C = {1 ≤ i ≤ n|Xi = 0})

X ∈ {0,1}n P ⊆ {1, . . . ,n}

P(C) ⊆ {1, . . . ,n} Q ⊂ P(C) P(C)
P1, . . . ,Pr(C1, . . . ,Cs)

φ(X) = max
1≤i≤r

min
j∈Pi

Xj = min
1≤i≤s

max
j∈Ci

Xj.

Corrected 
XX = (= (XX1, . . . ,X

ii

Proof
XXiiX

PP == {1 ≤ i ≤≤

⊆ {⊆ {11, . . . ,, . . . n}}



pi = EXi = P(Xi = 1) i

h(p) = h(p1, . . . , pn) = Eφ(X) = P(φ(X) = 1)

φa(x) = Pa( |X = x),

a = (a1, . . . ,an)

ai = P( i ), i = 1, . . . ,n.

S =

{
1,
0,

φa(x) = Pa(S = 1|X = x).

a = (a1, . . . ,an)
φa(x) xi ai i = 1, . . . ,n.

i φa(1i,x) > 0 φa(0i,x) = 0 x ∈
{0,1}n−1 i = 1, . . . ,n

φa(0, . . . ,0) = 0 φa(1, . . . ,1)> 0

x φa(x) = φ(x) = 0 φ(x)

φa(x) = h(a.x),

a.x = (a1x1, . . . ,anxn),

h(p) = Eφ(X)
a = (1,1, . . . ,1) φa(x) = h(x) = φ(x).

φa(1, . . . ,1) = h(a1, . . . ,an)≤ 1.

Xi i = 1, . . . ,n
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φa(x) > (=)0 x
φa(x)

φa(x)

p = (p1, . . . , pn) a = (a1, . . . ,an)

ha(p) = EaS = Pa(S = 1) = ∑
xp

φa(xp)P(X = xp).

1−ha(p) = Pa(S = 0) = ∑
xp

(1−φa(xp))P(X = xp)+∑
xc

P(X = xc),

xp(xc)

ha(p) = Pa(S = 1) = ∑
xp

Pa(S = 1|X = xp)P(X = xp) = ∑
xp

φa(xp)P(X = xp).

�

1−ha(p)

φa(x) φ(x)
a = (1, . . . ,1)

φa(x)≤ φ(x) ha(p)≤ h(p)

ha(p) = E(φa(X)) = E(φ(a.X)) = h(a.p) = h(a1 p1, . . . ,an pn).

φa(x) = a1a2 · · ·anx1x2 · · ·xn ha(p) = a1a2 · · ·an p1 p2 · · · pn.

φa(x) = 1−
n

∏
1
(1−aixi)

ha(p) = 1−
n

∏
1
(1−ai pi).
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φφaa((xx))

p

1−hhaa((pp) =) = PaP (S

= 1) == ∑∑
xp

PaP (SS == 11||XX == xp

Proof
((pp))≤ h(pp))

aan pn).

p2 · · ·· ppn.



φa(x) = a1a2x1x2 +a1a3x1x3 +a2a3x2x3 −2a1a2a3x1x2x3

ha(p) = a1a2 p1 p2 +a1a3 p1 p3 +a2a3 p2 p3 −2a1a2a3 p1 p2 p3.

φa(x) = a1a2x1x2 +a1a3x1x3 −a1a2a3x1x2x3

ha(p) = a1a2 p1 p2 +a1a3 p1 p3 −a1a2a3 p1 p2 p3.

T = φ(T1, . . . ,Tn) Ti

i Ti

P(T > t) =
n

∑
i=1

siP(Ti:n > t),

Ti:n ith si = P(T = Ti:n)
s = (s1, . . . ,sn)

φφaa(x) =

hhaa((pp) =) aa11a2 p1 p2 +

φφaa(x) = aa11aa22xx11xx22 ++a1

= aa11aa2 pp11 pp22 ++a11aa33 pp1 p3 −

Proof
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n r
mk k k = 1, . . . ,r

ik = 0, . . . ,mk
k = 1, . . . ,r

s̄(i1, . . . , ir) = P(φ(X) = 1| ik k )

=

[
r

∏
k=1

(
mk

ik

)]−1

∑
x∈Si1 ,...,ir

φ(x),

Si1,...,ir = {x|∑mk
j=1 xk

j = ik k = 1, . . . ,r.}

P(T > t) =
m1

∑
i1=0

· · ·
mr

∑
ir=0

s̄(i1, . . . , ir)
r

∏
k=1

P(Ck
t = ik),

Ck
t ∈ {0,1, . . . ,mk} k t

s̄

n r = 1

s̄(i) = P(φ(X) = 1| i ) =
∑|x|=i φ(x)(n

i

) ,

|x|= ∑n
1 xk. s̄(0) = 0 s̄(n) = 1.

si s̄(i)

n

∑
k=i+1

sk = s̄(n− i) =
∑|x|=n−i φ(x)(n

i

) .

mmkk

k == 11, . . . ,. . ,r

s̄(i1, . . . ,. . , iir) =) P(φ

=

[
k=

||∑∑mmkk
jj=11 xkk

jj == iik kk == 1, . . . ,r

t) ==
mm1

∑∑
ii1==00

· · ·· · ·
mmrr

∑∑
iirr==0

¯̄ss((ii11, . . . , ir
k

¯Proofr == 1

φ(x)o
,



n

∑
k=i+1

sk = P( i )

= P( i )

= P(φ(X) = 1|∑Xk = n− i) = s̄(n− i).

�

i = 1, . . . ,n

si = s̄(n− i+1)− s̄(n− i).

φ1(X) φ2(X)
s̄1 s̄2 s1 s2

s̄1(i)≤ s̄2(i), i = 1,2, . . . ,n s1 ≤st s2.

�

s1 ≤st s2

φa(x)

s̄a(i) = Pa( | i).

s̄a(i)

φa(x),

s̄a(i) =
∑x:|x|=i φa(x)(n

i

) .
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ii == 11, . . . ,, . . n

si

≤≤ ¯̄ss22((ii)), i == 11,22, . . . ,n

ss11 ≤stt ss22 Proof
φφaa((xx))
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s̄a(i) = Pa(S = 1|
n

∑
j=1

Xj = i)

=
∑x:|x|=i Pa(S = 1,X = x)

P(∑Xj = i)

=
∑x:|x|=i Pa(S = 1|X = x)P(X = x)

P(∑Xj = i)

=
∑x:|x|=i φa(x)pi(1− p)n−i(n

i

)
pi(1− p)n−i

,

p �

s̄a(i)

a = (1, . . . ,1) s̄a(i) s̄(i)

ha(p) =
n

∑
i=1

s̄a(i)
(

n
i

)
pi(1− p)n−i.

ha(p) = Pa(S = 1)

=
n

∑
i=1

Pa(S = 1|∑
j

Xj = i)
(

n
i

)
pi(1− p)n−i

=
n

∑
i=1

s̄a(i)
(

n
i

)
pi(1− p)n−i.

�

φ (1)
a1 (X)

φ (2)
a2 (X) s̄(1)a1 s̄(2)a2 s1 s2 h(1)a1 (p) h(2)a2 (p)

s̄(1)a1 (i)≤ s̄(2)a2 (i), i = 1, . . . ,n

h(1)a1 (p)≤ h(2)a2 (p).
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∑∑ ¯̄ssaa((ii)
((

nn
ii

))
pii((11−− pp))nn−−

Proof
))

ppii(1− p))nn−−ii

�

φφ (1))
aa11 ((XX)



�

s̄(1)a1 (i)≤ s̄(2)a2 (i), i = 1, . . . ,n

s1 ≤st s2 a1 = a2 = (1, . . . ,1).

s̄a(i) = 0 i = 1, . . . ,n−1
s̄a(n) = (a1a2 · · ·an)/

(n
i

)
ha(p) = a1a2 · · ·an pn.
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s̄saa((nn) = () = (a11aa22 · · ·an)/
(

i

Proof


