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677 Sequential approximate optimality conditions for a constrained convex ...

Abstract

The aim of this paper is to establish sequential necessary and sufficient
approximate optimality conditions for a constrained convex vector mini-
mization problem without any constraint qualifications, characterizing the
approximate proper and weak efficient solutions. The constraints are de-
scribed by mappings taking values in different preorder vector spaces. Our
approach is based essentially on the sequential approximate subdifferential
calculus rule for the sums of a finite family of cone convex mappings. To
illustrate our main result, an application to multiobjective fractional pro-
gramming problem is given. Finally, we present an important subclass of
such problems showing the applicability of the obtained conditions.

AMS subject classifications (2020): Primary 45D05; Secondary 42C10, 65G99.

Keywords: Vector optimization; Approximate Pareto subdifferential of con-
vex mappings; Sequential approximate optimality conditions.

1 Introduction

Many multiobjective fractional programming problems arose in different fields
of modern research because their algorithmic aspects and abundance of appli-
cations, for example, economics, management, medicine, information theory,
engineering, and optimal control (see [17, 2, 15, 16, 20] and the references
therein).

Generally, for establishing the approximate optimality conditions for con-
vex optimization problems, certain types of constraint qualifications must be
imposed. However, we know that the constraint qualifications do not always
hold even for finite-dimensional optimization problems and frequently fail
for infinite-dimensional optimization problems. In order to eliminate these
drawbacks, many authors have paid their attention to characterize optimality
conditions for convex optimization problems without any constraint qualifi-
cations (see [19, 3, 8, 9, 1]). Thibault [19] derived sequential optimality con-
ditions via the subdifferential calculus for convex functions with cone convex
constraints. Boţ, Csetnek, and Wanka [3] obtained sequential characteri-
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zations of an optimal solution for composed convex optimization problems.
Recently, works have been done in this direction for multiobjective fractional
programming problems (see [14, 13, 10, 11, 18]). Moustaid et al. [14, 13]
established sequential optimality conditions for a constrained fractional pro-
gramming problem without any constraint qualifications, characterizing the
approximate weak efficient and efficient solution. Kim, Kim, and Lee [10] and
Kohli [11] developed sequential optimality conditions for multiobjective frac-
tional programming problems via scalarization and by using the concept of
the epigraphs of conjugate functions in terms of approximate subdifferentials
at an approximate weak efficient solution.

In this paper, we consider the following constrained vector minimization
problem with inequality constraints, which are described by mappings taking
values in different preorder vector spaces

(P1)



min f(x)

x ∈ C,

h1(x) ∈ −Z+
1 ,

...

hp(x) ∈ −Z+
p ,

where (X, ∥ · ∥X) and (Zi, ∥ · ∥Zi
) (i = 1, . . . , p) are real reflexive Banach

spaces and Y is a real Hausdorff topological vector space, C, Y+ ⊂ Y , and
Z+
i ⊂ Zi (i = 1, . . . , p) are convex cones and f : X −→ Y ∪ {+∞Y } is a

proper and Y+-convex and hi : X −→ Zi ∪ {+∞Zi} (i = 1, . . . , p) are proper
and Z+

i -convex mappings.

The goal of our paper is to establish, in the absence of constraint qualifica-
tions, sequential approximate optimality conditions characterizing properly
and weakly approximate efficient solutions for the problem (P1) in terms of
the approximate subdifferentials of the associated functions.

This paper is organized as follows. In Section 2, we present the main
notions and give some preliminary results used in what follows. In Section
3, we establish a sequential formula for the approximate subdifferential for
the sums of two vector mapping with a sum of p (p ≥ 1) vector composites.
In Section 4, by the results in Section 3, we study sequential necessary and
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sufficient approximate optimality conditions for (P1). Section 5 is devoted to
calculus sequential approximate optimality conditions for multiobjective frac-
tional programming problems without any constraint qualification. Finally,
we present an example illustrating the main result of this work.

2 Notations, definitions, and preliminaries

In this section, we give some basic definitions and results. Let X, Y , and Z

be real Hausdorff topological vector spaces with continuous dual spaces X∗,
Y ∗, and Z∗ and duality pairing also denoted by ⟨·, ·⟩. Let Y+ be a convex
cone of Y with intY+ ̸= ∅. The subset l(Y+) := Y+ ∩ −Y+ is the linearity of
Y+, when it is null; thus the cone Y+ is said to be pointed. Throughout the
paper, we denote by L(X,Y ) the set of all continuous linear operators from
X into Y . In what follows, the convex cone Y+ is not supposed to be a linear
subspace so it cannot coincide with its linearity. For any v1, v2 ∈ Y , the cone
Y+ induces the following ordering relations:

v1 ≤Y+
v2 ⇐⇒ v2 − v1 ∈ Y+,

v1 <Y+
v2 ⇐⇒ v2 − v1 ∈ intY+,

v1 ⪇Y+ v2 ⇐⇒ v2 − v1 ∈ Y+\l (Y+) .

To space Y , we attach an abstract maximal element with respect to “≤Y+ ”,
denoted by +∞Y such that v ≤Y+

+∞Y , for all v ∈ Y and v + (+∞Y ) :=

(+∞Y ) + v := +∞Y for all v ∈ Y ∪ {+∞Y }.
The polar cone Y ∗

+ and the strict polar cone (Y ∗
+)

◦ of Y+ are defined,
respectively, as

Y ∗
+ := {y∗ ∈ Y ∗ : y∗(Y+) ⊆ R+},

and
(Y ∗

+)
◦ := {y∗ ∈ Y ∗ : y∗(Y+\l(Y+)) ⊆ R+\{0}}.

Now, let us recall the following definitions.

Definition 1. A mapping F : X −→ Y ∪ {+∞Y } is said to be

• Y+-convex if for any β ∈ [0, 1] and any u1, u2 ∈ X
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F (βu1 + (1− β)u2) ≤Y+
βF (u1) + (1− β)F (u2) .

• proper if its effective domain satisfies

domF := {x ∈ X : F (x) ∈ Y } ̸= ∅.

• Y+-epi-closed if its epigraph

epiF := {(x, y) ∈ X × Y : F (x) ≤Y+
y} is closed.

• star Y+-lower semicontinuous if y∗ ◦ F is lower semicontinuous for any
y∗ ∈ Y ∗

+.

Let “≤Z+
” be a partial order on Z induced by a nonempty convex

cone Z+ ⊂ Z. We say that a mapping g : Z −→ Y ∪ {+∞Y } is (Z+, Y+)-
nondecreasing if for any w1, w2 ∈ Z we have

w1 ≤Z+
w2 =⇒ g(w1) ≤Y+

g(w2).

If h : X −→ Z ∪ {+∞Z}, then the composed mapping g ◦ h : X −→ Y ∪
{+∞Y } is defined by

(g ◦ h)(x) :=

 g(h(x)) if x ∈ dom h,

+∞Y otherwise.

It is easy to see that if g is (Z+, Y+)-nondecreasing and Y+-convex and h is
Z+-convex, then g ◦ h is Y+-convex.

Given F : X ⊇ S −→ Y ∪ {+∞} and ϵ ∈ Y+, we consider the following
vector minimization problem:

(P ) min
x∈S

F (x).

We recall some ε-efficiency solutions of (P ).

Definition 2. A point x̄ ∈ S ∩ domF is said to be

• a weakly ϵ-efficient solution if there does not exist x ∈ S such that
F (x) <Y+ F (x̄)− ϵ,
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681 Sequential approximate optimality conditions for a constrained convex ...

• a properly ϵ-efficient solution if there exists a convex cone Ŷ+ ⊊ Y that satisfies
Y+\l (Y+) ⊆ int Ŷ+, there does not exist x ∈ X,F (x) ⪇Ŷ+

F (x̄)− ϵ.

The sets of weakly and properly ϵ-efficient points will be denoted by
Ew

ε (F, S, Y+) and Ep
ε (F, S, Y+), respectively. Let us note that if Eσ

ε (F, S, Y+) ̸=
∅, then we can see easily ε ∈ Dσ, where

Dσ =


Y \ − intY+ if σ = w,

Y \(−Y+\l(Y+)) if σ = p.

The ε-subdifferential of F at x̄ ∈ domF , may be defined regarding the dif-
ferent concepts of Pareto ε-solutions efficient in the above with respect to
σ ∈ {w, p} as follows:

∂σ
ε F (x̄) := {A ∈ L(X,Y ) : x̄ ∈ Eσ

ε (F −A,S, Y+)},

that is,

•∂w
ε F (x̄) = {A ∈ L(X,Y ) : there does not exist x ∈ X,

F (x)− F (x̄) <Y+
A(x− x̄)− ε},

•∂p
εF (x̄) = {A ∈ L(X,Y ) : there exists Ŷ+ ⊊ Y a convex cone that satisfies

Y+\l (Y+) ⊆ int Ŷ+,

there does not exist x ∈ X,F (x)− F (x̄) ⪇Ŷ+
A(x− x̄)− ε}.

The conjugate function of any function F : X −→ R ∪ {+∞} is denoted
by F ∗ : X∗ → R and is defined as

F ∗(x∗) := sup
x∈X

{⟨x∗, x⟩ − F (x)}.

For η ≥ 0, the η-subdifferential of F at a point x̄ ∈ domF is defined by

∂ηF (x̄) := {x∗ ∈ X∗ : F (x)− F (x̄) ≥ ⟨x∗, x− x̄⟩ − η, for all x ∈ X}.

It is easy to check that

X∗ ∈ ∂ηF (x̄) ⇐⇒ F ∗(x∗) + F (x̄)− ⟨x∗, x̄⟩ ≤ η.

By the definition of F ∗, the so-called Young–Fenchel inequality is
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F ∗(x∗) + F (x) ≥ ⟨x∗, x⟩, for all (x, x∗) ∈ X ×X∗.

If ε = 0Y , then the set ∂σ
0 F (x̄) := ∂σF (x̄) is the Pareto subdifferential (see

[7]), for any σ ∈ {s, w, p}. For simplicity, we consider the following notation:

Y σ
+ :=


Y ∗
+\{0Y } if σ = w,

(Y ∗
+)

◦ if σ = p,

For any subset C ⊂ X, the vector indicator mapping δvC : X −→ Y ∪{+∞Y }
of C is defined by

δvC(x) :=

{
0, if x ∈ C,

+∞Y , otherwise.

When Y = R, the scalar indicator function is denoted by δC . The vector
indicator mapping δvC appears to possess properties like the scalar indicator
function δC . Moreover, we point out the relation between δvC and δC

y∗ ◦ δvC = δC , for all y∗ ∈ Y ∗
+\{0Y }.

For any η ≥ 0, the η-normal set to C at x ∈ C is defined as the η-
subdifferential of the indicator function δC at x ∈ C, that is,

Nη(x̄, C) := ∂ηδC(x) = {x∗ ∈ X∗ : ⟨x∗, x− x̄⟩ ≤ η, for all x ∈ C}.

In what follows, we will need the following theorems. The first one char-
acterizes scalarly the approximate σ-subdifferential for σ ∈ {w, p} and the
second one gives a general formula on the sequential approximate subdiffer-
ential of the sum of p (p ≥ 2) proper lower semicontinuous convex functions
defined in a reflexive Banach space.

Theorem 1 ([5]). Let K : X → Y ∪ {+∞Y } and let x̄ ∈ domK. Then, for
σ ∈ {p, w},

∂σ
ε K(x̄) ⊇

∪
y∗∈Y σ

+

{A ∈ L(X,Y ) : y∗ ◦A ∈ ∂〈y∗,ε〉(y
∗ ◦K)(x̄)}, for all ε ∈ Dσ,

with equality if K is Y+-convex and Y+ pointed as σ = p.
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Let (X, ∥ · ∥X) be a reflexive Banach space and let (X∗, ∥ · ∥X∗) be its
topological dual space. Let (c∗n)n∈N be a sequence in X∗ (resp., (cn)n∈N be a
sequence in X) and c∗ ∈ X∗ (resp., c ∈ X). We write c∗n

‖·‖X∗−→
n 7−→+∞

c∗ (resp.,

cn
‖·‖X−→

n 7−→+∞
c) if ∥c∗n−c∗∥X∗ → 0 when n → +∞ (resp., ∥cn−c∥X → 0 when

n → +∞).

Theorem 2 ([14]). Let X be a reflexive Banach space, let η ≥ 0, and let
k1, . . . , kp : X −→ R∪ {+∞} be p proper, convex, and lower semicontinuous
functions. For any ē ∈

∩p
i=1domki, we have x∗ ∈ ∂η (

∑p
i=1 ki) (ē) if and only

if there exist ηi ≥ 0 and (ei,n, e
∗
i,n) ∈ dom ki ×X∗ satisfying

p∑
i=1

ηi = η, ei,n
‖·‖X−→

n 7−→+∞
ē,

e∗i,n ∈ ∂ηi
ki (ei,n) ,

p∑
i=1

e∗i,n
‖·‖X∗−→
n 7−→+∞

x∗,

ki (ei,n)−
⟨
e∗i,n, ei,n − ē

⟩
−→
n 7→+∞

ki(ē).

3 Sequential formula for approximate Pareto
subdifferential of the convex vector mapping
f1 + f2 +

∑p
i=1 gi ◦ hi (p ≥ 1)

In the following, (X, ∥ ·∥X) and (Z1, ∥ ·∥Z1
), . . . , (Zp, ∥ ·∥Zp

) are real reflexive
Banach spaces, Y is a real Hausdorff topological vector space with continuous
dual spaces (X∗, ∥·∥X∗), (Z∗

1 , ∥·∥Z∗
1
),…, (Z∗

p , ∥·∥Z∗
p
) and Y ∗, duality pairing is

also denoted by ⟨·, ·⟩. We suppose two spaces Y and Zi are partially ordered
by nonempty convex cones Y+ and Z+

i , respectively. Moreover, we use the
following norm on X ×

∏p
k=1 Zk:

∥(x, z1, . . . , zp)∥X×Z1×···×Zp
=

√
∥x∥2X +

∑p
i=1 ∥zi∥2Zi

.

Similarly, we define the norm on X∗×
∏p

k=1 Z
∗
k . Our aim in this section, is to

develop the sequential calculus rules for the approximate (weak and proper)
Pareto subdifferential of the convex vector mapping f1 + f2 +

∑p
i=1 gi ◦ hi :

X −→ Y ∪ {+∞Y }, where

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 676–703
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• f1, f2 : X −→ Y ∪ {+∞Y } are proper, Y+-convex and star Y+-lower
semicontinuous mappings,

• hi : X −→ Zi ∪ {+∞Zi
}, i = 1, . . . , p, are proper, Z+

i -convex and
Z+
i -epi-closed mappings,

• gi : Zi −→ Y ∪ {+∞Y }, i = 1, . . . , p, are proper, Y+-convex, (Z+
i , Y+)-

nondecreasing and star Y+-lower semicontinuous mappings,

• (
∩p

i=1 h
−1
i (domgi) ∩ domhi) ∩ domf1 ∩ domf2 ̸= ∅ and gi(+∞Zi

) =

+∞Y , i = 1, . . . , p.

The approach that will be used is to reduce the (weak and proper) Pareto
ε-subdifferential of f1+f2+

∑p
i=1 gi ◦hi to that of the sums of a finite family

of proper convex star Y+-lower semicontinuous mappings. For this, let us
consider the following auxiliary mappings:

F1 : X ×
∏p

k=1 Zk −→ Y ∪ {+∞Y }
(x, z1, . . . , zp) −→ F1(x, z1, . . . , zp) := f1(x),

F2 : X ×
∏p

k=1 Zk −→ Y ∪ {+∞Y }
(x, z1, . . . , zp) −→ F2(x, z1, . . . , zp) := f2(x),

Gi : X ×
∏p

k=1 Zk −→ Y ∪ {+∞Y } (i = 1, . . . , p)

(x, z1, . . . , zp) −→ Gi(x, z1, . . . , zp) := gi(zi),

Hi : X ×
∏p

k=1 Zk −→ Y ∪ {+∞Y } (i = 1, . . . , p)

(x, z1, . . . , zp) −→ Hi(x, z1, . . . , zp) := δvepihi
(x, zi).

The following lemmas will be very helpful in what follows.

Lemma 1. Let x̄ ∈ (
∩p

i=1 h
−1
i (domgi) ∩ domhi) ∩ domf1 ∩ domf2, let σ ∈

{p, w}, and let ε ∈ Dσ with Y+ be pointed as σ = p. Let A ∈ L(X,Y ) and
let T ∈ L(X ×

∏p
k=1 Zk, Y ) be defined by T (x, z1, . . . , zp) := A(x), for all

(x, z1, . . . , zp) ∈ X ×
∏p

k=1 Zk. Then

A ∈ ∂σ
ε (f1 + f2 +

p∑
i=1

gi ◦ hi)(x̄)
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685 Sequential approximate optimality conditions for a constrained convex ...

if and only if

T ∈ ∂σ
ε (F1 + F2 +

p∑
i=1

Gi +Hi)(x̄, h1(x̄), . . . , hp(x̄)).

Proof. Let us prove the direct implication for the first case σ = w. Let
A ∈ ∂w

ε (f1+f2+
∑p

i=1 gi◦hi)(x̄). We proceed by contradiction, if T ̸∈ ∂w
ε (F1+

F2+
∑p

i=1 Gi+Hi)(x̄, h1(x̄), . . . , hp(x̄)), then there exists (x0, z1,0, . . . , zp,0) ∈
X ×

∏p
k=1 Zk such that

(F1 + F2 +

p∑
i=1

Gi +Hi)(x0, z1,0, . . . , zp,0)

−(F1 + F2 +
∑p

i=1 Gi +Hi)(x̄, h1(x̄), . . . , hp(x̄))−A(x0 − x̄) + ε ∈ − intY+,

which implies that

x0 ∈ dom f1 ∩ dom f2, zi,0 ∈ dom gi, (x0, zi,0) ∈ epihi, i = 1, . . . , p, (1)

and

(f1(x0)+f2(x0)+

p∑
i=1

gi(zi,0))− (f1+f2+

p∑
i=1

gi ◦hi)(x̄)−A(x0− x̄)+ε ∈ − int Y+. (2)

From relations (1), (2) and by using the monotonicity of gi, we obtain

(f1+f2+

p∑
i=1

gi◦hi)(x0)−(f1+f2+

p∑
i=1

gi◦hi)(x̄)−A(x0−x̄)+ε ∈ − int Y+−Y+,

and by using the fact that − int Y+ − Y+ ⊆ − int Y+, we would obtain

(f1+f2+

p∑
i=1

gi◦hi)(x0)−(f1+f2+

p∑
i=1

gi◦hi)(x̄)−A(x0− x̄)+ε ∈ − int Y+,

which would contradict A ∈ ∂w
ε (f1 + f2 +

∑p
i=1 gi ◦ hi)(x̄). To show the

case σ = p, let us consider A ∈ ∂p
ε (f1 + f2 +

∑p
i=1 gi ◦ hi)(x̄) and T ̸∈

∂p
ε (F1+F2+

∑p
i=1 Gi+Hi)(x̄, h1(x̄), . . . , hp(x̄)). Hence, there exists a convex

cone Ŷ+ ⊊ Y such that Y+\ {0Y } ⊆ int Ŷ+ and (x0, zi,0) ∈ ((domf1∩domf2)×
domgi) ∩ epihi (i = 1, . . . , p) satisfying

(F1 + F2 +

p∑
i=1

Gi +Hi)(x0, z1,0, . . . , zp,0)
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− (F1 + F2 +

p∑
i=1

Gi +Hi)(x̄, h1(x̄), . . . , hp(x̄))−A(x0 − x̄) + ε ∈ −Ŷ+\l(Ŷ+),

Reasoning in the same way as above for σ = w, we obtain

(f1+f2+

p∑
i=1

gi◦hi)(x0)−(f1+f2+

p∑
i=1

gi◦hi)(x̄)−A(x0−x̄)+ε ∈ −Ŷ+\l(Ŷ+)−Y+.

Observe that −Ŷ+\l(Ŷ+) − Y+ ⊆ −Ŷ+\l(Ŷ+). Indeed, let v := v1 + v2 with
v1 ∈ −Ŷ+\l(Ŷ+) and v2 ∈ −Y+. If v2 := 0Y , then v ∈ −Ŷ+\l(Ŷ+). Otherwise,
v2 ∈ −Y+\{0Y } and since −Y+\{0Y } ⊆ − int Ŷ+ ⊆ −Ŷ+\l(Ŷ+), we get
v ∈ −Ŷ+\l(Ŷ+)− Ŷ+\l(Ŷ+) ⊆ −Ŷ+\l(Ŷ+), and hence we have

(f1+f2+

p∑
i=1

gi◦hi)(x0)−(f1+f2+

p∑
i=1

gi◦hi)(x̄)−A(x0−x̄)+ε ∈ −Ŷ+\l(Ŷ+),

obtaining again a contradiction with A ∈ ∂p
ε (f1 + f2 +

∑p
i=1 gi ◦ hi)(x̄).

Conversely, it is obvious by contradiction, too.

Lemma 2. Let (x̄, z̄1, . . . , z̄p) ∈ domF1 ∩ domF2 ∩ domGi ∩ domHi and
α1,α2,ηi,βi ≥ 0 (i = 1, . . . , p). Then for all y∗ ∈ Y σ

+ , we have

1)
(x∗, z∗1 , . . . , z

∗
p) ∈ ∂βi

(y∗ ◦Hi)(x̄, z̄1, . . . , z̄p)

⇐⇒



there existβi,1 ≥ 0, βi,2 ≥ 0 with βi,1 + βi,2 = βi,

x∗ ∈ ∂βi,1
(−z∗i ◦ hi)(x̄),

−z∗i ∈ (Z+
i )∗, ⟨z∗i , hi(x̄)− z̄i⟩ ≤ βi,2,

z∗j = 0, j ∈ {1, . . . , p}\{i}.

2) (x∗, z∗1 , . . . , z
∗
p) ∈ ∂α1

(y∗◦F1)(x̄, z̄1, . . . , z̄p) ⇐⇒


x∗ ∈ ∂α1

(y∗ ◦ f1)(x̄),

z∗j = 0, j ∈ {1, . . . , p}.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 676–703



687 Sequential approximate optimality conditions for a constrained convex ...

3) (x∗, z∗1 , . . . , z
∗
p) ∈ ∂α2(y

∗◦F2)(x̄, z̄1, . . . , z̄p) ⇐⇒


x∗ ∈ ∂α2(y

∗ ◦ f2)(x̄),

z∗j = 0, j ∈ {1, . . . , p}.

4) (x∗, z∗1 , . . . , z
∗
p) ∈ ∂ηi

(y∗◦Gi)(x̄, z̄1, . . . , z̄p) ⇐⇒


z∗i ∈ ∂ηi(y

∗ ◦ gi)(z̄i),

x∗ = 0, z∗j = 0,

j ∈ {1, . . . , p}\{i}.

Proof. 1) Let (x, z1, . . . , zp) ∈ domHi, let βi ≥ 0, i = 1, . . . , p, and let(
x∗, z∗1 , . . . , z

∗
p

)
∈ X∗ ×

∏p
k=1 Z

∗
k . We can see that

H∗
i (x

∗, z∗1 , . . . , z
∗
p) = δ∗Z∗

i
(z∗i ) + (−z∗i ◦ hi)

∗(x∗) +

p∑
k=1
k 6=i

δ{0}(z
∗
k).

Thus, (
x∗, z∗1 , . . . , z

∗
p

)
∈ ∂βiHi(x, z1, . . . , zp)

if and only if

H∗
i

(
x∗, z∗1 , . . . , z

∗
p

)
+Hi(x, , z1, . . . , zp)− ⟨x∗, x⟩ −

p∑
k=1
k 6=i

⟨z∗k, zk⟩ − ⟨z∗i , zi⟩ ≤ βi,

that is,
z∗k = 0, k ∈ {1, . . . , p}\{i},

and

(−z∗i ◦ hi)
∗(x∗) + δ∗

Z+
i

(z∗i ) + δepihi
(x̄, z̄i)− ⟨x∗, x̄⟩ − ⟨z∗i , z̄i⟩ ≤ βi, (3)

by taking wi := z̄i − hi(x̄) ∈ Z+
i , we may rewrite (3) as follows:

[(−z∗i ◦hi)
∗(x∗)+(−z∗i ◦hi)(x̄)−⟨x∗, x̄⟩]+[δ∗

Z+
i

(z∗i )+δZ+
i
(wi)−⟨z∗i , wi⟩] ≤ βi.

By using the Young–Fenchel inequality, it follows that
(−z∗i ◦ hi)

∗(x∗) + (−z∗i ◦ hi)(x̄)− ⟨x∗, x̄⟩ ≥ 0,

δ∗
Z+

i

(z∗i ) + δZ+
i
(wi)− ⟨z∗i , wi⟩ ≥ 0,
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and hence, there exist some βi,1 ≥ 0 and βi,2 ≥ 0 satisfying βi = βi,1 + βi,2

and 
(−z∗i ◦ hi)

∗(x∗) + (−z∗i ◦ hi)(x̄)− ⟨x∗, x̄⟩ ≤ βi,1,

δ∗
Z+

i

(z∗i ) + δZ+
i
(wi)− ⟨z∗i , wi⟩ ≤ βi,2,

that is, 
x∗ ∈ ∂βi,1

(−z∗i ◦ hi)(x̄),

z∗i ∈ ∂βi,2
δZ+

i
(wi) = Nβi,2

(z̄i − hi(x̄), Z
+
i ).

Since Z+
1 , . . . , Z+

p are all convex cones, we get easily

z∗i ∈ Nβi,2(z̄i − hi(x̄), Z
+
i ) ⇐⇒


−z∗i ∈ (Z+

i )∗,

⟨z∗i , hi(x̄)− z̄i⟩ ≤ βi,2.

The proof of (2), (3), and (4) is similar to (1).

Now, we present our main result in this section.

Theorem 3. Let f1, f2 : X −→ Y ∪ {+∞Y } be two proper, Y+-convex
and star Y+-lower semicontinuous mappings, let hi : X −→ Zi ∪ {+∞Zi},
i = 1, . . . , p, be p proper, Z+

i -convex and Z+
i -epi-closed mappings, and

let gi : Zi −→ Y ∪ {+∞Y }, i = 1, . . . , p, be p proper, Y+-convex,
(Z+

i , Y+)-nondecreasing and star Y+-lower semicontinuous mappings. Let
x̄ ∈ (

∩p
i=1 h

−1
i (domgi) ∩ domhi) ∩ domf1 ∩ domf2, ε ∈ Dσ and σ ∈ {p, w}.

Suppose that Y+ is pointed as σ = p. Then, A ∈ ∂σ
ε (f1+f2+

∑p
i=1 gi◦hi)(x̄) if

and only if there exist y∗ ∈ Y σ
+ , xn ∈ domf1, rn ∈ domf2, (xi,n, zi,n) ∈ epihi,

vi,n ∈ domgi, x∗
n, r

∗
n, x

∗
i,n ∈ X∗, z∗i,n, v

∗
i,n ∈ Z∗

i , and α1, α2, λi, γi, ηi ≥ 0

satisfying

α1 + α2 +

p∑
i=1

λi + γi + ηi = ⟨y∗, ε⟩,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→
n 7−→+∞

hi(x̄), vi,n
‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗
n ∈ ∂α1 (y

∗ ◦ f1)(xn), r∗n ∈ ∂α2 (y
∗ ◦ f2)(xn), v∗i,n ∈ ∂ηi (y

∗ ◦ gi)(vi,n),

x∗
i,n ∈ ∂λi

(−z∗i,n ◦ hi)(xi,n),−z∗i,n ∈ (Z+
i )∗, ⟨z∗i,n, hi(xi,n)− zi,n⟩ ≤ γi,
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and 

x∗
n + r∗n +

p∑
i=1

x∗
i,n

‖·‖x∗−→
n 7−→+∞

y∗ ◦A and z∗i,n + v∗i,n
‖·‖Z∗

i−→
n 7−→+∞

0,

(y∗ ◦ f1)(xn)− ⟨x∗
n, xn − x̄⟩ −→

n 7→+∞
(y∗ ◦ f1)(x̄),

(y∗ ◦ f2)(rn)− ⟨r∗n, rn − x̄⟩ −→
n 7→+∞

(y∗ ◦ f2)(x̄),

⟨x∗
i,n, xi,n − x̄⟩+ ⟨z∗i,n, zi,n − hi(x̄)⟩ −→

n 7→+∞
0,

(y∗ ◦ gi)(vi,n)− ⟨v∗i,n, vi,n − hi(x̄)⟩ −→
n 7→+∞

(y∗ ◦ gi)(hi(x̄)).

Proof. Let A ∈ ∂σ
ε (f1+f2+

∑p
i=1 gi ◦hi)(x̄). By applying Lemma 1, we have

A ∈ ∂σ
ε (f1 + f2 +

p∑
i=1

gi ◦ hi)(x̄)

⇐⇒ T ∈ ∂σ
ε (F1 + F2 +

p∑
i=1

Gi +Hi)(x̄, h1(x̄), . . . , hp(x̄)).

By virtue of scalarization Theorem 1, there exists y∗ ∈ Y σ
+ such that

y∗ ◦ T ∈ ∂〈y∗,ε〉(y
∗ ◦F1 + y∗ ◦F2 +

p∑
i=1

y∗ ◦Gi + y∗ ◦Hi)(x̄, h1(x̄), . . . , hp(x̄)),

which is equivalent to

(y∗◦A, 0, 0, . . . , 0) ∈ ∂〈y∗,ε〉(y
∗◦F1+y∗◦F2+

p∑
i=1

y∗◦Gi+y∗◦Hi)(x̄, h1(x̄), . . . , hp(x̄)).

The functions y∗ ◦Gi, y∗ ◦Hi (i = 1, . . . , p,) y∗ ◦F1 and y∗ ◦F2 are all lower
semicontinuous, convex, and proper on X ×

∏p
k=1 Zk.

The condition x̄ ∈ (
∩p

i=1 h
−1
i (domgi)∩domhi)∩domf1 ∩domf2 is equiv-

alent to (x̄, h1(x̄), . . . , hp(x̄)) ∈ (
∩p

i=1 domGi ∩ domHi) ∩ domF1 ∩ domF2 =

(
∩p

i=1 dom(y∗ ◦ Gi) ∩ dom(y∗ ◦Hi)) ∩ dom(y∗ ◦ F1) ∩ dom(y∗ ◦ F2). Hence,
y∗ ◦ Gi, y∗ ◦ Hi, i = 1, . . . , p, y∗ ◦ F1 and y∗ ◦ F2 satisfy all the hypotheses
of Theorem 2, and therefore there exist (xn, w1,n, . . . , wp,n) ∈ dom(y∗ ◦ F1),
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(rn, t1,n, . . . , tp,n) ∈ dom(y∗ ◦ F2) , (xi,n, w1,i,n, . . . , wp,i,n) ∈ dom(y∗ ◦ Hi),
(ci,n, u1,i,n, . . . , up,i,n) ∈ dom(y∗ ◦Gi), (x∗

n, w
∗
1,n, . . . , w

∗
p,n), (r∗n, t∗1,n, . . . , t∗p,n)

(x∗
i,n, w

∗
1,i,n, . . . , w

∗
p,i,n), (c∗i,n, u∗

1,i,n, . . . , u
∗
p,i,n) ∈ X∗×

∏p
k=1 Z

∗
k and α1,α2,βi,ηi ≥

0, i = 1, . . . , p, satisfying

α1 + α2 +

p∑
i=1

βi + ηi = ⟨y∗, ε⟩, (4)



(xn, w1,n, . . . , wp,n)
‖·‖X×Z1×···×Zp−→

n 7−→+∞
(x̄, h1(x̄), . . . , hp(x̄)),

(rn, t1,n, . . . , tp,n)
‖·‖X×Z1×···×Zp−→

n 7−→+∞
(x̄, h1(x̄), . . . , hp(x̄)),

(ci,n, u1,i,n, . . . , up,i,n)
‖·‖X×Z1×···×Zp−→

n 7−→+∞
(x̄, h1(x̄), . . . , hp(x̄)),

(xi,n, w1,i,n, . . . , wp,i,n)
‖·‖X×Z1×···×Zp−→

n 7−→+∞
(x̄, h1(x̄), . . . , hp(x̄)),

(5)



(x∗
n, w

∗
1,n, . . . , w

∗
p,n) ∈ ∂α1

(y∗ ◦ F1)(xn, w1,n, . . . , wp,n),

(r∗n, t
∗
1,n, . . . , t

∗
p,n) ∈ ∂α2(y

∗ ◦ F2)(rn, t1,n, . . . , tp,n),

(c∗i,n, u
∗
1,i,n, . . . , u

∗
p,i,n) ∈ ∂ηi

(y∗ ◦Gi)(ci,n, u1,i,n, . . . , up,i,n),

(x∗
i,n, w

∗
1,i,n, . . . , w

∗
p,i,n) ∈ ∂βi

(y∗ ◦Hi)(xi,n, w1,i,n, . . . , wp,i,n),

(6)



(y∗ ◦ F1)(xn, w1,n, . . . , wp,n)− ⟨(x∗
n, w

∗
1,n, . . . , w

∗
p,n), (xn, w1,n, . . . , wp,n)

−(x̄, h1(x̄), . . . , hp(x̄))⟩ −→
n 7→+∞

(y∗ ◦ F1)(x̄, h1(x̄), . . . , hp(x̄)),

(y∗ ◦ F2)(rn, t1,n, . . . , tp,n)− ⟨(r∗n, t∗1,n, . . . , t∗p,n), (rn, t1,n, . . . , tp,n)

−(x̄, h1(x̄), . . . , hp(x̄))⟩ −→
n 7→+∞

(y∗ ◦ F2)(x̄, h1(x̄), . . . , hp(x̄)),

(y∗ ◦Gi)(ci,n, u1,i,n, . . . , up,i,n)− ⟨(c∗i,n, u∗
1,i,n, . . . , u

∗
p,i,n), (ci,n, u1,i,n, . . . , up,i,n)

−(x̄, h1(x̄), . . . , hp(x̄))⟩ −→
n 7→+∞

(y∗ ◦Gi)(x̄, h1(x̄), . . . , hp(x̄)),

(y∗ ◦Hi)(xi,n, w1,i,n, . . . , wp,i,n)− ⟨(x∗
i,n, w

∗
1,i,n, . . . , w

∗
p,i,n), (xi,n, w1,i,n, . . . , wp,i,n)

−(x̄, h1(x̄), . . . , hp(x̄))⟩ −→
n 7→+∞

(y∗ ◦Hi)(x̄, h1(x̄), . . . , hp(x̄)),

(7)
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(x∗
n + r∗n +

p∑
i=1

x∗
i,n + c∗i,n, w

∗
1,n + t∗1,n +

p∑
i=1

w∗
1,i,n + u∗

1,i,n, . . . , w
∗
p,n + t∗p,n

+

p∑
i=1

w∗
p,i,n + u∗

p,i,n)
‖·‖x∗×z∗1×···×z∗p−→

n 7−→+∞
(y∗ ◦A, 0, . . . , 0).

(8)

Note that (5) becomes equivalent to
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄, ci,n
‖·‖X−→

n 7−→+∞
x̄,

wj,n

‖·‖Zj−→
n 7−→+∞

hj(x̄), tj,n
‖·‖Zj−→
n 7−→+∞

hj(x̄) (j = 1, . . . , p),

wj,i,n

‖·‖Zj−→
n 7−→+∞

hj(x̄), uj,i,n
‖·‖X−→

n 7−→+∞
hj(x̄) (j = 1, . . . , p).

According to Lemma 2, (6) becomes equivalent to

(x∗
n, w

∗
1,n, . . . , w

∗
p,n) ∈ ∂α1 (y

∗ ◦ F1)(xn, w1,n, . . . , wp,n)

⇐⇒


x∗
n ∈ ∂α1 (y

∗ ◦ f1)(xn),

w∗
j,n = 0, j ∈ {1, . . . , p}.

(r∗n, t
∗
1,n, . . . , t

∗
p,n) ∈ ∂α2 (y

∗ ◦ F2)(rn, t1,n, . . . , tp,n)

⇐⇒


r∗n ∈ ∂α2 (y

∗ ◦ f2)(rn),

t∗j,n = 0, j ∈ {1, . . . , p}.

(c∗i,n, u
∗
1,i,n, . . . , u

∗
p,i,n) ∈ ∂ηi (y

∗ ◦Gi)(ci,n, u1,i,n, . . . , up,i,n)

⇐⇒


u∗
i,i,n ∈ ∂ηi (y

∗ ◦ gi)(ui,i,n),

c∗i,n = 0, uj,i,n = 0, j ∈ {1, . . . , p}\{i}.

(x∗
i,n, w

∗
1,i,n, . . . , w

∗
p,i,n) ∈ ∂βi

(y∗ ◦Hi)(xi,n, w1,i,n, . . . , wp,i,n)

⇐⇒



there existβi,1 ≥ 0, βi,2 ≥ 0 with βi,1 + βi,2 = βi,

x∗
i,n ∈ ∂βi,1

(−w∗
i,i,n ◦ hi)(xi,n),

−w∗
i,i,n ∈ (Z+

i )∗, ⟨w∗
i,i,n, hi(xi,n)− wi,i,n⟩ ≤ βi,2,

w∗
j,i,n = 0, j ∈ {1, . . . , p}\{i}.
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By putting λi := βi,1, γi := βi,2, i = 1, . . . , p, and using (4), we get α1 +

α2 +

p∑
i=1

λi + γi + ηi = ⟨y∗, ε⟩. As (xi,n, wi,i,n) ∈ epihi and (x̄, hi(x̄)) ∈ epihi,

then obviously the relation (7) is equivalent to

(y∗ ◦ f1)(xn)− ⟨x∗
n, xn − x̄⟩ −→

n 7→+∞
(y∗ ◦ f1)(x̄),

(y∗ ◦ f2)(xn)− ⟨x∗
n, xn − x̄⟩ −→

n 7→+∞
(y∗ ◦ f2)(x̄),

(y∗ ◦ gi)(ui,i,n)− ⟨u∗
i,i,n, ui,i,n − hi(x̄)⟩ −→

n 7→+∞
(y∗ ◦ gi)(hi(x̄)),

⟨x∗
i,n, xi,n − x̄⟩+ ⟨w∗

i,i,n, wi,i,n − hi(x̄)⟩ −→
n 7→+∞

0.

W can write (8) equivalently as

x∗
n + r∗n +

p∑
i=1

x∗
i,n

‖·‖x∗−→
n 7−→+∞

y∗ ◦A and z∗i,i,n + v∗i,i,n
‖·‖Z∗

i−→
n 7−→+∞

0.

Since wj,n, tj,n, j = 1, . . . , p, ci,n, uj,i,n, j ∈ {1, . . . , p}\{i}, i = 1, . . . , p, and
wj,i,n, j ∈ {1, . . . , p}\{i}, i = 1, . . . , p, are superfluous, we put zi,n := wi,i,n,
vi,n = ui,i,n, z∗i,n := w∗

i,i,n and v∗i,n := u∗
i,i,n, i = 1, . . . , p, which completes

the proof.

Remark 1. Let us note that if ε = 0Y in the above theorem, then α1 =

α2 = λi = γi = ηi = 0 (i = 1, . . . , p).

4 Approximate optimality conditions for a constrained
vector minimization problem

In this section, our main objective is to establish sequential approximate
efficiency optimality conditions for the convex problem (P1). In fact, by
introducing the vector indicator mappings δvC and δv−Z+

i

, i = 1, . . . , p, the
problem (P1) becomes equivalent to the unconstrained vector minimization
problem

(Q1) min
x∈X

(
f + δvC +

p∑
i=1

δv−Z+
i

◦ hi

)
(x).
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Theorem 4. Let f : X −→ Y ∪ {+∞Y } be a proper, Y+-convex and
star Y+-lower semicontinuous mapping, and let hi : X −→ Zi ∪ {+∞Zi

},
i = 1, . . . , p, be p proper, Z+

i -convex and Z+
i -epi-closed mappings. Let

x̄ ∈
∩p

i=1 h
−1
i (−Z+

i ) ∩ C, ε ∈ Dσ and let σ ∈ {w, p}. Suppose that Y+

is pointed as σ = p and that C,Z+
1 , . . . , Z+

p are all closed convex cones.
Then, x̄ is a ε-σ-efficient solution of (P1) if and only if there exist y∗ ∈ Y σ

+ ,
xn ∈ domf , rn ∈ C, (xi,n, zi,n) ∈ epihi, vi,n ∈ −Z+

i ,
x∗
n, r

∗
n, x

∗
i,n ∈ X∗, z∗i,n, v∗i,n ∈ Z∗

i and α1, α2, λi, γi, ηi ≥ 0, i = 1, . . . , p,
satisfying

α1 + α2 +

p∑
i=1

λi + γi + ηi = ⟨y∗, ε⟩,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→

n 7−→+∞
hi(x̄), vi,n

‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗
n ∈ ∂α1

(y∗ ◦ f)(xn), r
∗
n ∈ Nα2

(rn, C), x∗
i,n ∈ ∂λi

(−z∗i,n ◦ hi)(xi,n),

v∗i,n ∈ (Z+
i )∗ and ⟨v∗i,n,−vi,n⟩ ≤ ηi,

−z∗i,n ∈ (Z+
i )∗, ⟨z∗i,n, hi(xi,n)− zi,n⟩ ≤ γi,

and 

x∗
n +

p∑
i=1

x∗
i,n

‖·‖x∗−→
n 7−→+∞

0 and z∗i,n + v∗i,n
‖·‖Z∗

i−→
n 7−→+∞

0,

(y∗ ◦ f)(xn)− ⟨x∗
n, xn − x̄⟩ −→

n 7→+∞
(y∗ ◦ f)(x̄),

⟨x∗
i,n, xi,n − x̄⟩+ ⟨z∗i,n, zi,n − hi(x̄)⟩ −→

n 7→+∞
0,

⟨r∗n, rn − x̄⟩ −→
n 7→+∞

0, ⟨v∗i,n, vi,n − hi(x̄)⟩ −→
n 7→+∞

0.

Proof. Since the problem (P1) is equivalent to the unconstrained problem
(Q1), we have x̄ is a ε-σ-efficient solution of (P1) if and only if

0 ∈ ∂σ
ε (f + δvC +

∑p
i=1 δ

v
−Z+

i

◦ hi)(x̄).
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The vector indicator mappings δvC and δv−Z+
1

(i = 1, . . . , p) are Y+-convex
and star Y+-lower semicontinuous. Let us recall that δv−Z+

i

(i = 1, . . . , p) are
(Z+

i , Y+)-nondecreasing (see [7]) and since the mappings f1 = f , f2 = δvC ,
gi = δv−Z+

i

and hi satisfy together all the assumptions of Theorem 3, therefore
there exist y∗ ∈ Y σ

+ , xn ∈ domf , rn ∈ C, (xi,n, zi,n) ∈ epihi, vi,n ∈ −Z+
i ,

x∗
n, r

∗
n, x

∗
i,n ∈ X∗, z∗i,n, v

∗
i,n ∈ Z∗

i , and α1, α2, λi, γi, ηi ≥ 0, i = 1, . . . , p,
satisfying



α1 + α2 +

p∑
i=1

λi + γi + ηi = ⟨y∗, ε⟩,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→

n 7−→+∞
hi(x̄), vi,n

‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗
n ∈ ∂α1(y

∗ ◦ f)(xn), r
∗
n ∈ Nα2(rn, C), v∗i,n ∈ Nηi(vi,n,

−Z+
i ), x∗

i,n ∈ ∂λi
(−z∗i,n ◦ hi)(xi,n)− z∗i,n ∈ (Z+

i )∗, ⟨z∗i,n, hi(xi,n)− zi,n⟩ ≤ γi,

and



x∗
n +

p∑
i=1

x∗
i,n

‖·‖x∗−→
n 7−→+∞

0 and z∗i,n + v∗i,n
‖·‖Z∗

i−→
n 7−→+∞

0,

(y∗ ◦ f)(xn)− ⟨x∗
n, xn − x̄⟩ −→

n 7→+∞
(y∗ ◦ f)(x̄),

⟨x∗
i,n, xi,n − x̄⟩+ ⟨z∗i,n, zi,n − hi(x̄)⟩ −→

n 7→+∞
0,

⟨r∗n, rn − x̄⟩ −→
n 7→+∞

0, ⟨v∗i,n, vi,n − hi(x̄)⟩ −→
n 7→+∞

0.

It is easy to see that the condition v∗i,n ∈ Nηi
(vi,n,−Z+

i ) is equivalent to
v∗i,n ∈ (Z+

i )∗ and ⟨v∗i,n,−vi,n⟩ ≤ ηi. Now the proof is complete.
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5 Applications to a constrained multiobjective fractional
programming problems

In this section, by applying the previous results we present, without any
constraint qualification, sequential weak approximate efficiency optimality
conditions for the following multiobjective fractional programming problem

(P2)



min
{
f1(x)

g1(x)
, . . . ,

fs(x)

gs(x)

}
x ∈ C,

h1(x) ∈ −Z+
1 ,

...

hp(x) ∈ −Z+
p ,

where fj , -gj : X −→ R (j = 1, . . . , s) are convex and lower semicontinuous
functions and hi : X −→ Zi ∪ {+∞Zi} (i = 1, . . . , p) are proper, Z+

i -convex
and Z+

i -epi-closed mappings. Also, C and Z+
i (i = 1, . . . , p) are nonempty

closed convex. Moreover, we suppose that fj(x) ≥ 0 and gj(x) > 0 (j =

1, . . . , s) for any x ∈
∩p

i=1 h
−1
i (−Z+

i )∩C. The finite-dimensional space Y :=

Rs is equipped with its natural order induced by the positive cone Y := Rs
+ =

{(y1, . . . , ys) ∈ Rs, yj ≥ 0, for all j = 1, . . . , s}. The following notations will
be used in what follows:

ε := (ε1, . . . , εs) ∈ Rs
+,

ε := (ε1g1(x̄), . . . , εsgs(x̄)),

νj :=
fj(x̄)
gj(x̄)

− εj ≥ 0 and ν = (ν1, . . . , νs) ∈ Rs
+.

Now, we recall the definition of weakly ε-efficient solution of (P2), which
can be found in [10].

Definition 3. A point x̄ ∈
∩p

i=1 h
−1
i (−Z+

i )∩C is said to be weakly ε-efficient
solution of (P2) if there does not exist x ∈

∩p
i=1 h

−1
i (−Z+

i ) ∩ C such that

fj(x)

gj(x)
<

fj(x̄)

gj(x̄)
− εj ( for all j = 1, . . . , s).

By using parametric approach of Dinkelbach [4], we can transform the
problem (P2) into a vector convex nonfractional programming problem de-
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fined as follows:

(Pν)



minF (x)

x ∈ C,

h1(x) ∈ −Z+
1 ,

...

hp(x) ∈ −Z+
p ,

where F : X −→ Rs is defined for any x ∈ X by

F (x) := (f1(x)− ν1g1(x), . . . , fs(x)− νsgs(x)).

Lemma 3. ([10]) A point x̄ ∈
∩p

i=1 h
−1
i (−Z+

i ) ∩ C is a weakly ε-efficient
solution of (P2) if and only if x̄ is a weakly ε̄-efficient solution of (Pν).

Theorem 5. Let x̄ ∈
∩p

i=1 h
−1
i (−Z+

i ) ∩ C, ε = (ε1, . . . , εs) ∈ Rs
+ and νj =

fj(x̄)
gj(x̄)

−εj ≥ 0, j = 1, . . . , s. Suppose that C,Z+
1 , . . . , Z+

p are all closed convex
cones. Then x̄ is a weakly ε-efficient solution of (P2) if and only if there exist
y∗ = (y1, . . . , ys) ∈ Rs

+\{0}, xn ∈ X, rn ∈ C, (xi,n, zi,n) ∈ epihi, vi,n ∈ −Z+
i ,

x∗
n, r

∗
n, x

∗
i,n ∈ X∗, z∗i,n, v∗i,n ∈ Z∗

i and α1, α2, λi, γi, ηi ≥ 0, i = 1, . . . , p,
satisfying



α1 + α2 +

p∑
i=1

λi + γi + ηi =

s∑
i=1

yiεi,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→

n 7−→+∞
hi(x̄), vi,n

‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗
n ∈ ∂α1

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn), r

∗
n ∈ Nα2(rn, C),

x∗
i,n ∈ ∂λi

(−z∗i,n ◦ hi)(xi,n), v
∗
i,n ∈ (Z+

i )∗ and ⟨v∗i,n,−vi,n⟩ ≤ ηi,

−z∗i,n ∈ (Z+
i )∗, ⟨z∗i,n, hi(xi,n)− zi,n⟩ ≤ γi,

and
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x∗
n + r∗n +

p∑
i=1

x∗
i,n

‖·‖x∗−→
n 7−→+∞

0 and z∗i,n + v∗i,n
‖·‖Z∗

i−→
n 7−→+∞

0,

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn)− ⟨x∗

n, xn − x̄⟩

−→
n 7→+∞

( s∑
j=1

yj
(
fj + νj(−gj)

))
(x̄),

⟨x∗
i,n, xi,n − x̄⟩+ ⟨z∗i,n, zi,n − hi(x̄)⟩ −→

n 7→+∞
0,

⟨r∗n, rn − x̄⟩ −→
n 7→+∞

0, ⟨v∗i,n, vi,n − hi(x̄)⟩ −→
n 7→+∞

0.

Proof. According to Lemma 3, x̄ is a weakly ε-efficient solution of (P2) if and
only if x̄ is a weakly ε̄-efficient solution of (Pv). The mappings f := F and hi

satisfy together all the assumptions of Theorem 4, then it follows that there
exist y∗ = (y1, . . . , ys) ∈ (Rs

+)
∗ \ {0} = Rs

+ \ {0}, xn ∈ domF = X, rn ∈ C,
(xi,n, zi,n) ∈ epihi, vi,n ∈ −Z+

i ,

x∗
n, r

∗
n, x

∗
i,n ∈ X∗, z∗i,n, v∗i,n ∈ Z∗

i and α1, α2, λi, γi, ηi ≥ 0, i = 1, . . . , p,
satisfying



α1 + α2 +

p∑
i=1

λi + γi + ηi =

s∑
i=1

yiεi,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→

n 7−→+∞
hi(x̄), vi,n

‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗
n ∈ ∂α1

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn), r

∗
n ∈ Nα2

(rn, C),

x∗
i,n ∈ ∂λi(−z∗i,n ◦ hi)(xi,n), v

∗
i,n ∈ (Z+

i )∗ and ⟨v∗i,n,−vi,n⟩ ≤ ηi,

−z∗i,n ∈ (Z+
i )∗, ⟨z∗i,n, hi(xi,n)− zi,n⟩ ≤ γi,

and
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x∗
n + r∗n +

p∑
i=1

x∗
i,n

‖·‖x∗−→
n 7−→+∞

0 and z∗i,n + v∗i,n
‖·‖Z∗

i−→
n 7−→+∞

0,

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn)− ⟨x∗

n, xn − x̄⟩

−→
n 7→+∞

( s∑
j=1

yj
(
fj + νj(−gj)

))
(x̄),

⟨x∗
i,n, xi,n − x̄⟩+ ⟨z∗i,n, zi,n − hi(x̄)⟩ −→

n 7→+∞
0,

⟨r∗n, rn − x̄⟩ −→
n 7→+∞

0, ⟨v∗i,n, vi,n − hi(x̄)⟩ −→
n 7→+∞

0.

In what follows, we present an important sub-class of such problems show-
ing the applicability of the suggested conditions of Theorem 5. This is the
class of multiobjective linear fractional programming problems, which have
significant application in different real life areas such as production planning,
financial sector, health care and all engineering fields. This type of problems
is modeled as follows (see [12]):

(P3)


min {K1(x), . . . ,Ks(x)}

x ∈ Rn
+,

Ax− b ∈ −Rp
+,

where A is a matrix (p × n), b ∈ Rp, Kj(x) =
fj(x)
fj(x)

=
at
jx+bj

ctjx+dj
(aj , cj , x ∈

Rn, bj , dj ∈ R, j = 1, . . . , s), and t denotes the transpose operation. Note
that S = {x ∈ Rn

+,Ax − b ∈ −Rp
+, b ∈ Rp} is the feasible set in decision

space. We assume that for each feasible solution x, fj(x) ≥ 0 and gj(x) > 0

(j = 1, . . . , s).

By taking C := Rn
+ and h(x) := Ax− b, we observe that all assumptions

of Theorem 5 are satisfied. Then we deduce the following result.

Theorem 6. Let x̄ ∈ S, ε = (ε1, . . . , εs) ∈ Rs
+ and let νj =

at
j x̄+bj

ctj x̄+dj
− εj ≥ 0,

j = 1, . . . , s. Then x̄ is a weakly ε-efficient solution of (P3) if and only if there
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exist y∗ = (y1, . . . , ys) ∈ Rs
+\{0}, xn ∈ Rn, rn ∈ Rn

+, (wn, zn) ∈ epi(A(.)+b),
vn ∈ −Rp

+,
x∗
n, r

∗
n, w

∗
n ∈ Rn, z∗n, v∗n ∈ Rp and α1, α2, λ, γ, η ≥ 0 satisfying

α1 + α2 + λ+ γ + η =

s∑
i=1

yiεi,
xn

‖·‖Rn−→
n 7−→+∞

x̄, rn
‖·‖Rn−→
n 7−→+∞

x̄,

wn
‖·‖Rn−→
n 7−→+∞

x̄, zn
‖·‖Rp−→

n 7−→+∞
Ax̄+ b,

x∗
n ∈ ∂α1

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn), r

∗
n ∈ Nα2

(rn,Rn
+),

w∗
n ∈ ∂λ(−z∗n ◦ (A(.) + b))(wn), v

∗
n ∈ Rp

+ and ⟨v∗n,−vn⟩ ≤ η,

−z∗n ∈ Rp
+, ⟨z∗n,Awn + b− zn⟩ ≤ γ,

and

x∗
n + r∗n + w∗

n

‖·‖Rn−→
n 7−→+∞

0 and z∗n + v∗n
‖·‖Rp−→

n 7−→+∞
0,

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn)− ⟨x∗

n, xn − x̄⟩

−→
n 7→+∞

( s∑
j=1

yj
(
fj + νj(−gj)

))
(x̄),

⟨w∗
n, wn − x̄⟩+ ⟨z∗n, zn −Ax̄+ b⟩ −→

n 7→+∞
0,

⟨r∗n, rn − x̄⟩ −→
n 7→+∞

0, ⟨v∗n, vn −Ax̄+ b⟩ −→
n 7→+∞

0.

Next, we close this section by presenting an example showing that the
Moreau–Rockafellar and Attouch–Brézis constraint qualifications (see [6]) fail
and also the sequential ε-optimality conditions of Theorem 5 hold.

Example 1. Let us consider the following multiobjective fractional program-
ming problem:
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(Q)



min f(x, y),

(x, y) ∈ C,√
x2 + y2 − y ≤ 0,

(−x,−x) ≤R+
2
(0, 0),

where f : R2 −→ R2 is defined by

f(x, y) :=

(
x+ 1

2y
,

−x

2(y + 1)

)
and C := {0} × [1, 2].

Let f1 (x, y) := x+1
2 , f2 (x, y) := −x

2 , g1 (x, y) := y, g2 (x, y) := y + 1,
h1(x, y) :=

√
x2 + y2−y and h2(x, y) := (−x,−x). Let ε := (ε1, ε2) = ( 12 , 0),

(x, y) := (0, 1) be a feasible point, ν1 = f1(x,y)
g1(x,y)

−ε1 = 0, ν2 = f2(x,y)
g2(x,y)

−ε2 = 0

and ε = (ε1g1(x, y), ε2g2(x, y)) = ( 12 , 0). It is easy to check that (x, y) is
a ε-weakly efficient solution of (Q). Indeed, putt h := (h1, h2). Then we
observe that h(C) ∩ (−intR3

+) = ∅ and that R+[R3
+ + h(C)] = R3

+, which
is not a subspace of R3

+. Hence, Moreau–Rockafellar and Attouch–Brézis
qualification conditions are not satisfied.

For each n ∈ N, we take α1 = 1
2 , α2 = 0, λi = γi = ηi = 0 (i =

1, 2), xn = (0, 1), xi,n = (0, 1) (i = 1, 2), rn = (0, 1), z1,n = v1,n = 0,
z2,n = v2,n = (0, 0) . Let x∗

n = (0, 0), x∗
i,n = (0, 0) (i = 1, 2), r∗n = (0, 0),

z∗1,n = 0 ∈ −R+, v∗1,n = 0 ∈ R+, z∗2,n = (0, 0) ∈ −R2
+, v∗2,n = (0, 0) ∈ R2

+,
and (y1, y2) = (1, 1) ∈ R2

+ \ {(0, 0)}. We have

α1 + α2 +

2∑
i=1

λi + γi + ηi =
1

2
=

2∑
i=1

yiεigi(0, 1),

xn −→
n 7→+∞

(0, 1), rn −→
n 7→+∞

(0, 1), xi,n −→
n 7→+∞

(0, 1),

z1,n −→
n 7→+∞

h1(0, 1) = 0, v1,n −→
n 7→+∞

h1(0, 1) = 0,

z2,n −→
n 7→+∞

h2(0, 1) = (0, 0), v2,n −→
n 7→+∞

h2(0, 1) = (0, 0).

It is immediate to see that x∗
n ∈ ∂α1

( 2∑
i=1

yi
(
fi + νi(−gi)

))
(xn) = {(0, 0)}.

Moreover, r∗n ∈ Nα2(rn, C), ⟨v∗i,n,−vi,n⟩ = 0 ≤ ηi = 0 (i = 1, 2), x∗
i,n ∈

∂λi
(−z∗i,n ◦ hi)(xi,n) = {(0, 0)} (i = 1, 2), ⟨z∗i,n, hi(xi,n) − zi,n⟩ = 0 ≤ γi = 0

(i = 1, 2) and
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x∗
n + r∗n +

2∑
i=1

x∗
i,n −→

n 7→+∞
(0, 0) and z∗i,n + v∗i,n −→

n 7→+∞
(0, 0),

( 2∑
i=1

yi
(
fi + νi(−gi)

))
(xn)− ⟨x∗

n, xn − (0, 0)⟩ = 1

2

−→
n 7→+∞

( 2∑
i=1

yi
(
fi + νi(−gi)

))
(0, 1) =

1

2
,

⟨x∗
i,n, xi,n − (0, 1)⟩+ ⟨z∗i,n, zi,n − hi(0, 1)⟩ = 0 −→

n 7→+∞
0,

⟨r∗n, rn − (0, 1)⟩ −→
n 7→+∞

0, ⟨v∗i,n, vi,n − hi(0, 1)⟩ = 0 −→
n 7→+∞

0.

Then, by Theorem 5 the point (x, y) is a weakly approximate solution for the
problem (Q).

6 Conclusion

It is well known that the constraint qualifications are required to obtain
approximate optimality conditions but sometimes these constraint qualifica-
tions become very difficult to compute. In this work, we focused to establish
sequential approximate optimality conditions without any constraint qualifi-
cation for a constrained convex vector minimization problem (P1) via scalar-
ization process in terms of the approximate subdifferentials of the associated
functions. As an application, we derive sequential weakly approximate op-
timality conditions to a constrained multiobjective fractional programming
problem (P2).

Acknowledgments. The authors would like to express their sincere
thanks to anonymous reviewers for their valuable comments and suggestions.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 676–703



Ed-dahdah, Laghdir, Echchaabaoui and Mabrouk 702

References

[1] Bai, F.S., Wu, Z.Y. and Zhu, D.L. Sequential Lagrange multiplier con-
dition for ε-optimal solution in convex programming, Optimization. 57
(2008), 669–680.

[2] Bard, J.F. Practical Bilevel Optimization: Algorithms and Applications,
Springer Science and Business Media. 30, 2013.

[3] Boţ, R.I., Csetnek, E.R. and Wanka, G. Sequential optimality conditions
for composed convex optimization problems, J. Math. Anal. Appl. 342(2)
(2008), 1015–1025.

[4] Dinkelbach, W. On nonlinear fractional programming, Manage. Sci. 13
(1967), 492–498.

[5] EL Maghri, M. Pareto-Fenchel ε-subdifferential sum rule ε-efficiency,
Optim. Lett. 6(4) (2012), 763–781.

[6] El Maghri, M. Pareto-Fenchel ε-subdifferential composition rule and ε-
efficiency, Numer. Funct. Anal. Optim. 35(1) (2014), 1–19.

[7] El Maghri, M. and Laghdir, M. Pareto subdifferential calculus for convex
vector mappings and applications to vector optimization, SIAM J. Optim.
19 (2008), 1970–1994.

[8] Jeyakumar, V., Lee, G.M. and Dinh, N. New sequential Lagrange mul-
tiplier conditions characterizing optimality without constraint qualifica-
tions for convex programs, SIAM J. Optim. 14(2) (2003), 534–547.

[9] Jeyakumar, V., Lee, G.M. and Dinh, N. Liberating the subgradient op-
timality conditions from constraint qualifications, J. Glob. Optim. 36
(2006), 127–137.

[10] Kim, M.H., Kim, G.S. and Lee, G.M. On ε-optimality conditions for
multiobjective fractional optimization problems, Fixed Point Theory
Appl.(2011), 1–13.

[11] Kohli, B. Sequential optimality conditions for multiobjective fractional
programming problems, Math Sci. 8(2) (2014), 128.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 676–703



703 Sequential approximate optimality conditions for a constrained convex ...

[12] Luhandjula, M.K. Fuzzy approach for multiple objective linear fractional
programming problems, Fuzzy Sets Syst. 13(1) (1984), 11–23.

[13] Moustaid, M.B., Laghdir, M., Dali, I. and Rikouane, A. Sequential op-
timality conditions for multi objective fractional programming problems
via sequential subdifferential calculus, Le Matematiche. 76(1) (2021),
79–96.

[14] Moustaid, M.B., Rikouane, A., Dali, I. and Laghdir, M. Sequential
approximate weak optimality conditions for multiobjective fractional
programming problems via sequential calculus rules for the Brndsted-
Rockafellar approximate subdifferential, Rend. Circ. Mat. Palermo, II.
Ser. (2022), 337–754.

[15] Stancu-Minasian, I.M. Fractional programming : Theory, Methodsand
Applica- tions, Springer Science and Business Media. 409, 2012.

[16] Stancu-Minasian, I.M. A ninth bibliography of fractional programming,
Optimization. 68(11) (2019) 2125–2169.

[17] Sun, G.Z. An economic approach to some classical theorem in optimiza-
tion theory, Optim. Lett. 2(2) (2008), 281–286.

[18] Sun, X.K., Long, X.J. and Chai, Y. Sequential optimality conditions
for fractional optimization with applications to vector optimization, J
Optim. Theory. Appl. 164(2) (2015), 479–499.

[19] Thibault, L. Sequential convex subdifferential calculus and sequential
Lagrange multipliers, SIAM J. Control. Optim. 35(4) (1997), 1434–1444.

[20] Zappone, A. and Jorswieck, E. Energy efficiency in wireless networks via
fractional programming theory, Found. Trends Commun. Inf. Theory, 11
(2015), 185–396.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 676–703


	Sequential approximate optimality conditions for a constrained convex vector minimization problem and application to multiobjective fractional programming problem
	A. Ed-dahdah, M. Laghdir, M. Echchaabaoui and M. Mabrouk

