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Stability of impulsive fractional stochastic
integro-differential equations with state
dependent delay and Poisson jumps by

using Mainardi’s function
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Abstract

In this work, the stability results for a nonlinear mathematical model are
derived, and the power system is realized by utilizing fractional calculus
theory. The fixed point theorem is used to establish sufficient conditions
for the existence of a mild solution and the stability of a nonlinear impul-
sive fractional stochastic integro-differential equation with state-dependent
delays with Mainardi’s function in a Hilbert space. Numerical simulations
are provided to validate the obtained theoretical results. The proposed
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221 Stability of impulsive fractional stochastic integro-differential equations ...

model supports (i) predicting the instability of synchronization between
generators and the lines and (ii) stabilizing the disturbance that occurs in
synchronization among generators and the lines.

AMS subject classifications (2020): Primary 45D05; Secondary 42C10, 65G99.

Keywords: Fractional integro-differential equation, State dependent delay,
Mild solution, Stability analysis, Stochastic calculus

1 Introduction

At present, stochastic differential equations in finite and infinite dimen-
sions have received a lot of attention because they are used in explaining
a variety of phenomena in ecology, physics, electrical engineering, popula-
tion dynamics biology, medicine, and other scientific, and engineering fields;
for details, see [6, 7, 10, 13, 16]. Exploring fractional differential calculus
[1, 4, 9, 11, 15, 17, 18, 20, 21, 24] is recognized as a crucial tool, raising
the research in a different area of science, engineering, control theory, and
many others. The fractional order of derivatives and integrals are two cru-
cial aspects that fortify to enhance real-life applications, and variables in
the power system change throughout time. Historically, power systems have
been designed to account for system behavior. In [14], the author described
random perturbation in power systems in terms of the model of a stochastic
differential equation by dx(s)

ds = f(x, s) + dη(x,s,ξ)
ds , where x represents the

state variable, and f(x, s) is the differential form of the trajectory function
ψ(x, s), which is the solution of differential equation. Moreover, η(x, s, ξ)
represents the stochastic variable. When fared to stochastic disturbance, the
synchronization of power generators is a crucial prerequisite for the correct
functioning of a power system. The fluctuations in frequency and phase angle
differences between the generators are sufficiently modest. Desynchronization
can occur due to severe variations, resulting in a widespread power outage.
Indeed, evaluating the performance of a nonlinear stochastic system driven
by Brownian motion is not enough to evaluate the stability of electrical sig-
nals in the synchronization of generators and various lines. Hence, a Poisson
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jump has been added to fulfill the requirement. For the sort of wide-band and
excessive peak-to-average signals, it is extremely observed that memory out-
comes inside the electricity amplifier become better understood. The output
of an electricity amplifier is not most effective depending on the present-day
input pattern but on the previous sample. Hence, the proposed model has
been upgraded into a fractional order system.

Balasubramaniam et al. [2] investigated controllability for neutral stochas-
tic differential inclusions with infinite delay in abstract space. Tan [22] stud-
ied the exponential stability of fractional stochastic differential equations.
Ma, Arthi, and Anthoni [12] admitted the exponential stability behavior of
neutral stochastic integro-differential equation with fractional Brownian mo-
tion and impulsive effects. Bahuguna, Sakthivel, and Chandha [4] inquired
about the existence and asymptotic stability for a neutral stochastic frac-
tional differential equation with impulses driven by the Poisson jump. The
latest studies by Suganya et al.[8, 21] investigated the existence result of
fractional stochastic differential and integro-differential systems with state-
dependent delay in Hilbert spaces utilizing the fixed point theorems. To the
best of the authors’ knowledge, there are no papers available in the litera-
ture with state-dependent delay for power systems. Based on the above, the
authors were inspired to consider the impulsive neutral fractional stochas-
tic integro-differential equation (INFSIDE) driven by the Poisson jump with
state-dependent delay of the following form:

d

ds

[
J1−q(x(s)− L(s, xτ(s,xs))− φ(0) + L(0, φ)

)]
= A

[
x(s)− L(s, xτ(s,xs))

]
+ J1−q

s f(s, xτ(s,xs))

+ σ(s, xτ(s,xs))
dW (s)

ds

+

∫
Z

h(s, xτ(s,xs), η)Ñ(ds, dη), s ∈ [0, â] = J, s ̸= sk (1)

x(s) = φ(s) ∈ B, s ∈ (−∞, 0] (2)

∆1−q
sk

x(sk) = Ik(x(sk)), s = sk, k = 1, 2, . . . ,m, (3)

where 0 < q < 1, J1−q is the (1 − q) order Riemann–Liouville fractional
integral operator, x(·) takes values in a separable Hilbert space Ṽ, and A :

D(A) ⊂ Ṽ → Ṽ is an infinitesimal generator of strongly continuous semi-
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223 Stability of impulsive fractional stochastic integro-differential equations ...

group of a bounded linear operator. The impulsive moments sk satisfy the
condition 0 < s1 < s2 < · · · < sk < · · · = ∞, Ik : Ṽ → Ṽ, ∆I1−qsk x(sk) =

I1−q
s+k

x(s+k ) − I1−q
s−k

x(s−k ), I
1−q
s+k

(x(s+k ) and I1−q
s−k

x(s−k ) are the right and left
limits at sk, k = 1, 2, . . . ,m respectively. For any s ∈ [0, â] and any history
function x, the element PC is defined by xs(θ) = x(s+ θ), −ς ≤ θ ≤ 0 and
belongs to the phase B. The functions L, f : J×B → Ṽ, τ : J×B → (−∞, T ]

are measurable in Ṽ-norm, and σ : J × B → L0
2 is a measurable mapping,

where L0
2 = L2(Q

1
2 K̃, Ṽ) is the space of all Hilbert–Schmidt operators for a

separable Hilbert space from Q
1
2 into Ṽ with norm ∥φ∥p

L0
2
= Tr(φQφ∗).

In (1), Ñ(ds, dη) = N(ds, dη)−γds(dη) denotes the compensated Poisson
measure independent ofW (s), and N(ds, dη) represents the Poisson counting
measure associated with γ.

The rest of the paper is organized as follows: Section 2 provides some
basic definitions and consents. In section 3, the results on the existence and
uniqueness of mild solution exponential stability are discussed. In section 4,
numerical simulations are demonstrated. Finally, in section 5, the conclusion
is provided.

2 Preliminaries

The collection of all strongly measurable, p-integrable, Ṽ-valued random vari-
ables denoted by Lp(Ω,F ,P, Ṽ) ≡ Lp(Ω, Ṽ) is a Banach space equipped with
the norm ∥x(·)∥Lp = (E ∥x(·, w)∥p)

1
p , where the expectation E is defined by

E(h) =
∫
Ω
h(w)dP. Let C1−q(J, Ṽ) = {x : s1−qx(t) ∈ C(J, Ṽ)} be a Banach

space with pth norm. Then
(
∥x∥pC1−q

) 1
p =

{
sup
t∈J

s1−q ∥x(s)∥pB
} 1
p . Consider

the piecewise continuous Banach space PC1−q(J, Ṽ) = {x : (s− sk)
1−qx(s) ∈

C((sk, sk+1], Ṽ) and lim
s→sk

(s − sk)
1−qx(s) exists, k = 1, 2, . . . ,m} for investi-

gating impulsive condition with the norm

∥x∥p
PC1−q(J,Ṽ)

= max{ sup
s∈(sk,sk+1]

(s− sk)
p(1−q) ∥x(s)∥p : k = 0, 1, 2, . . . ,m}.

Let Z̃ be the closed subspace of all continuous process x ∈ PC
(
J, Lp(Ω, Ṽ)

)
consisting of Fs-adapted measurable process, F0 adapted process ϕ ∈ Lp(Ω,B).
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Mattuvarkuzhali and Silambarasan 224

Let ∥·∥Z̃ be a semi-norm defined by ∥x∥Z̃ =

(
sup
s∈J

∥xs∥pB

) 1
p

, where ∥xs∥B ≤

LE ∥ϕ∥B + Nsup{E ∥x(s∥ : 0 ≤ s ≤ â)}, with L = sup
s∈J

L(t) and N =

sup
s∈J

N(s). It is easy to verify that Z̃ furnished with the above-defined norm

topology is a Banach space.
Let (B, ∥·∥) be the semi-normed linear space of phase space of measurable

mapping F0 : (−∞, 0] → Ṽ satisfying the axioms to Renu and Dwijendra [19]
as follows:

A) Suppose that X : (−∞, â] → Ṽ, â > 0 is such that x0 ∈ B and
x ∈ PC(J, Ṽ) for each s ∈ J . Then the following condition hold:
(i) xs ∈ B, (ii) ∥x(s)∥ ≤ L ∥xs∥B, (iii) ∥x(s)∥B ≤ HE ∥x0∥B +

Ñ(s)sup{E ∥x(ς)∥ : 0 ≤ ς ≤ â}, where L > 0 is a constant, Ñ,H :

[0,∞) → [0,∞), N is continuous, H is locally bounded, and L, Ñ , and
H are independent of x(·).

B) The function t → ϕt is well-defined from the set R(τ−) = {τ(ς, ψ̂) :

(ς, ψ̂ ∈ [0, â] × B} into B, and there exists a continuous and bounded
function Jϕ : R(τ−) → (0,∞) is satisfying ∥ϕs∥B ≤ Jϕ(s) ∥ϕ∥B for
every s ∈ R(τ−).

C) The space B is complete.

Lemma 1. [19] Choose x : (−∞, â] → Ṽ as a function such that x0 = ϕ and
x|J ∈ PC(J, Ṽ). The norm

∥xt∥B ≤ (Hâ+Jϕ) ∥ϕ∥Ṽ+Ñâ sup{∥x(τ)∥ : τ ∈ s, [0,max{0, s}], t ∈ R(τ−)∪[0, â]},

where Jϕ = sup
s∈R(τ−)

Jϕ(s), Hâ = sup
s∈[0,â]

H(s), Ñâ = sup
s∈[0,â]

Ñ(s).

Definition 1. [3] The Mainardi’s function is defined by Mq(Z̃) =
∞∑
n=0

(−Z̃)n

n!Γ(1−qn−q) , 0 < q < 1, Z̃ ∈ C, it is clear that

∞∫
0

Mq(r̂)dr̂ = 1, 0 < q < 1.

On the other hand, Mq(Z̃) satisfies the following equalities:
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225 Stability of impulsive fractional stochastic integro-differential equations ...

∞∫
0

q

r̂q+1
Mq(

1

r̂q
)e−µr̂dr̂ = e−µq and

∞∫
0

r̂qMq(r̂)dr̂ =
γ(q + 1)

γ(qβ + 1)
, β > −1, 0 < q < 1. (4)

Lemma 2. [3] An H-valued stochastic process x(s) : s ∈ (∞, â] is said to
be a mild solution of the system (1)–(3) if s satisfies the following integral
equation:

x(s) =



Sq(s)[φ(0)− L(0, φ)] + L(s, xτ(s,xs)) +
∫ s

0
Sq(s− ς)f(ς, xτ(ς,xς))dς

+
∫ s

0
(s− ς)q−1Tq(s− ς)σ(ς, xτ(ς,xς))dW (ς)

+
∫ s

0
(s− ς)q−1

∫
Z
Tq(s− ς)h(ς, xτ(ς,xς), η)λ(dη)dς, s ∈ [0, s1],

...
...

...

Tq(s− sk)(s− sk)
q−1
[
x(s−k ) + Ik(x(s

−
k ))
]
+ L(sk, xτ(sk,xsk

))

+
∫ s

sk
Sq(s− ς)f(ς, xτ(ς,xς))dν

+
∫ s

sk
(s− ς)q−1Tq(s− ς)σ(ς, xτ(ς,xς))dW (ς)

+
∫ s

sk

∫
Z
(s− ς)q−1Tq(s− ς)h(ς, xτ(ς,xς), η)λ(dη)dς, s ∈ (sk, sk+1],

(5)
where Sq(s)x =

∫∞
0
Mq(r̂)T (s

q r̂)xdr̂, s ≥ 0, x ∈ H̃, and
Tq(s)x =

∫∞
0
qr̂Mq(r̂)T (s

q r̂)xdr̂.

The following assumptions would have to be fulfilled to achieve the main
result.

(A1) The analytic semi-group T (s) generated by A is compact for t > 0, and
there exists M̃ > 0 such that

sup
s≥0

∥T (s)∥ ≤ M̃, s ≥ 0. (6)

(A2) The function f : J × B → Ṽ is continuous, and there exist constants
Ĉ1, Ĉ2 > 0 such that

E∥f(s, x)− f(s, y)∥p ≤ Ĉ1∥x− y∥pB
and E∥f(s, x)∥p ≤ Ĉ2(∥x∥pB + 1).
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(A3) The function L : J × B → Ṽ is continuous, and there exist constants
Ĉ3, Ĉ4 > 0 such that

E∥L(s, x)− L(s, y)∥p ≤ Ĉ3∥x− y∥pB
and E∥L(s, x)∥p ≤ Ĉ4(∥x∥pB + 1).

(A4) The function σ : J × B → L0
2 satisfies

(a) for each s ∈ J, σ(s, ·) : B → L0
2 is continuous and for each x ∈

B, σ(·, x) : J → L0
2 is strongly measurable.

(b) There are a positive integrable function, m ∈ L1([0, a]) and a
continuous nondecreasing function ϱσ : [0,∞) → (0,∞) such that
for every (s, x) ∈ J × B, we have(∫ s

0

(
E∥σ(ς, x)∥p

L0
2

) 2
p

dς

) p
2

≤ m(s)ϱσ(∥x∥pB),

lim
s→0

inf ϱσ(s)
s

= ϱ <∞.

(A5) The impulsive function Ik : Ṽ → Ṽ is continuous and there exist positive
numbers qk, qk(k = 1, 2, . . .) such that

∞∑
k=1

qk <∞ and for all x, y ∈ Ṽ,

E ∥Ik(x)− Ik(y)∥p ≤ qk ∥x− y∥pB and ∥Ik(0)∥ = 0,

E ∥Ik(x)∥p ≤ (1 + qk) ∥x∥
p
.

(A6) [23] The function h : J × B → Ṽ satisfies the following Lipschitz con-
dition is continuous and for x, y ∈ B, and there exists constants Ĉ6, Ĉ7

such that∫
Z

E ∥h(s, x(s), η)− h(s, y(s), η)∥p λ(dη)ds ≤ Ĉ6E ∥x− y∥pB ,∫
Z

E ∥h(s, x(s), η)∥p λ(dη)ds ≤ Ĉ7(E ∥x∥pB + 1).

(A7)

4p−1Ñâ max
1≤k≤ñ

{
(Ĉ4 + 1) + M̂p (s− sk)

p−1
(Ĉ2 + 1)
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227 Stability of impulsive fractional stochastic integro-differential equations ...

+
M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

m̂(s)ϱσ

+
M̂p

Γp(q)
(Ĉ7 + 1)

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

+
(s− sk)

2pq−2p+1

2pq − 2p+ 1

]}
< 1.

3 Main result

Theorem 1. The existence and uniqueness of a mild solution for (1)–(3)
have been obtained through hypotheses (A1)− (A7).

Proof. Choose B̂â as the space of all functions x : (−∞, â] to ensure that
x0 ∈ B̂â and the condition x → Ṽ is continuous. Let |·|â be the semi-norm
in B̂ specified by

∥x∥â = ∥x0∥B + sup
ς∈[0,â]

(E ∥x(ς)∥p)
1
p = sup

ς∈[0,â]

(E ∥x(ς)∥p)
1
p .

Let Z̃â = PC
(
J, Lp(Ω;B)

)
. Consider the map Φ : Zâ → Zâ defined by

B̂0
â = {x ∈ B̂â;x0 = 0 ∈ B̂},

(Φx)(s) =



Sq(t)[ϕ(0)− L(0, φ)] + L(s, xτ(s,xs)) +
∫ s

0
Sq(s− ς)f(ς, xτ(ς,xς))dς

+
∫ s

0
(s− ς)q−1Tq(s− ς)σ(ς, xτ(ς,xς))dW (ς)

+
∫ t
0

∫
Z
(s− ς)q−1Tq(s− s)h(ς, xτ(ς,xς), η)λ(dη)dς, s ∈ [0, s1],

...
...

...

Tq(s− sk)(s− sk)
q−1
[
x(s−k ) + Ik(x(s

−
k ))
]
+ L(sk, xτ(sk,xsk

))

+
∫ s

sk
Sq(s− ς)f(ς, xτ(ς,xς))dς

+
∫ s

sk
(s− ς)q−1Tq(s− ς)σ(ς, xτ(ς,xς))dW (ς)

+
∫ s

sk

∫
Z
(s− ς)q−1Tq(s− ς)h(ς, xτ(ς,xς), η)λ(dη)dς, s ∈ (sk, sk+1].

For φ ∈ Z̃, define

ψ(s) =

 φ(s), s ∈ (−∞, 0],

Sq(s)φ(0), s ∈ J,
ψ̃(s) =

 0, s ≤ 0,

ψ(s), s ∈ J.
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Then ϕ̃ ∈ Z̃â. Set x(s) = ϕ̃+ ψ,−∞ < s ≤ â. Then x satisfies (1)–(3) if and
only if ψ0 = 0 and

ψ(s) =



−Sq(s)[φ(0)− L(0, φ)] + L(s, ϕ̃τ(s,ϕ̃s+ψs)
+ ψτ(s,ϕ̃s+ψs)

)

+
∫ s

0
Sq(s− ς)f(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))dς

+
∫ t
0
(s− ς)q−1Tq(s− ς)σ(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))dW (ς)

+
∫ t
0

∫
Z
(s− ς)q−1Tq(s− ς)h(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς), η)λ(dη)dς,

t ∈ [0, s1],

...
...

...

Tq(s− sk)(s− sk)
q−1
[
(ϕ̃(s−k ) + ψ(s−k ) + Ik(ϕ̃(s

−
k ) + ψ(s−k ))

]
+L(sk, ϕ̃τ(sk,ϕ̃sk

) + ψτ(sk,ψsk
))

+
∫ t
sk
Sq(s− ς)f(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))dς

+
∫ t
sk
(s− ς)q−1Tq(s− ς)σ(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))dW (ς)

+
∫ s

sk

∫
Z
(s− ς)q−1Tq(s− ς)h(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς), η)λ(dη)dς,

s ∈ (sk, sk+1].

Let B̂0
â = {Z̃ ∈ B̂â; Z̃0 = 0 ∈ B̂}. For any Z̃ ∈ B̂0

â, one can have∥∥∥Z̃∥∥∥
â
=
∥∥∥Z̃0

∥∥∥
B
+ sup
ς∈[0,â]

(E
∥∥∥Z̃(ς)∥∥∥p) 1

p = sup
ς∈[0,â]

(E
∥∥∥Z̃(ς)∥∥∥p) 1

p .

Thus, if Z̃0
â = PC((−∞, â], Lp(Ω,B0

â)), then (Z̃0
â , ∥·∥â) is a Banach space.

For each ϑ ≥ 0 set B̂ϑ = {Z̃ ∈ Z̃0
â : ∥Z∥pâ ≤ ϑ}. Then it is clear that

B̂ϑ is a bounded, closed, and convex set in Z0
â . From (4) and [3], one have

∥Sq(t)∥ ≤M , ∥Tq(s)∥ ≤ M
Γ(q) . For Z̃ ∈ Bϑ,∥∥∥ϕ̃τ(s,ϕ̃+ψs)

+ ψτ(s,ϕ̃+ψs))

∥∥∥p
B

≤ 2p−1
{∥∥∥ϕ̃τ(t,ϕ̃+ψs)

∥∥∥p
B
+
∥∥∥ψτ(s,ϕ̃+ψs))

∥∥∥p
B

}
(7)

≤ 4p−1

{
(Hâ + Jφ)pE

∥∥∥ϕ̃0∥∥∥p
B
+ Ñp

â sup
0≤ς≤â

∥∥∥ϕ̃(ς)∥∥∥p
â

+ (Hâ + Jφ)pE ∥ψ0∥pB + Ñp
â sup

0≤ς≤â
∥ψ(ς)∥pâ

}
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≤ 4p−1

{
Ñp
â sup

0≤ς≤â
∥ψ(ς)∥pâ + Ñp

âM̃
p
∥∥∥ϕ̃(0)∥∥∥p

â
+ (Hâ + Jφ)pE

∥∥∥ϕ̃∥∥∥p
B

}

≤ 4p−1

{
Ñp
âϑ+ ÑpM̃pLp + (Hâ + Jφ)p

∥∥∥ϕ̃∥∥∥p
B

}
= ϑ̂, s ∈ [0, â]. (8)

Let the operator Θ : Z̃0
â → Z̃0

â be defined by

(Θψ)(s) =



−Sq(s)[φ(0)− L(0, φ)] + L(s, ϕ̃τ(s,ϕ̃ς+ψs)
+ ψτ(s,ϕ̃s+ψs)

)

+
∫ s

0
Sq(s− ς)f(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))dς

+
∫ s

0
(s− ς)q−1Tq(s− ς)σ(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))dW (ς)

+
∫ s

0

∫
Z
(s− ς)qTq(s− ς)h(ς, ϕ̃τ(ς,ϕ̃ς+ψς)

+ψτ(ς,ϕ̃ς+ψς), η)λ(dη)dς, s ∈ [0, s1],

...
...

...

Tq(s− sk)(s− sk)
q−1
[
(ϕ̃(s−k ) + ψ(t−k ) + Ik(ϕ̃(s

−
k ) + ψ(s−k ))

]
+L(sk, ϕ̃τ(sk,ϕ̃sk

) + ψτ(sk,ψsk
)) +

∫ s

sk
Sq(s− ς)f(ς, ϕ̃τ(ς,ϕ̃ς+ψς)

+ψτ(ς,ϕ̃ς+ψς))dς

+
∫ s

sk
(s− ς)q−1Tq(s− ς)σ(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))dW (ς)

+
∫ t
sk

∫
Z
(s− ς)qTq(s− ς)h(ς, ϕ̃τ(ς,ϕ̃ς+ψς)

+ψτ(ς,ϕ̃ς+ψς), η)λ(dη)dς, s ∈ (sk, sk+1].

Now, split the proof into three steps.
Step I: Θ is continuous. Choose ψn is a sequence satisfying ψn → ψ in
PC(J, L2(Ω,H)) as n → ∞. Then there exist r̂ > 0 such that ∥ψn(s)∥ ≤ r̂

for all ϑ and a.s. s ∈ [0, â]. By using (7), one can have∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς)

∥∥∥ ≤ ϑ̂.

Using lemma, one can get∥∥∥ψn
τ(s,ϕ̃s+ψns )

− ψτ(s, ϕ̃s+ψs)

∥∥∥p
≤ 2p−1

[
(Ñ(s))p sup

ς∈[0,s]

{
∥ψn(ς)− ψ(ς)∥p

}
+ (H(s))p ∥ψn0 − ψ0∥pB

]
≤ 2p−1Ñ(s)p ∥ψn(ς)− ψ(ς)∥p

}
→ 0, as n→ ∞.

Through the Caratheodory continuity of functions f, σ, and h, one can have
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lim
n→∞

f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψn
τ
(
ς,ϕ̃ς+ψnς

)) = f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

)),
lim
n→∞

σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψnτ(ς,ϕ̃ς+ψnς )

)
= σ

(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

)),
lim
n→∞

h
(
ς, ϕ̃τ(ς,ϕ̃ς+ψnς )

+ ψn
τ
(
ς,ϕ̃ς+ψnς

), η) = h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η),
E ∥(Θψn)(s)− (Θψ)(s)∥p

≤ 4p−1

{
E

∥∥∥∥L(s, ϕ̃τ(s,ϕ̃s+ψns

) + ψn
τ
(
s,ϕ̃s+ψns

))
−L
(
s, ϕ̃

τ
(
s,ϕ̃s+ψs

) + ψ
τ
(
t,ϕ̃s+ψs

))∥∥∥∥p
+ E

∥∥∥∥∥
∫ s

0

Sq(s− ς)

[
f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψn
τ
(
ς,ϕ̃ς+ψnς

))
−f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))]dς∥∥∥∥∥
p

E

∥∥∥∥∥
∫ s

0

Sq(s− ς)

[
σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψn
τ
(
ς,ϕ̃ς+ψnς

))
−σ
(
ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψ

τ
(
ς,ϕ̃ς+ψς

))]dW (ς)

∥∥∥∥∥
p

+ E

∥∥∥∥∥
∫ t

0

Tq(s− ς)(s− ς)q−1

[
h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψn
τ
(
ς,ϕ̃ς+ψnς

), η)
−h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)]λ(dη)dς∥∥∥∥∥
p}

≤ 4p−1

{
C4E

∥∥∥(ϕ̃τ(s,ϕ̃s+ψns ) + ψnτ(s,ϕ̃s+ψns )

)
−
(
ϕ̃τ(s,ϕ̃s+ψs)

+ ψτ(s,ϕ̃s+ψs)

)∥∥∥p
+ M̂p

(∫ s

0

dς

)p−1

E
∥∥∥f(ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn

τ(ς,ϕ̃ς+ψnς )
)

−f(ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))
∥∥∥p dς + M̂p

Γp(q)

(∫ s

0

(s− ς)2(q−1)dς

) p
2

×
[(
E

∥∥∥∥∫ s

0

σ(ϕ̃τ(ς,ϕ̃ς+ψnς )
+ ψn

τ(ς,ϕ̃ς+ψnς )
)

−σ(ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))
∥∥∥p ) 2

p

dς
] p

2
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+
M̂p

Γp(q)
Ĉ7

[(∫ s

0

(s− ς)
2p(q−1)
p−2 dς

) p−2
2

×
∫ s

0

E
∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn

τ(ς,ϕ̃+ψnς )
− (ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))

∥∥∥p dς
+

∫ s

0

(s− ς)2p(q−1)E
∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψnτ(ς,ψnς ) − (ϕ̃τ(ς,ϕ̃ς+ψς)

+ψτ(ς,ϕ̃ς+ψς))
∥∥∥p dς]}

≤ 4p−1

{
Ĉ4(E

∥∥∥ϕ̃n
τ(ς,ϕ̃ς+ψnς )

+ ψn
τ(ς,ϕ̃ς+ψnς )

− (ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))
∥∥∥p)

+ M̂p (s)
p−1

(Ĉ2 + 1)

∫ s

0

E
∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn

τ(ς,ϕ̃ς+ψnς )

−(ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))
∥∥∥p dς

+
M̂p

Γp(q)

(
s)2(q−1)+1

) p
2

(2q − 2 + 1)
p
2

∫ s

0

m̂(ς)ϱσ

× E
∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn

τ(ς,ϕ̃ς+ψnς )
− (ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))

∥∥∥p dς
+

M̂p

Γp(q)
Ĉ7

[
(t)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

∫ t

0

E
∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn

τ(ς,ϕ̃ς+ψnς )

−(ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς )
∥∥∥p dς

+

∫ s

0

(s− ς)2p(q−1)E
∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn

τ(ς,ϕ̃ς+ψnς )

−(ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))
∥∥∥p dς]}.

By the Lebesgue dominated theorem, one can verify that
E ∥(Θψn)(s)− (Θψ)(s)∥p → 0 as n→ ∞.

Thus, Θψ is continuous. For every s ∈ (sk, sk+1], one can have

E ∥(Θψn)(s)− (Θψ)(s)∥p

≤ 6p−1

{
E

∥∥∥∥∥Tq(s− sk)(s− sk)
q−1

[
(ϕ̃s−k

+ ψs−k
) + Ik(ϕ̃s−k

+ ψs−k
)

]∥∥∥∥∥
p

+ E

∥∥∥∥L(t, ϕ̃τ(s,ϕ̃ς+ψnς ) + ψn
τ
(
s,ϕ̃s+ψns

))− L
(
s, ϕ̃

τ
(
s,ϕ̃s+ψs

) + ψ
τ
(
t,ϕ̃ς+ψs

))∥∥∥∥p
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+ E

∥∥∥∥∥
∫ s

sk

Sq(s− ς)

[
f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψn
τ
(
ς,ϕ̃ς+ψnς

))
−f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))]dς∥∥∥∥∥
p

+ E

∥∥∥∥∥
∫ t

sk

Tq(s− ς)(s− ς)q−1

[
σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψn
τ
(
ς,ϕ̃ς+ψnς

))
−σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))]dW (ς)

∥∥∥∥∥
p

+ E

∥∥∥∥∥
∫ t

sk

Tq(s− ς)(s− ς)q−1

[
h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψn
τ
(
ς,ϕ̃ς+ψnς

), η)
−h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)]λ(dη)dς∥∥∥∥∥
p}

≤ 6p−1

{
M̂p

Γp(q)
E

∥∥∥∥∥(s− sk)
q−1

[
(ϕ̃s−k

+ ψs−k
) + Ik(ϕ̃s−k

+ ψs−k
)

]∥∥∥∥∥
p

+ Ĉ4E

∥∥∥∥∥
[(
ϕ̃
τ
(
s,ϕ̃ς+ψnς

) + ψn
τ
(
s,ϕ̃ς+ψnς

))− (ϕ̃
τ
(
s,ϕ̃ς+ψς

) + ψ
τ
(
s,ϕ̃ς+ψς

))]∥∥∥∥∥
p

+ M̂p

(∫ s

sk

dς

)p−1

E

∥∥∥∥∥
[
f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψnς

) + ψnτ(ς,ϕ̃ς+ψnς )

)
−f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))]∥∥∥∥∥
p

dς

+
M̂p

Γp(q)

(∫ t

sk

(s− ς)2(q−1)dς

) p
2 [(

E

∥∥∥∥∫ s

sk

[
σ(ς, ϕ̃τ(ς,ϕ̃ς+ψnς )

+ ψnτ(ς,ϕ̃ς+ψnς )
)

−σ(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))
]∥∥∥p ) 2

p

dς
] p

2

+
M̂p

Γp(q)
Ĉ7

[(∫ t

0

(s− ς)
2p(q−1)
p−2 dς

) p−2
2

×
∫ t

0

E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn
τ
(
ς,ϕ̃ς+ψnς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψς)

+ ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p dς
+

∫ t

sk

(s− ς)2p(q−1)E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn
τ
(
ς,ϕ̃ς+ψnς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p dς
]}
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≤ 6p−1

{
M̂p

Γp(q)
E

∥∥∥∥∥(s− sk)
q−1

[(
ϕ̃s−k

+ ψs−k

)
+ Ik(ϕ̃s−k

+ ψs−k
)

]∥∥∥∥∥
p

+ Ĉ4

∥∥∥∥∥
[(
ϕ̃n

τ
(
sk,ϕ̃sk

+ψnsk

) + ψn
τ
(
sk,ϕ̃sk

+ψnsk

))
−(ϕ̃

τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃+ψsk

))]∥∥∥∥∥
p

+ M̂p (s− sk)
p−1

(Ĉ2 + 1)

×
∫ s

sk

∥∥∥∥ϕ̃τ(s,ϕ̃ς+ψnς ) + ψn
τ
(
s,ϕ̃ς+ψnς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p dς
+

M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

×

[(∫ t

sk

m̂(ς)ϱσ

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn
τ
(
ς,ϕ̃ς+ψnς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p ) 2
p

dς

] p
2

+
M̂p

Γp(q)
Ĉ7

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

×
∫ t

sk

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn
τ
(
ς,ϕ̃ς+ψnς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p dς
+

∫ t

sk

(s− ς)2p(q−1)

× E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψnς ) + ψn
τ
(
ς,ϕ̃ς+ψnς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p dς
]}

.

By the Lebesgue dominated theorem, one can prove that

E ∥(Θψn)(s)− (Θψ)(s)∥p → 0

as n→ ∞.

Hence Θ is continuous.
Step II: One can verify that Θ(B̂ϑ) ⊂ (B̂ϑ). There exists ϑ > 0 such that
E ∥(Θψ)(s)∥p ≤ ϑ. Let us contradictory assume that for each ϑ > 0, there
exist ψ ∈ B̂ϑ and t ∈ [0, â] such that ϑ < E ∥(Θψ)(s)∥p. Now, for s ∈ [0, s1]

and ψ ∈ B̂ϑ, one can have
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ϑ < E ∥(Θψ)(s)∥p ≤ 5p−1

{
− E ∥Sq(s)L(0, φ(0))∥p

+ E

∥∥∥∥L(s, ϕ̃τ(s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃s+ψs

))∥∥∥∥p
+ E

∥∥∥∥∫ s

0

Sq(s− ς)f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dς∥∥∥∥p
+ E

∥∥∥∥∫ s

0

(s− ς)q−1Tq(s− ς)σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dW (ς)

∥∥∥∥p
+ E

∥∥∥∥∫ s

0

∫
Z

(s− ς)q−1Tq(s− ς)h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)(dη)dς∥∥∥∥p}
≤ 5p−1

{
− M̂pC4 ∥φ(0)∥p + Ĉ4

∥∥∥∥ϕ̃τ(s,ϕ̃ς+ψς) + ψ
τ
(
t,ϕ̃ς+ψς

)∥∥∥∥p
+ M̂p

(∫ s

0

dς

)p−1

E

∥∥∥∥f(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p dς
+

M̂p

Γp(q)

(∫ s

0

(s− ς)2(q−1)dς

) p
2

×
[(
E

∥∥∥∥∫ s

0

σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p ) 2
p

dς
] p

2

+
M̂p

Γp(q)
Ĉ7

[(∫ s

0

(s− ς)
2p(q−1)
p−2 dς

) p−2
2

∫ t

0

E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

)∥∥∥∥p dς
+

∫ t

0

(s− ς)2p(q−1)E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

)∥∥∥∥p dς
]}

≤ 5p−1

{
− M̂pC4(∥φ∥p) + Ĉ4

∥∥∥∥ϕ̃τ(t,ϕ̃ς+ψς) + ψ
τ
(
s,ϕ̃ς+ψς

)∥∥∥∥p
+ M̂p (s)

p−1
(Ĉ2 + 1)

×
∫ s

0

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

)∥∥∥∥p dς + M̂p

Γp(q)

(
s)2(q−1)+1

) p
2

(2q − 2 + 1)
p
2

×
∫ s

0

m̂(ς)ϱσ

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

)∥∥∥∥p dς
+

M̂p

Γp(q)
Ĉ7

[
(s)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

∫ s

0

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

)∥∥∥∥p dς
+

∫ s

0

(s− ς)2p(q−1)E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

)∥∥∥∥p dς
]}

.

Furthermore, for s ∈ (sk, sk+1],
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ϑ < E ∥(Θψ)(t)∥p

≤ 6p−1

{
E

∥∥∥∥Tq(s− sk)(s− sk)
q−1
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))∥∥∥∥P
+ E

∥∥∥∥Tq(s− sk)(s− sk)
q−1Ik

(
ϕ̃
τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))∥∥∥∥p
+ E

∥∥∥∥L(t, ϕ̃τ(s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃s+ψs

))∥∥∥∥p
+ E

∥∥∥∥∫ s

sk

Sq(s− ς)

[
f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))] dς∥∥∥∥p
+ E

∥∥∥∥∫ s

sk

(s− ς)q−1Tq(s− ς)σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dW (ς)

∥∥∥∥p
+ E

∥∥∥∥∫ s

sk

∫
Z

(s− ς)q−1Tq(s− ς)h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)(dη)dς∥∥∥∥p}
≤ 6p−1

{
− M̂pC4(∥φ(0)∥p) + Ĉ4

∥∥∥∥ϕ̃τ(s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃s+ψs

)∥∥∥∥p
+ M̂p

(∫ t

sk

dς

)p−1

E

∥∥∥∥f(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p dς
+

M̂p

Γp(q)

(∫ t

sk

(s− ς)2(q−1)dς

) p
2 [(

E

∥∥∥∥∫ s

sk

σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p ) 2
p

dς
] p

2

+
M̂p

Γp(q)
(Ĉ7 + 1)

[(∫ s

0

(s− ς)
2p(q−1)
p−2 dς

) p−2
2

∫ t

0

E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς + ψ
τ(ς,ϕ̃ς+ψς

)∥∥∥∥p ) 2
p

dς
] p

2

+

∫ s

sk

(s− ς)2p(q−1)E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

)∥∥∥∥p dς
]}

≤ 6p−1

{
M̂p

Γp(q)
E

∥∥∥∥∥(s− sk)
q−1

[(
ϕ̃
τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))
+Ik

(
ϕ̃τ(sk,ϕ̃sk

+ψsk
) + ψτ(sk,ϕ̃sk

+ψsk
)

)]∥∥∥∥∥
p

+ (Ĉ4 + 1)
∥∥∥ϕ̃τ(s,ϕ̃s)

+ ψτ(s,ψs)

∥∥∥p + M̂p (s− sk)
p−1

(Ĉ2 + 1)

×
∫ s

sk

∥∥∥ϕ̃τ(s,ϕ̃s)
+ ψτ(s,ψs)

∥∥∥p dς + M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

×
[( ∫ s

sk

m̂(ς)ϱσ

∥∥∥ϕ̃τ(ς,ϕ̃ς) + ψτ(ς,ψς)

∥∥∥p ) 2
p

dς
] p

2

+
M̂p

Γp(q)
(Ĉ7 + 1)

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

∫ s

sk

∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς + ψτ(ς,ϕ̃ς+ψς)

∥∥∥p dς
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+

∫ s

sk

(s− ς)2p(q−1)E
∥∥∥ϕ̃τ(ς,ϕ̃ς + ψτ(ς,ψς)

∥∥∥p dς]}.
Hence for every t ∈ [0, â], one can have

ϑ < E ∥(Θψ)(s)∥p (H+ Jφ)p

≤ C̃∗ + 6p−1

{
M̂p(s− sk)

p(q−1)

Γp(q)
E

∥∥∥∥∥4p−1

[
Ñp
âϑ+ ÑpM̃pLp + (Hâ + Jφ)p

∥∥∥ϕ̃∥∥∥p
B

]

+qk4
p−1

[
Ñp
âϑ+ ÑpM̃pLp + (Hâ + Jφ)p

∥∥∥ϕ̃∥∥∥p
B

]∥∥∥∥∥
p

+ Ĉ44
p−1

[
Ñp
âϑ+ ÑpM̃pLp + (Hâ + Jφ)p

∥∥∥ϕ̃∥∥∥p
B

]
+ M̂p (s− sk)

p−1
Ĉ2

×
∫ t

sk

4p−1

[
Ñp
âϑ+ ÑpM̃pLp + (Hâ + Jφ)p

∥∥∥ϕ̃∥∥∥p
B

]
dς +

M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

×
[( ∫ s

sk

m̂(ς)ϱσ4
p−1

[
Ñp
âϑ+ ÑpM̃pLp + (Hâ + Jφ)p

∥∥∥ϕ̃∥∥∥p
B

]) 2
p

dς
] p

2

+
M̂p

Γp(q)
Ĉ7

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

∫ t

sk

4p−1

[
Ñp
âϑ+ ÑpM̃pLp + (Hâ + Jφ)p

∥∥∥ϕ̃∥∥∥p
B

]
dς

+

∫ t

sk

(s− ς)2p(q−1)4p−1

[
Ñp
âϑ+ ÑpM̃pLp + (Hâ + Jφ)p

∥∥∥ϕ̃∥∥∥p
B

]
dς

]}
,

where C̃∗ = 6p−1

{
M̂p(s− sk)

p(q−1)

Γp(q)
qk + Ĉ4 + M̂p (s− sk)

p−1
Ĉ2

+
M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

[( ∫ s

sk

m̂(ς)ϱσ

) 2
p

dς
] p

2

+
M̂p

Γp(q)
Ĉ7

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

∫ t

sk

dς +

∫ s

sk

(s− ς)2p(q−1)

]}
.

Next, dividing both sides of (8) through ϑ and ϑ → ∞, one can obtained
that

1 < 4p−1Ñâ max
1≤k≤ñ

{
(Ĉ4 + 1) + M̂p (s− sk)

p−1
(Ĉ2 + 1)

+
M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

m̂(t)ϱσ
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+
M̂p

Γp(q)
(Ĉ7 + 1)

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

+
(s− sk)

2pq−2p+1

2pq − 2p+ 1

]}
,

That contradicts our assumption (A7). Thus there exists a positive constant
ϑ > 0 such that Θ(B̂ϑ) ⊂ (B̂ϑ). Then one can conclude that the system
(1)–(3) has a mild solution.
Step III: To prove the uniqueness. For t ∈ [0, s1],

E ∥(Θψ)(s)− (Θψ∗)(s)∥p

≤ 4p−1

{
E

∥∥∥∥L(s, ϕ̃τ(s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃s+ψs

))− L
(
s, ϕ̃τ(s,ϕ̃s+ψ∗

s)
+ ψ∗

τ
(
s,ϕ̃s+ψ∗

s

))∥∥∥∥p
+ E

∥∥∥∥∫ s

0

Sq(s− ς)

×
[
f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))− f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))] dς∥∥∥∥p
+ E

∥∥∥∥∫ t

0

(s− ς)q−1Tq(s− ς)

×
[
σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))− σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))] dW (ς)

∥∥∥∥p
+ E

∥∥∥∥∫ s

0

∫
Z

(s− ς)q−1Tq(s− ς)

×
[
h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)
−h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

), η)]λ(dη)dς∥∥∥∥p}
≤ 4p−1

{
Ĉ4

∥∥∥∥(ϕ̃τ(s,ϕ̃s+ψs)
+ ψ

τ
(
s,ϕ̃s+ψs

))− (ϕ̃
τ
(
s,ϕ̃s+ψ∗

s

) + ψ∗
τ
(
s,ϕ̃s+ψ∗

s

))∥∥∥∥p
+ M̂p

(∫ t

0

dς

)p−1

× E

∥∥∥∥f(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

))− f
(
ς, ϕ̃τ(ς,ϕ̃ς+ψ∗

ς )
+ ψ∗

τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
+

M̂p

Γp(q)

(∫ s

0

(s− ς)2(q−1)dς

) p
2

×
[(
E

∥∥∥∥∫ s

0

σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃+ψς

))
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−σ
(
ς, ϕ̃

τ(ς,ϕ̃ς+ψ∗
ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥∥∥
p ) 2

p

dς
] p

2

+
M̂p

Γp(q)
Ĉ7

[(∫ s

0

(s− ς)
2p(q−1)
p−2 dς

) p−2
2

×
∫ s

0

E

∥∥∥∥(ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

))− (ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
+

∫ s

0

(s− ς)2p(q−1)

× E

∥∥∥∥(ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

))− (ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
]}

≤ 4p−1

{
Ĉ4

∥∥∥∥(ϕ̃τ(s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃s+ψs

))− (ϕ̃
τ
(
s,ϕ̃s+ψ∗

s

) + ψ∗
τ
(
s,ϕ̃s+ψ∗

s

))∥∥∥∥p
+ M̂p (s)

p−1
Ĉ2

∫ s

0

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
+

M̂p

Γp(q)

(
s)2(q−1)+1

) p
2

(2q − 2 + 1)
p
2

×
∫ s

0

m̂(ς)ϱσ

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
+

M̂p

Γp(q)
Ĉ7

[
(s)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

×
∫ s

0

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
+

∫ s

0

(s− ς)2p(q−1)E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
]}

≤ 4p−1

{
Ĉ4 + M̂p (s)

p−1
Ĉ2 +

M̂p

Γp(q)

(
s)2(q−1)+1

) p
2

(2q − 2 + 1)
p
2

m̂(s)ϱσ

+
M̂p

Γp(q)
Ĉ7

[
(s)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

+
s2pq−1

2pq − 1

]}
Ñp
âE
∥∥∥ϕ̃(s)− ψ(s)

∥∥∥p
+ (Hâ + Jφ)pE

∥∥∥ϕ̃0∥∥∥p
B
+ (Hâ + Jφ)pE ∥ψ0∥pB

≤ 4p−1

{
Ĉ4 + M̂p (s)

p−1
Ĉ2 +

M̂p

Γp(q)

(
s)2(q−1)+1

) p
2

(2q − 2 + 1)
p
2

m̂(s)ϱσs
p
2
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+
M̂p

Γp(q)
Ĉ7

[
(s)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

+
s2pq−1

2pq − 1

]}
Ñp
âE
∥∥∥ϕ̃(s)− ψ(s)

∥∥∥p .
For s ∈ (sk, sk+1],

E ∥(Θψ)(s)− (Θψ∗)(s)∥p

≤ 6p−1

{
E

∥∥∥∥Tq(s− sk)(s− sk)
q−1
[(
ϕ̃
τ
(
sk,ϕ̃sk+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))
−
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψ∗
sk

)
+ ψ∗

τ(sk,ϕ̃sk
+ψ∗

sk

))]∥∥∥∥p
+ E

∥∥∥∥[Tq(s− sk)(s− sk)
q−1Ik

(
ϕ̃
τ
(
sk,ϕ̃sk+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))
−
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψ∗
sk

) + ψ∗
τ
(
sk,ϕ̃sk

+ψ∗
sk

))]∥∥∥∥p
+ E

∥∥∥∥L(s, ϕ̃τ(s,ϕ̃s+ψs

) + ψ
τ
(
t,ϕ̃s+ψs

))− L
(
s, ϕ̃

τ
(
t,ϕ̃s+ψ∗

s

) + ψ∗
τ
(
t,ϕ̃s+ψ∗

s

))∥∥∥∥p
+ E

∥∥∥∥∫ s

sk

Sq(s− ς)f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))
−f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))dς∥∥∥∥p
+ E

∥∥∥∥∫ s

sk

(s− ς)q−1Tq(s− ς)σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))
−σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))dW (ς)

∥∥∥∥p
+ E

∥∥∥∥∫ s

sk

∫
Z

(s− ς)q−1Tq(s− ς)

×
[(
h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)
−h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

), η)λ(dη)dς]∥∥∥∥p}
≤ 6p−1

{
M̂p

Γp(q)
E

∥∥∥∥(s− sk)
q−1
[(
ϕ̃τ(sk,ϕ̃sk

+ψsk
) + ψ

τ
(
sk,ϕ̃sk

+ψsk

))
−
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψ∗
sk

) + ψ∗
τ
(
sk, ˜ϕsk

ψ∗
sk

))]∥∥∥∥p
+ E

∥∥∥∥∥ M̂p

Γp(q)

[
Ik(s− s_k)q−1

(
ϕ̃
τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))
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−(ϕ̃
τ
(
sk,ϕ̃sk

+ψ∗
sk

) + ψ∗
τ
(
sk, ˜ϕsk

ψ∗
sk

))]∥∥∥∥p
+ E

∥∥∥∥L(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃+ψς

))− L
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p
+ M̂p

(∫ s

sk

dς

)p−1

E

∥∥∥∥f(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ς+ψς

))
−f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
+

M̂p

Γp(q)

(∫ s

sk

(s− ς)2(q−1)dς

) p
2

×
[(
E

∥∥∥∥∫ s

sk

σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))
−σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p ) 2
p

dς
] p

2

+
M̂p

Γp(q)
Ĉ7

×

[(∫ s

0

(s− ς)
2p(q−1)
p−2 dς

) p−2
2

∫ s

0

E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψsk
ς
) + ψ

τ
(
ς,ϕ̃ς+ψς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς]
+

∫ s

sk

(s− ς)2p(q−1)E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψsk
ς
) + ψ

τ
(
ς,ϕ̃ς+ψς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ς+ψ∗

ς

))∥∥∥∥p dς
]}

≤ 6p−1

{
M̂p

Γp(q)
E

∥∥∥∥(s− sk)
q−1
[
(ϕ̃
τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))
−
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψ∗
sk

) + ψ∗
τ
(
sk, ˜ϕsk

ψ∗
sk

))]∥∥∥∥p
+ E

∥∥∥∥∥ M̂p

Γp(q)

[
Ik(s− sk)

q−1
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))
−
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψ∗
sk

)
+ ψ∗

τ(sk, ˜ϕsk
ψ∗

sk

))]∥∥∥∥p
+ Ĉ4E

∥∥∥∥ϕ̃τ(t,ϕ̃s+ψs)
+ ψ

τ
(
s,ϕ̃sψs

) − (ϕ̃
τ
(
t,ϕ̃s+ψ∗

s

) + ψ∗
τ
(
s,ϕ̃sψ∗

s

))∥∥∥∥p
+ M̂p (t− sk)

p−1
(Ĉ2 + 1)
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×
∫ s

sk

E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ςψς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p dς
+

M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

×
[( ∫ t

sk

m̂(ς)ϱσ

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ςψς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p ) 2
p

dς
] p

2

+
M̂p

Γp(q)
Ĉ7

×

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

∫ t

sk

E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ςψς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p dς
+

∫ s

sk

(s− ς)2p(q−1)E
∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ςψς)

−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p dς
]}

≤ 6p−1

{
(1 + qk)(s− sk)

q−1 + Ĉ4 + M̂p (s− sk)
p−1

Ĉ2

+
M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

m̂(s)ϱσs
p
2

+
M̂p

Γp(q)
Ĉ7

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

+
(s− sk)

2pq−1

2pq − 1

]}
Ñp
âE
∥∥∥ϕ̃(s)− ψ(s)

∥∥∥p .
By the Holder inequality, along with the Lipschitz property of L, f, h, σ, and
Ik, k = 1, 2, . . . , one can have

E ∥(Θψ)(s)− (Θψ∗)(s)∥p

≤ 6p−1

{
M̂p

Γp(q)
E

∥∥∥∥(s− sk)
q−1
[(
ϕ̃
τ
(
sk,ϕ̃sk

+ψsk
)
+ ψ

τ
(
sk,ϕ̃sk

+ψsk

))
−
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψ∗
sk

) + ψ∗
τ
(
sk, ˜ϕsk

+ψ∗
sk

))]∥∥∥∥p
+ E

∥∥∥∥∥ M̂p

Γp(q)

[
Ik(s− sk)

q−1
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))
−
(
ϕ̃
τ
(
sk,ϕ̃sk

+ψ∗
sk

) + ψ∗
τ
(
sk, ˜ϕsk

+ψ∗
sk

))]∥∥∥∥p
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+ Ĉ4E

∥∥∥∥ϕ̃τ(s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃sψs

) − (ϕ̃
τ
(
s,ϕ̃s+ψ∗

s

) + ψ∗
τ
(
s,ϕ̃sψ∗

s

))∥∥∥∥p
+ M̂p (t− sk)

p−1
(Ĉ2 + 1)

×
∫ t

sk

E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ςψς

) − (ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p dς
+

M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

[( ∫ t

sk

m̂(ς)ϱσ

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ςψς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p ) 2
p

dς
] p

2

+
M̂p

Γp(q)
Ĉ7

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

∫ t

sk

E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ςψς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p dς
+

∫ s

sk

(s− ς)2p(q−1)E

∥∥∥∥ϕ̃τ(ς,ϕ̃ς+ψς) + ψ
τ
(
ς,ϕ̃ςψς

)
−
(
ϕ̃
τ
(
ς,ϕ̃ς+ψ∗

ς

) + ψ∗
τ
(
ς,ϕ̃ςψ∗

ς

))∥∥∥∥p dς
]}

≤ 6p−1

{
(1 + qk)(s− sk)

q−1 + Ĉ4 + M̂p (s− sk)
p−1

Ĉ2

+
M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2

m̂(s)ϱσt
p
2

+
M̂p

Γp(q)
Ĉ7

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

+
(s− sk)

2pq−1

2pq − 1

]}
Ñp
âE
∥∥∥ϕ̃(s)− ψ(s)

∥∥∥p .
Hence, one can get

sup
ς∈[−s,s]

E ∥(Θψ)(s)− (Θψ∗)(s)∥p ≤ sup
ς∈[−s,s]

ρ̂E
∥∥∥ϕ̃(s)− ψ(s)

∥∥∥p ,
where

ρ̂(s) = 6p−1

{
(1 + qk)(s− sk)

q−1 + Ĉ4 + M̂p (s− sk)
p−1

Ĉ2

+
M̂p

Γp(q)

(
s− sk)

2(q−1)+1
) p

2

(2q − 2 + 1)
p
2
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× m̂(s)ϱσs
p
2 +

M̂p

Γp(q)
Ĉ7

[
(s− sk)

(2pq−p−2)
2(

2pq−p−2
p−2

) p−2
2

+
(s− sk)

2pq−1

2pq − 1

]}
Ñp
â (9)

Hence, according to the contraction mapping principle theory, Θ has a unique
fixed point ψ(s).

Lemma 3. Consider the constants Ĉi(i = 1, 2, 3), Ik(k = 1, 2, . . . ,m), γ̂ > 0

and a function ψ(s) : [−s,∞) → [0,∞) such that

ψ(s) ≤ Ĉ1e
−γ̂s, for s ∈ [−s, 0],

and

ψ(s) = Ĉ1e
−γ̂s + Ĉ2 sup

θ∈[−s,0]
ψ(s+ θ) + Ĉ3

∫ s

0

e(s−ς) sup
θ∈[−s,0]

ψ(s+ θ)dς

+
∑
sk<s

βke
−ς(s−sk)ψ(s−k ), for every s ≥ 0.

If C2 + C3

γ̂ +
m∑
k=1

βk < 1, then ψ(s) ≤ N0e
−µs for s ≥ −s, where µ > 0 is

the unique solution to the equation Ĉ2 +
C3

(µ−γ)e
µs +

m∑
k=1

βk = 1 and N0 =

max{C1,
C1(γ−µ)
C3eςs

} > 0.

Exponential stability: To ensure the exponential stability of the sys-
tem (1)–(3), we need to state the following additional assumptions.

(A7) From (7) and (8), we have

∥Sq(s)∥ ≤Me−qαs, s ≥ 0, α > 0, (10)

∥Tq(s)∥ ≤ M

Γ(q)
e−qαs, s ≥ 0, α > 0. (11)

We assume that ∥Sq(s)∥ and ∥Tq(s)∥ for s are strongly continuous semi-
group and exponentially stable.

(A8) For all s ≥ 0 and ψ ∈ B, there exist nonnegative real numbers
R1,R2,R3 ≥ 0 and continuous function πi : [0,∞) → B R+, i = 1, 2, 3,

such that

∥L(s, xs)∥p ≤ R1[∥xs∥p] + π1(s),
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∥f(s, xs)∥p ≤ R2[∥xs∥p] + π2(ς),

∥h(s, ς, xs)∥p ≤ R3[∥xs∥p] + π3(ts).

(A9) There exist nonnegative real numbers r1, r2r3 ≥ 0 such that

πi ≤ rie
−αs, s ≥ 0, i = 1, 2, 3.

(A10) The function σ : J → L2(Ω,B,B) satisfies the following conditions:∫ ∞

0

eας ∥σ(ς)∥p <∞.

Theorem 2. Suppose that the assumptions (A2)− (A10) are satisfied. Then
the given system (1)–(3) is exponentially stable.

Proof. Now, choose Θ(ψ(s)) as the mild solution of the system (1)–(3), and
take µ̂ = γϵ. Then, one can obtain

(Θψ)(s) =



−Sq(s)[φ(0)− L(0, φ)] + L
(
s, ϕ̃

τ
(
s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃s+ψs

))
+
∫ s

0
Sq(s− ς)f

(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dς
+
∫ s

0
(s− ς)q−1Tq(s− ς)σ

(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dW (ς)

+
∫ s

0

∫
Z
(s− ς)qTq(s− ς)h

(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)
×λ(dη)dς, s ∈ [0, s1],



...
...

...

(s− sk)
q−1Tq(s− sk)

[
ϕ̃
τ
(
ϕ̃sk

+ψsk

) + ψ
τ
(
ϕ̃sk

+ψsk

)
+Ik(ϕ̃

τ
(
ϕ̃sk

+ψsk

) + ψ
τ
(
ϕ̃sk

+ψsk

))]
+L
(
sk, ϕ̃

τ
(
sk,ϕ̃sk

+ψsk

) + ψ
τ
(
sk,ϕ̃sk

+ψsk

))
+
∫ s

sk
Sq(s− ς)f

(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dς
+
∫ s

sk
(s− ς)q−1Tq(s− ς)

∫ ς
0
σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dW (ς)

+
∫ s

sk

∫
Z
(s− ς)qTq(s− ς)h

(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)
×λ(dη)dς, s ∈ (sk, sk+1].
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For s ∈ [0, s1], it follows from (8), (9) , (A8) and (A9) that

E ∥(Θψ)(s)∥pB (12)

≤ 5p−1

{
Sq(s)E ∥[φ(0)− L(0, φ)]∥pB + E

∥∥∥∥L(s, ϕ̃τ(s,ϕ̃s

) + ψ
τ
(
s,ψs

))∥∥∥∥p
B

+ E

∥∥∥∥Sq(s− ς)

∫ s

0

f
(
ς, ϕ̃

τ
(
ς,ϕ̃ς

) + ψ
τ
(
ς,ψς

))dς∥∥∥∥p
B

+ E

∥∥∥∥∫ s

0

(s− ς)q−1Tq(s− ς)σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς

) + ψ
τ
(
ς,ψς

))dW (ς)

∥∥∥∥p
B

+ E

∥∥∥∥∫ s

0

∫
Z

(s− ς)q−1Tq(s− ς)h
(
ς, ϕ̃

τ
(
ς,ϕ̃ς

) + ψ
τ
(
ς,ψς

), η)λ(dη)dς∥∥∥∥p
B

}
≤

5∑
i=1

Gi. (13)

From the assumption A8, one can have

G1 = Sq(s)E ∥[φ(0)− L(0, φ)]∥pB
≤Mpe−pαsE ∥φ(0)∥p . (14)

From (A8) and (A9), one can obtain

G2 = E

∥∥∥∥L(s, ϕ̃τ(s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃s+ψs

))∥∥∥∥p
B

≤Mp(Ĉ4 + 1)

{
E

∥∥∥∥R1ϕ̃
τ
(
s,ϕ̃s+ψs

) + ψ
τ(s,ϕ̃s+ψs

)∥∥∥∥p + π1(s)

}

≤Mp(Ĉ4 + 1)

{
E

∥∥∥∥R1ϕ̃
τ
(
s,ϕ̃s+ψs

) + ψ
τ
(
s,ϕ̃s+ψs

)∥∥∥∥p
}

+ Q̂2e
−αs, (15)

where Q̂2 =Mp(Ĉ4 + 1)r1.

From (A8) and (A9), one can get

G3 = E

∥∥∥∥∫ s

0

Sq(s− ς)f(ς, ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς))dς

∥∥∥∥p
B

≤Mp(Ĉ2 + 1)

{
E

∥∥∥∥∫ s

0

e−qαR2ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς)

∥∥∥∥p + π2(s)

}

≤Mp(Ĉ2 + 1)

{
E

∥∥∥∥∫ s

0

e−qαR2ϕ̃τ(ς,ϕ̃ς+ψς) + ψτ(ς,ϕ̃ς+ψς)

∥∥∥∥p
}

+ Q̂3e
−αs,

(16)
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where Q̂3 =Mp(Ĉ2 + 1)r2.

By the hypotheses (A4) and (A10), one can have

G4 = E

∥∥∥∥∫ s

0

(s− ς)q−1Tq(s− ς)σ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dW (ς)

∥∥∥∥p
B

≤ Mp

Γp(q)
E

∥∥∥∥∫ s

0

(s− ς)q−1e−qαςσ
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))∥∥∥∥p
L0
Q

dς

≤ Q̂4, Q̂4 > 0.

Hence, one can get G4 ≤ Q̂4e
−µs.

Furthermore, from (A8) and (A9), one can get

G5 = E

∥∥∥∥∫ s

0

(s− ς)q−1Tq(s− ς)
(
ς, ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

), η)λ(dη)dς∥∥∥∥p
B

≤ Mp

Γp(q)
(Ĉ6 + 1)

{
E

∥∥∥∥∫ s

0

e−qας
(
R3ϕ̃

τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dς∥∥∥∥p + π3(t)

}

≤ Mp

Γp(q)
(Ĉ6 + 1)

{
E

∥∥∥∥∫ s

0

e−qαςR3

(
ϕ̃
τ
(
ς,ϕ̃ς+ψς

) + ψ
τ
(
ς,ϕ̃ς+ψς

))dς∥∥∥∥p
}

+ Q̂5e
−αs,

(17)

where Q̂5 = Mp

Γp(q) (Ĉ6 + 1)r3.

Now, from (A5)&(A8), one can have

G6 = (s− ς)q−1Tq(s− ς)
[
E
∥∥∥ϕ̃τ(s,ϕ̃s)

+ ψτ(s,ψs)

∥∥∥p + IkE
∥∥∥(ϕ̃τ(ς,ϕ̃ς) + ψτ(ς,ψς))

∥∥∥p ]
≤ Mp

Γp(q)
e−pqα(s−sk)E

∥∥∥ϕ̃τ(s,ϕ̃s+ψs)
+ ψτ(s,ϕ̃+ψs)

∥∥∥p + qk
Mp

Γp(q)
e−pqα(s−sk)

× E
∥∥∥ϕ̃τ(s,ϕ̃s+ψs)

+ ψτ(s,ϕ̃sψs)

∥∥∥p
≤ (

Mp

Γp(q)
e−pqα(s−sk) + qk

Mp

Γp(q)
e−pqα(s−sk))Ñp

â . (18)

From the above inequalities (13)–(16) it follows that E ∥(Θψ)(s)∥p ≤ ρ̂e−µs

for s ∈ [−s, 0], and for every s ≥ 0, we have
E ∥(Θψ)(s)∥p ≤ ρ̂e−µs+k sup

−s≤≤0
E ∥(Θψ)(s+ θ)∥p+k

∫ s

0
e−µ(s−ς)E ∥(Θψ)(s)∥p

≤ ρ̂e−µs + k sup
−s≤≤0

E ∥(Θψ)(s+ θ)∥p dς + Tq(sk)e
−pqα(s−sk))E ∥(Θψ)(s)∥p

+e−pqα(s−sk))IkE ∥(Θψ)(s)∥p,
where k = (Ĉ4 + 1)R1 +Mp(Ĉ2 + 1)R2 +

Mp

Γp(q) (Ĉ6 + 1)R3 and ρ̂
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= max
( ∑
i=16

Gi sup
−s≤s≤0

E ∥(Θψ)(s+ θ)∥p
)
.

The mild solution of system (1)–(3) is exponentially stable in p|th moment,
since k + k

µ + Ik < 1.

4 Applications

Consider the following INFSIDE driven by the Poisson jump, illustrating the
obtained theory as follows:

d

ds

[
Jqx(s)−

∫ 0

−3

e−2(ς−s)x
( ς − τ(∥x(s)∥)

25
dς
)
− ϕ(0) +N (0, ϕ)

]
(19)

= 0.2

[
x(t)−

∫ 0

−3

e−2(ς−s)x
( ς − τ(∥x(s)∥)

25
dς
)]

+ J1−q
s

∫ 0

−3

e−2(ς−s)x
( ς − τ(∥x(s)∥)

16
, zdς

)
+

∫ 0

−3

e−2(ς−s)x
( ς − τ(∥x(s)∥)

36
, z
)
dW (s)

+

∫
Z

∫ 0

−3

e−4(ς−s) sin 3x
( ς − τ(∥x(s)∥)

49
, z, η

)
Ñ(ds, dη), s ∈ [0, 10], x ∈ (0, π),

x0(s) = φ(s) ∈ B, (20)

∆1−qx(t =
1−

2
) = sin(1

7

∥∥∥∥τ(1−2 , x)

∥∥∥∥), (21)

where o < q < 1 and θ ∈ B with impulsive moments. Choose Ṽ =

L2[0, π], ω(t) is standard cylindrical wiener process in Ṽ described on a basis
of stochastic (Ω, {Fs}s≥0,P). The operator A : D(A) ⊂ Ṽ → Ṽ is defined as
Ax = x” with domain

D(A) = {x ∈ Ṽ : x, x′are absolutely continuous x” ∈ Ṽ, x(0) = x(π) = 0}.

Also, T (s) is defined as

T (t)x =

∞∑
n=1

e−n
2s(x, en)en.
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Choose P̂ ∈ (1,∞), s̃ ∈ [0,∞), and Φ(−∞,−s̃) → R is a nonnega-
tive measurable function such that L is a locally integrable function, and
there exists a nonnegative locally bounded function ϱ on (−∞, 0] such that
Φ(ρ + β̂) ≤ ϱ(ρ)Φ(β̂) for every s̃ ≤ 0 and β̂ ∈ (−∞,−s̃)/Mγ , where
Mγ ⊆ (−∞,−s̃) is a set whose Lebesgue measure is zero. Moreover,
PCs̃×Lα(Φ, Ṽ) the set consists of all classes of function φ : (−∞, 0] → Ṽ such
that φ/(−s̃, 0) ∈ PC([−s̃, 0], Ṽ), φ(·) is Lebesgue measurable in (−∞,−s̃),
and Φ ∥φ∥α is Lebesgue integrable on (−∞, s̃). The norm is denoted by

∥φ∥B = sup
s̃≤β̂≤0

∥∥∥φ(β̂)∥∥∥+ (∫ −s̃

−∞
Φ(β̂) ∥φ∥α dβ̂

) 1
α

.

The space B = PC−s̃ × Lα(Φ, Ṽ) satisfies axioms. Furthermore, when s̃ = 0

and α = 2, one can assume H̃ = 1, M̃(s) = σ(−s)
1
2 , and K(s) = 1 +( ∫ 0

−s
Φ(β̂)dβ̂

) 1
2 for s ≥ 0.

As one can have to rewrite system (17)–(19) in abstract form of (1)–(3),
one can introduce the following notations:

x(s) = µ(s, ξ) for s ≥ 0 and ξ ∈ [0, π]

φ(s)(τ) = µ0(s, ξ) for s ∈ (−∞, 0] and ξ ∈ [0, π].

Now, one can define the maps L : [0, â] × B → Ṽ, f : [0, â] × B → Ṽ, σ :

[0, â]× L(Ṽ) → Ṽ, Ik : [0, â]× B → Ṽ, and τ : [0, â]× B → R, denoted by

L(s, x)(ξ) = 1

25

∫ 0

−∞
e2ςφdς,

f(s, x)(ξ) =
1

16

∫ 0

−∞
e2ςφdς,

σ(s, x)(ξ) =
1

36

∫ 0

−∞
e2ςφdW (ς),

h(s, x, η)(ξ) =
1

49

∫ 0

−∞
e2ςφλ(dη)dς,

τ(s, x) = t
1 + 2 ∥ς(0)∥
1 + 4 ∥ς(0)∥

.

Next, for φ ∈ B, then the abstract form of (1)–(3), as in [5] if γ̂ is a bounded
and C̃ function such that
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E
∥∥∥L(s, ϕ̃)− L(s, ψ)

∥∥∥2
B
≤ E

[∫ π

0

(∫ 0

−3

eς

25

∥∥∥ϕ̃− ψ
∥∥∥ dς)2

dξ

]

≤ π

625

[(∫ 0

−3

e4x

x2 + 1
dx

) 1
2
(∫ 0

−3

x2 + 1dx

) 1
2

E
∥∥∥ϕ̃− ψ

∥∥∥2 ]

=
9.8778

625

[
0.4787× 3.4641i

]2
E
∥∥∥ϕ̃− ψ

∥∥∥2
= −0.020804E

∥∥∥ϕ̃− ψ
∥∥∥2 ,

E
∥∥∥f(s, ϕ̃)− f(s, ψ)

∥∥∥2
B
≤ E

[∫ π

0

(∫ 0

−3

eς

16

∥∥∥ϕ̃− ψ
∥∥∥ dς)2

dξ

]

≤ π

256

[(
e4x

x3 + 1
dx

) 1
2
(∫ 0

−3

x3 + 1dx

) 1
2

E
∥∥∥ϕ̃− ψ

∥∥∥2 ]

=
9.8778

256

[
0.8881× 4.15331i

]2
E
∥∥∥ϕ̃− ψ

∥∥∥2
= −0.524967E

∥∥∥ϕ̃− ψ
∥∥∥2
B
,

E
∥∥∥σ(s, ϕ̃)− σ(s, ψ)

∥∥∥2
B
≤ E

[∫ π

0

(∫ 0

−3

eς

36

∥∥∥ϕ̃− ψ
∥∥∥ dς)2

dξ

]

≤ π

1296

[(
e4x

x5 + 1
dx

) 1
2
(

∈ s0−3x
5 + 1dx

) 1
2

E
∥∥∥ϕ̃− ψ

∥∥∥2 ]

=
9.8778

1296

[
(0.25237)

1
2 × (−118.5)

1
2

]2
E
∥∥∥ϕ̃− ψ

∥∥∥2
= −0.903178E

∥∥∥ϕ̃− ψ
∥∥∥2
B
,

E
∥∥∥h(s, ϕ̃)− h(s, ψ)

∥∥∥2
B
≤ E

[∫ π

0

(∫ 0

−3

eς

49

∥∥∥ϕ̃− ψ
∥∥∥ dς)2

dξ

]

≤ π

2401

[(
e4x

x7 + 1
dx

) 1
2
(∫ 0

−3

x7 + 1dx

) 1
2

E
∥∥∥ϕ̃− ψ

∥∥∥2 ]

=
9.8778

2401

[
(0.249033)

1
2 × (−817.125)

1
2

]2
E
∥∥∥ϕ̃− ψ

∥∥∥2
= −0.83715E

∥∥∥ϕ̃− ψ
∥∥∥2
B
.

By substituting these values in (8), we got −0.910264510 < 1. Hence, the
system (1)–(3) has a mild solution and is exponentially stable. One can

Iran. J. Numer. Anal. Optim., Vol. 15, No. 1, 2025, pp 220–254



Mattuvarkuzhali and Silambarasan 250

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

200

400

600

800

1000

1200

t

x(
t)

 

 

Figure 1: Stability trajectory of the power system of fractional power q = 0.6
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Figure 2: Stability trajectory of the power system of fractional power q = 0.8
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observe the graphical representation of the exponential stability trajectory of
INFSIDE and the synchronization of electrical signals between the generator
through fractional power at q = 0.6 in Figure 1. The exponential stability
trajectory of INFSIDE and the synchronization of electrical signals between
the generators through fractional power at q = 0.8 are shown in Figure 2.

Remark 1. In the numerical example, simulations have been demonstrated
in the mean square norm.

Remark 2. The proposed theoretical result is an effective tool to reach the
goal subject to unpredictable Bm.
• Stability of BM and Poisson jumps are supported to synchronize the elec-
trical signals in the power system.

5 Conclusion

Sufficient conditions have been obtained for the mild solutions of exponen-
tial stability of INFSIDE driven by Poisson jump with state-dependent delay.
Fractional calculus, analytic resolvent operators, Mainardi function, and con-
traction mapping fixed point theorem are utilized to attain the main result.
Numerical examples have been used to validate the theoretical results, and a
real-world power system model using a fractional differential system has been
supplied. In the future, the authors will extend the results to controllability,
which supports controlling other abrupt changes like earthquakes and sudden
fires in wires.
Disclosure statement
No potential conflict of interest was reported by the authors.
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