Journal of Applied and Computational Sciences in Mechanics, 37, 2, 2025. (73-90)

D

/\.'//zf;i‘/pl,z;}
Ferdowsi
University of
Mashhad

Journal of Applied and Computational
Sciences in Mechanics

Page Journal: mechanic-ferdowsi.um.ac.ir

Society of
Manufacturing
Engineering of Iran

Post-buckling Analysis of Hyperelastic Column under Axial Compressive Loading*

Research Article
Alireza Sedaghat®

d | 10.22067/jacsm.2024.85357.1216

, Javad Porkar?

Abstract

Buckling of straight columns under concentrated stress has
been studied for several decades. The buckling behavior of
slender columns is well predicted, but the post-buckling
behavior of wide columns with high aspect ratios (where
geometric and material nonlinearity become critical) has
not been investigated. In this paper, it was shown
analytically that for a straight hyperelastic column, as the
ratio of its length increases, it can be changed from
continuous to regressive and elastic buckling.
Accordingly, the sign of the initial slope after buckling
also changes positively and eventually becomes positive
again. Using an asymptotic analysis of continuum
mechanics, the initial slope after buckling can be
determined as a function of the aspect ratio of the column
and then the critical aspect ratios for changing buckling
states can be determined, which are in good agreement
with the results of finite element analysis software
simulations. It can also be seen that with increasing the
shear-to-bulk ratio, which represents the compressibility
of the material, the buckling mode transition from
regressive to elastic buckling increases with a higher
length ratio. A phase diagram of the buckling modes in
terms of length ratio and shear-to-bulk ratio was also
drawn. Several analyses are specific to a Hooke-like
material, but other Hooke-like models also give similar
results. Furthermore, with increasing the shear-to-bulk
ratio, which represents the compressibility of the material,
the transition between clamped buckling and rebound
buckling is delayed to a critical length ratio. A phase
diagram of the buckling modes with respect to the width-
to-length ratio and shear-to-volume ratio is constructed,
which can be applied to other structural laws to study the
nonlinear effects of different materials on post-buckling
behavior.

Keywords: Nano fluids, Non-Newtonian, heat exchangers
helical coils, mix convection, Numerical study.

1- Introduction:

Column buckling, traditionally considered a failure mode,
has recently emerged as a fundamental mechanism for
designing mechanically functional metamaterials. This
phenomenon enables tunable  Poisson's  ratios,
programmable nonlinear responses, shape morphing, and
multistability[1]. The buckling and post-buckling behavior
of columns critically determines the performance of these
metamaterials. Unlike simplified 1D joist models, our
bifurcation analysis employs 2D continuum mechanics,
incorporating both geometric and material nonlinearities,
to accurately predict column behavior under axial
compression [2].

Previous research has primarily focused on initial
buckling behavior through incremental boundary value
problem solutions. Koiter's asymptotic technique, widely
applied to analyze post-buckling in various systems
(including neo-Hookean materials, hyperelastic layers,
and elastic tubes), serves as our methodological
foundation. This study applies Koiter's approach to
examine post-buckling in 2D rectangular blocks with
diverse constitutive rules. Our findings reveal that uncut
columns under controlled compression may exhibit
unstable equilibrium paths characteristic of snapping-back
buckling modes. While existing studies have explored
some buckling behaviors, a comprehensive analysis of all
possible buckling modes across different width-to-length
ratios remains lacking. This work aims to address this
research gap[3].

2- Buckling Mode Changes

We initiated our investigation with finite element analysis
using ABAQUS to identify three distinct buckling modes
in straight hyperelastic columns with varying width-to-
length ratios under axial compression. The analysis
employed the compressible neo-Hookean material model,
with elastic energy density expressed as:
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2D plane-stress simulations (CPE8H elements in
ABAQUS) were performed for columns with width w and
length L under axial displacement Al using the static Riks
method, and the compressive response force F was
calculated. Figure 1 shows a schematic of the system, in
which both ends of the column can move in the horizontal
direction while remaining straight. Reflective symmetry
was assumed for axis Xz, and thus only half of the column
was simulated. Imperfections were introduced to the initial
geometry to induce buckling and instability.
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Fig. 1. Schematic of a 2D hyperelastic column under
compressive force F or displacement Al

Figure 1 presents the numerical results, illustrating three
distinct buckling modes of straight hyperelastic columns
with varying width-to-length (w/L) ratios under axial
compressive loading. The strain () was defined as Al/L,
where Al represents the displacement between the
column's two ends. The normalized force-strain (F/wu-w)
curves were plotted along the equilibrium paths (see
Figure 2).

3. Continuum Mechanics-Based Asymptotic Analysis
This section presents a continuum mechanics-based
asymptotic analysis to evaluate the buckling and post-
buckling behavior of axially compressed columns. The
analysis was extended to:

1. Determine the initial post-buckling slope.

2. Investigate the transition of buckling modes from

continuous buckling to snapping-back buckling.

3.1. Stability Analysis of Post-Buckling Paths
This study examines the stability of post-buckling paths in
axially compressed columns, with particular focus on:
e The initial post-buckling slope.
e  The mode transition from continuous buckling to
snapping-through buckling.
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Fig. 2. (a) continuous buckling, (b) snapping-through buckling, and (c) snapping-back buckling (the shear modulus/bulk
modulus was assumed to be 0 in the post-buckling analysis)
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Fig. 3. Continuum mechanics-based asymptotic analysis
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3.2. Bifurcation analysis
Figure 4 represents the potential energy required for the in-

plane deformation of the half-column.

3.3. Post-buckling analysis

Once the critical strain w,, for the onset of buckling and
the corresponding mode u' had been found, the
displacement field u and compressive strain were
asymptotically extended near the buckling point in the
buckling equilibrium direction of the column.

4. Conclusion

The buckling of straight columns under axial compressive
loads has been studied extensively in recent decades.
While the buckling behavior of slender columns has been
effectively predicted, the post-buckling behavior of wide
columns with high *w/L* ratios (where geometric and
material nonlinearities are crucial) remains unexplored.
This paper analytically demonstrates that increasing the
*w/L* ratio of a straight hyperelastic column changes its
buckling mode from continuous buckling to snapping-
through and then to snapping-back buckling.
Consequently, the initial positive slope becomes negative
and then positive again as the *w/L* ratio increases.

Using an asymptotic analysis based on continuum
mechanics, the initial post-buckling slope can be expressed
as a function of the *w/L* ratio, allowing determination of
the critical *w/L* ratios for buckling mode transitions.
These analytical results show good agreement with post-
buckling behavior simulations.

Furthermore, an increase in the ratio of shear modulus
to bulk modulus (representing material compressibility)
raises the critical *w/L* ratio required for the transition
from snapping-through to snapping-back buckling.
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