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Dynamic Modeling and Constrained Control of an Aerial Manipulator for
Force Control in Interaction with an Environment of Unknown Stiffness*
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Abstract: Drones equipped with robotic arms are
governed by nonlinear and complex equations. In this study,
the dynamic model of a hexarotor equipped with a robotic
arm with two degrees of freedom is first derived using the
Euler-Lagrange method. Then, to enable interaction between
this system and the environment, a controller is designed. To
overcome underactuation issue, the system's dynamic
equations are rewritten in such a way that some inputs are
responsible for trajectory tracking and applying force by the
robotic arm on the environment, while others are used to
control the hexarotor's state. To control force and position at
the end-effector, a combination of a "constrained force
controller” and a position controller is employed. Finally,
two applied missions are simulated in SimMechanics in the
presence of wind disturbances. The simulation results are
compared and acceptable performance of the system in
interacting with both missions, in the presence of low-speed
wind is shown.
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Introduction

In recent years, drones have become a widely used and
effective technology in various industries, including delivery,
manipulation and monitoring applications. With continuous
technological advancements; their applications have
significantly expanded. One of the emerging research areas
involve integrating robotic arms with'drones, creating aerial
manipulators that enhance maneuverability.and functionality.
These systems extend drone applications from passive tasks
such as monitoring.and imaging to interactive tasks such as
infrastructure inspection, maintenance, and emergency
operations.

This paper presents. an..algorithm for controlling a
hexarotor drone equipped with a two-degree-of-freedom
robotic arm while exerting force on the environment. Due to
the inherent instability and nonlinear dynamic of drones, their
control is already challenging, and adding a robotic arm
further increases the complexity by introducing multi-body
dynamics. Previous studies often analyzed the drone and arm
dynamics separately, treating their interactions and
environmental effects as disturbances. However, this research
develops a unified dynamic model and a control approach that
simultaneously regulates both position and applied force.

Unlike typical force controllers for robotic arms, the proposed
controller is independent of surface stiffness. The control
design follows a structured approach: first, the system
kinematics are derived, and then its dynamics are modeled
using the Euler-Lagrange method. To overcome the
underactuation issue, the dynamic equations are rewritten in
such a way that some inputs are responsible for trajectory
tracking and applying force by the robotic arm on the
environment, while others are used to control the hexarotor's
state. The desired objectives—position and force control of
the end-effector—are defined as constraints, with specific
control  inputs - allocated “accordingly. Given that
environmental stiffness is often unknown, a constrained-
dynamic-based force controllerfis employed, ensuring robust
force application regardless of surface stiffness. This
approach enables diverse applications such as surface
cleaning, structures.“vibration analysis, and pressing
emergency stop switch in hazardous environments.

Dynamic Equation of Motion

The dynamic modeling of the system begins with the
derivation *of .its kinematic model. For this purpose,
appropriate coordinate frames are defined. In this study, four
coordinate frames are established, as illustrated in Figure 1.
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Figure 1: Schematic of the system
with coordinate frames and

generalized coordinates forces, and torques

Subsequently, the system's dynamic equations are
formulated using the Euler-Lagrange method, expressed as
equation (1). In this equation, q represents the generalized
coordinate vector, M(q) denotes the mass matrix, h(q, q)
corresponds to the matrix of nonlinear terms such as Coriolis
effects, T is the input vector, and B(q) is the input vector
coefficient matrix. As shown in Figure 2 , in the input vector,
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Figure 2: Schematic of the system,
including its dimensions, applied
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F represents the vertical thrust force vector of the motors, t
denotes the torque applied to the hexarotor by the motors
around the pitch angle, t; corresponds to the torque exerted
by the hexarotor on the first link of the robotic arm, and T,
represents the torque applied from the first link to the second
link.
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The relationship between the force and torque components
and the motor speeds is given as follows.
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In equation (2), Q,,Q,, ..., Q¢ represent angular velocity of
each motor, b and | respectively denote lift coefficient and
drag coefficient of motor propeller.

Force Control

Considering that the number of inputs is less than the
number of outputs of the system, the system is underactuated.
There are various methods to address this issue. The approach
used in this paper is that some of the system's inputs are used
to satisfy artificial constraints, while another portion of the
inputs is utilized to meet the general objectives of the system.
T, and T,, denoted as C, are allocated to satisfy artificial
constraints, while F and t, denoted as U, are assigned to:meet
the general objectives of the system. Considering this aspect
and incorporating the artificial constraints (g;(q,t) = 0,i =
1,2) equation (1) is rewritten as follows.

wla+ o] =[5 52 [e) ®
gi(qt) =0,i=12

After performing a series of mathematical operations, the
first and second rows of equation (3) are obtained as
equations (4) and (5), respectively. In these equations,
M, h,B,M",1’, are functions.of M,, M,, h;,h,, B4, Biz, By,
B,,,81,8,. 6 is the end-effector trajectory tracking error
vector, and D is its coefficient.

Mg + b = BU + D8 4)

M’8 + h' = B,,C (5)
By choosing C as C = B;3[M'(—K,8 —K,8) + h'] and
substituting it into equation (5), equation (6) is obtained.
Therefore, by choosing the coefficient matrix (K$,K§) to be

positive definite, position error convergence to zero is
guaranteed.

§+KS5+KS8 =0 (6)

So far, the discussion has focused on the position control
of the end-effector. Next, a "constrained force controller” is
employed for force control. The advantage of this controller

is that, unlike typical force controllers, it operates
independently of the surface stiffness coefficient. For this
controller, it is assumed that the contact between the robot
and the environment imposes a constraint, effectively
preventing the robot from moving further into the
environment. In general, for a non-redundant robot with n
degrees of freedom that acquires p constraints due to contact
with the environment, the constraints can be expressed as
equation (7). Additionally, the system's equation of motion is
represented by equation (8).
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In equation (8), A, (the Lagrange multipliers) represents
the constraint forces of the system, and the matrix
Anxp denotes the Jacobian of the constraint equations. For the
constrained system above, let x,~, represents the n—p
independent variables, which allow the unique determination
of q4,..,q, (in this case, q4,qs) While considering the
constraint equations. In" fact, g(x) represents the inverse

kinematic equations of the two-degree-of-freedom arm when
constrained by contact with a wall. By incorporating equation
(7), it uniquely determines the values of q4,qs. By
considering equations (7) and (8), performing a series of
mathematical operations, and choosing C as equation (9), the
equations (10) and (11) can be derived, proving that the
position.and force errors at the end-effector converge to zero.

€. =B} [M,2(%q + Ky + kyX) + hy + AT(Ag + ke 1) (9)
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%gt kX + k=0 (10)

limd =0 (11)
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In these equations, X is Jacobian of g(x), X4 represents the

second derivative of the desired position, X denotes the
position error, A4 is the desired force, A is the force error, and
k, and k, are the PD control coefficient matrices.

Since the constrained force controller is designed for cases
where the end-effector is in contact with the environment
while following the desired trajectory, it must be combined
with a position controller as expressed in equation (12). This
combination is necessary because, before the end-effector
makes contact with the environment, the system has five
independent degrees of freedom, and the position controller
operates based on these five degrees of freedom. However,
after the end-effector contacts the environment, the system
becomes constrained, reducing the number of independent
degrees of freedom to four.

T = K05 (Position Controller)

(12)

+Kforee (Constraint Force Controller)
+Non Linear Terms in Equation of Motion

+External Force

In control law (12), K, is the position controller gain, and
Krorce 1S the force-constrained controller gain during the end-
effector contacts with the environment. These gains are
selected in such a way that before contact with the surface,
only the position controller operates, and during contact with
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the surface, only the force constrained controller controls the
system.

Simulations and Results

The simulation of the controller introduced in equation (1)
was performed in SimMechanics software. In this software,
the system model and initial conditions are defined, and
interaction with two environments in two missions is carried
out. The first environment is a wall (stiffer environment),
where the goal is to apply a constant force while allowing
vertical displacement of the end-effector (Figure3). The
second environment, which is softer, is an emergency stop
switch, where the goal is to simulate the application of a
constant force without oscillations in the end-effector
position (Figure 4). Additionally, wind disturbances are
introduced into the system in both missions.

Figure 3:Force control simulation Figure 4: Force control simulation
in stiffer environment I in softer environment

Figures 5 and 6 illustrate the simulation results in stiffer
environment. From Figure 5 (a) to Figure 5 (e),«the
generalized coordinates of the system are presented. In these
Figures, the effects of the system's nonlinear dynamics
(particularly in Figures 5_(a), 5_(c), and 5_(d)) are clearly
observable. Additionally, the position of the hexarotor's
center of mass (Figures 5_(a) and 5_(b)) and its pitch angle
(Figures 5 _(c)) exhibit oscillatory behavior with a small
amplitude. This oscillation is due to.both:underactuation.and
internal dynamics, as well as.the oscillatory disturbances
caused by wind force both of which are expected. These
oscillations are also observed in the.control.inputs (from
Figure 6_(c) to Figure 6_(f)). Therefore, considering that the
system outputs-have converged to the desired values and the
internal dynamic oscillations remain limited, the system's
performance is deemed acceptable.
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Figure 5: The generalized coordinate diagram, the end-effector
trajectory, and the longitudinal and lateral positions of the end-effector
over time for the stiffer environment.

After the end-effector makes contact with the vertical
surface, the position controller is deactivated, and the force-
constrained controller takes over. This transition is clearly
visible in Figure 6_(c) to 6_(f), which represent the control

signals. The points marked with red circles indicate the
moments when the end-effector contacts the wall. As
observed, a jump occurs in the control inputs at these points,
which is due to the controller switching from position control
to force-constrained control. Additionally, Figure 6 (a),
which represents the vertical force exerted on the surface,
shows that the desired force is tracked with minimal
oscillation. This slight oscillation is caused by the fluctuating
wind force disturbance. As a result, the simulation
demonstrates that the system successfully accomplishes its
mission despite the presence of low-speed wind disturbances.
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Figure 6: The forces applied to the end-effector and the control signals

for the stiffer environment

A similar simulation was conducted for pressing the
emergency.stop switch. As a result of this simulation, since
the end-effector remains stationary at the moment of pressing
the switch, the effects of nonlinear dynamics are not
observed. Additionally, slight oscillations in some
generalized coordinates, similar to the previous simulation, is
seen; however, given their limited magnitude, they are
considered acceptable. Since the emergency stop switch is
softer compared to the wall, no jump is observed in the
control inputs this time. This can be explained by the fact that
in this simulation, the environment interacting with the end-
effector has a lower stiffness coefficient (a softer
environment). However, in the first simulation, due to the
higher stiffness of the interacting environment, the jumps in
the control inputs are more noticeable. Therefore, based on
the control signals, the designed controller exhibits greater
input jumps for stiffer environments and negligible jumps for
softer environments.

Conclusion

In this paper, the objective is to enable interaction between
a hexarotor equipped with a two-degree-of-freedom robotic
arm, with its environment. To achieve this, the kinematic
equations are first derived, followed by the system’s dynamic
equations using the Euler-Lagrange method. Given that the
system is underactuated, the dynamic equations are rewritten
so that some inputs are used for applying force to the
environment through the robotic arm, while others are
utilized to maintain the hexarotor's state. Subsequently, a
combination of a position controller and a force-constrained
controller is employed to apply a constant force while
allowing vertical oscillation of the end-effector. The
advantage of the force-constrained controller in
environmental interaction is its independence from the
surface stiffness.
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To simulate the controller’s performance, the hexarotor-
arm system is implemented in SimMechanics software, and
its functionality is evaluated in two environments. As a result
of the simulation, considering the system’s underactuation,
limited oscillations are observed in the hexarotor’s position
and pitch angle coordinates. These oscillations are caused by
both the system’s internal dynamics and external wind
disturbances. The first simulation involved applying force to
a wall with vertical oscillation along the surface tangent. The
end-effector contacted the environment after approximately 2
seconds and applied force with minimal oscillation, which is
attributed to fluctuating wind disturbances. Furthermore, due
to the oscillatory behavior of the end-effector, the effects of
the system’s nonlinear dynamics were clearly observed in the
generalized coordinates. A desired force of 1 Newton with
negligible oscillation is applied perpendicular to the surface.
The switching between the position controller and the force-
constrained controller resulted in slight jumps in the control
inputs, which are minimal and acceptable.

The second simulation is conducted for pressing the
emergency stop switch. In this simulation, since the end-
effector remained stationary at the moment of pressing the
switch, nonlinear dynamic effects are not observed.
Additionally, slight oscillations in some generalized
coordinates, similar to the previous simulation, are present.
Since the emergency stop switch is softer than the wall, no
jumps are observed in the control inputs this time. This can
be explained by the fact that in this simulation, the
environment interacting with the end-effector has a lower
stiffness coefficient (a softer environment).
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